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The latter question was part of | , Problem 4.84], due to Te-
ichner. Note that closed, spin 4-manifolds that are homotopy equivalent
have the same Kirby—Siebenmann invariant, so that invariant cannot be
used here.

(3) Jim Davis | | proved that if the fundamental group is 7 and the
map kg : Ho(m;Z/27) — L4(Z7) is injective, then homotopy equivalent 4-
manifolds with that fundamental group and the same Kirby-Siebenmann
invariant are stably homeomorphic.

(4) There are counterexamples known for non-spin 4-manifolds, even assum-
ing they have the same Kirby-Siebenmann invariant | ].

Proposed for K3 by: D. Kasprowski
Scribed by: M. Powell

PROBLEM 4.53. Does there exist an algorithm that takes as input a closed,
triangulated 4-manifold, and outputs in finite time whether or not that 4-manifold
is homeomorphic to S*?

REMARKS.

(1) This is called the recognition problem. We say that we can recognize an
n-manifold X if there exists an algorithm that takes as input a closed,
triangulated n-manifold, and outputs in finite time whether or not that
4-manifold is homeomorphic to X.

(2) We assume that the input 4-manifolds are represented by the finite data of
a triangulation, and hence they are smooth, since triangulated 4-manifolds
are smooth. We are not assured that the input 4-manifold is simply-
connected.

(3) The corresponding question has a positive answer in dimensions < 3
[ I, [ ], and a negative answer in dimensions > 5 | ].

(4) Markov [ | showed that, for some integer k, the corresponding ques-
tion for the connected sum of k copies of S? x S? has a negative answer.
This raises the question of the minimal k for which this holds. It was

shown that k could be taken to be 14 in | ], 121in | ], and 9 in
[ ]. See also the exposition in [ .
(5) By Markov | |, there exist infinite lists of group presentations {P;}

such that there is no algorithm taking as input one of the P;, and out-
putting in finite time whether or not the group G(P;) presented by P; is
trivial. One possible strategy to solve the problem is to construct a cor-
responding list {X;} of closed, triangulated 4-manifolds, whose 2-skeleta
give rise to the P;, so in particular m(X;) =~ G(P;), with the property
that X; is homeomorphic to S* if and only if G(P;) = {1}. The forward
direction clearly holds, but it is not clear how to find {P;} and {X;} such
that the backwards direction holds.

This strategy does work for #%(S? x S?) in place of S%, and was
the basis for the proofs of [ , s ] for k = 14,12,9
respectively.
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(6) Ome can also ask the analogous smooth recognition problem with ‘diffeo-
morphic’ in place of ‘homeomorphic’. This is also open for S*. As de-
scribed in | ], there exists a k such that #¥(S? x S2) is not smoothly
recognizable, but there are no known upper bounds on the minimal k for
which this holds.

Scribed by: M. Powell

PROBLEM 4.54. The quadratic 2 type of a 4-manifold M is the data
(m1 (M), ma (M), Anr, kar)

of the fundamental group m (M), the second homotopy group wa(M) considered as
a Z[m (M)]-module, the equivariant intersection form Apr, and the k-invariant in
k]\/[ € Hg(BTFl(M),TFQ(M))

Which quadratic 2-types are realized by closed, oriented topological 4-manifolds?
Which are realized by closed, oriented, smooth 4-manifolds? Can this problem be
solved for specific fundamental groups, for example for certain families of non-cyclic
finite groups?

REMARKS.

(1) Thisisin | , Problem 4.1].

(2) We can also ask the question with the data of the Stiefel-Whitney classes
wy and we. Which Stiefel-Whitney classes are realized within a given
quadratic 2-type?

(3) The problem builds on the geography problem for simply connected topo-
logical 4-manifolds, where it restricts to the question of which intersection
forms occur. In the smooth category, this is answered by Donaldson’s
diagonalizability theorem along with a positive resolution of the 11/8-
conjecture.

(4) For the topological case, Freedman | ] showed that every nonsin-
gular symmetric bilinear form is realized by a closed simply connected
4-manifold, so the problem is solved when 71 = 1. A similar result is
known for m; =7 | ]

For other good fundamental groups, a possible strategy in the topolog-
ical category was introduced by Hambleton-Kreck in | , Lemma 4.1],
the paper where the quadratic 2-type initially arose. First, classify the
quadratic 2-types that are stably realizable, meaning that they are realiz-
able by topological 4-manifolds after taking the orthogonal sum with the
quadratic 2-type of S? x S2. If a quadratic 2-type is stably realizable then
it is realizable unstably by a topological 4-manifold, which can be shown
using the sphere embedding theorem [ , ]

Hambleton-Kreck | , ] used this strategy to solve the
realization problem for finite cyclic groups, in the topological category.

(5) For non-simply-connected, smooth, oriented 4-manifolds, Donaldson’s di-
agonalization theorem holds without any assumption on the fundamental
group, so definite integral intersection forms must be diagonalizable. The
sphere embedding theorem cannot be applied in the smooth case, so the
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strategy described above of stably realizing and then destabilizing is not
currently viable.
(6) The existence problem has a closely related uniqueness analogue. For

finite cyclic groups | ], abelian groups with at most two gener-
ators | ], dihedral groups | ], and aspherical 3-manifold
groups | ], we know that the quadratic 2-type determines the 4-

manifold up to homotopy equivalence. Hence if we could also understand
the image of the invariants in one of these cases, i.e. the realization prob-
lem, we would have a fairly complete homotopy classification, at least
modulo the algebraic problem of being able to reliably distinguish or iden-
tify given quadratic 2-types.

(7) Kirk and Livingston’s paper | ] contains many related references and
its own list of interesting related problems.

Scribed by: M. Powell, J. Van Horn-Morris

PRrROBLEM 4.55. Let M and N be closed, orientable, connected 4-manifolds with
isomorphic quadratic 2-types. If mi (M) = 71 (N) are finite, are M and N homotopy
equivalent?

REMARKS.

(1) This is known for m trivial, finite cyclic groups [ ], dihedral groups
[ ], and abelian groups with at most two generators | ]
It is known to be false in the nonorientable case, due to Kim-Kojima-

Raymond | ]

(2) A potentially interesting case is m (M) = Z/2 x Z/2 x Z/2. As noted
in | ], in this case we can have torsion in Z g, (ary) I'(m2(M)),
which by | | leads to polarized homotopically inequivalent Poincaré

4-complexes with the same quadratic 2-type. Are they homotopy equiva-
lent? Do the homotopy types contain topological 4-manifolds?

(3) Let L, , and Ly, , be lens spaces that are not homotopy equivalent. Then
St x L, and S* x L, , are also not homotopy equivalent but they do
have isomorphic quadratic 2-type. So the problem is not true in general
for infinite fundamental groups.

Proposed for K3 and scribed by: M. Powell

4.6. Cobordisms

The problems here fit under the theme of cobordisms, either 4-dimensional
cobordisms between 3-manifolds, or 5-dimensional cobordisms between 4-manifolds.

PROBLEM 4.56 (4D s-cobordism conjecture). Let (W*; M3, M3) be a smooth
4-dimensional s-cobordism between closed 3-manifolds. Is W diffeomorphic to My x
[0,1]7

Author's preliminary version made available with permission of the publisher, the American Mathematical Society
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REMARKS.

(1) Matumoto and Siebenmann found counterexamples to the topological
analogue in | ], where both My and M; are RP? x S' and W is
not known to be smoothable. Specifically that paper showed that the s-
cobordism theorem fails either in dimension four or five, providing specific
s-cobordisms that would fail to be products. Later work of Freedman and
Quinn | , Theorem 7.1A] showed that the potential 5-dimensional
candidate is indeed a product. So the 4-dimensional candidate of Matu-
moto and Siebenmann must fail to be a product. Cappell and Shaneson
later provided further topological counterexamples where My and M; are
orientable. In a subsequent paper [ ] they asserted these examples
were smoothable, but this claim was later retracted | ].

(2) A weaker version of the question asks whether s-cobordant, or possi-
bly even simple homotopy equivalent, 3-manifolds are necessarily home-
omorphic. Kwasik and Schultz showed, assuming geometrization, that
every topological h-cobordism between closed, orientable 3-manifolds is
an s-cobordism, and that simple homotopy equivalence implies homeo-
morphism for closed, orientable 3-manifolds [ , Theorem and Theo-
rem 1.1]. The questions appear to be open in the nonorientable setting; in
particular geometrization is not yet known for nonorientable 3-manifolds.
Whether there exists an h-cobordism between 3-manifolds with nontrivial
Whitehead torsion appeared as Problem 4.9 on | ]

(3) The s-cobordism theorem for dimensions 6 and higher is true in the
smooth, piecewise linear, and topological settings | y R R

, ] (see also | , ]). The s-cobordism theorem in
dimension five is false in the smooth (and equivalently piecewise linear)
settings, by work of Donaldson | ], and known to be true in the
topological setting for good fundamental groups | , Theorem 7.1A]
(see also | ]). See Problem 4.46.

Scribed by: A. Ray

PROBLEM 4.57. Let X and Y be closed, oriented, smooth 4-manifolds with
the same Fuler characteristic and signature. Is there a torus link L in X with
trivial normal bundle such that some choice of torus surgery along L transforms
X into a manifold diffeomorphic to Y ? What if we only require that the result be
homeomorphic to 'Y ?

REMARKS.

(1) These questions were discussed in [ , , ].

(2) Let T be a torus in a 4-manifold W with trivial normal bundle. We say
that a 4-manifold W’ is obtained from W by torus surgery along T if W’/ =
WA\v(T) u (T? x D?) for some choice of gluing map dv(T) — d(T? x D?).

(3) Tt is a theorem of Iwase | | that there is a 4-manifold Z and links
of tori Lx < X,Ly < Y so that every component of Lx, Ly has triv-
ial normal bundle and there exists some choice of torus surgeries on
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Lx, Ly transforming X,Y into manifolds equivalent to Z. Here, if X,Y
are smooth, then Lx, Ly may be taken to be smooth, and “equivalent”
means “diffeomorphic.” Otherwise, surfaces are locally flat, and “equiva-
lent” means “homeomorphic.”

(4) In Iwase’s paper, he actually proves that X can be transformed into
#ICP?#PCP #¢S! x S3 by surgery on a torus link in X for sufficiently
large a with b = a — 0(X), ¢ = (a + b+ 2 — x(X))/2. That is, we may
take Z in the above discussion to be a connected sum of copies of CP%s,
CP’s, and S* x S3s. Iwase’s argument holds in both categories.

A generalization of this result, extended over to the nonorientable 4—
manifolds, is announced in a recent preprint of Baykur and Morgan | 1,
which states that any closed smooth 4-manifold is obtained by a surgery
along a link of tori in a Z that is a connected sum of copies of S? x RP?,
RP*, CP?s, @QS, and ST x §3s.

(5) The problem asks whether, instead of X and Y being related by a sequence
of two surgeries on torus links, all necessary torus surgeries transforming
X into Y can be performed simultaneously.

(6) The problem seeks the 4-dimensional analog of the fact that any two
closed, oriented 3-manifolds M, N are related by Dehn surgery along a
link, rather than a sequence of Dehn surgeries. In dimension three, these
two facts are clearly equivalent by dimensionality, but since surfaces gener-
ically intersect in 4-manifolds the situation is different.

(7) Fintushel-Stern [ ] asked the following version of this question in the
case the 4—manifolds are simply connected.

QUESTION (] , 89]). Can a simply-connected closed, smooth 4-
manifold always be obtained from torus surgery on a link of tori in a
connected sum of CP%, 82 x S? and K3 summands, taken with either ori-
entations?

See [ ] for an approach to this question via 5-dimensional round
handles. Round 2-handle attachments correspond to certain torus surg-
eries, and the work of | ] falls short at the same point as discussed
above; the authors build cobordisms made out of only round 2-handles,
but it is not clear if there is always a cobordism where these round 2-
handles can be attached independently.

(8) Fintushel-Stern noted that many interesting simply connected 4-manifolds

arise from a single null-homologous torus surgery, e.g. for n = 2,...,7,9
there are infinitely many exotic CP?#"CP" that each arises from a single
torus surgery on a null-homologous torus in CP2#"CP [ , Theorem
6).

QUESTION (Fintushel and Stern). If X and Y are homeomorphic,
simply-connected, smooth 4-manifolds, is it possible to obtain Y from
surgery on a single torus in X ? If so, can we arrange for the torus to
be null-homologous?

Proposed for K3 and scribed by: S. Kim, M. Miller
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PROBLEM 4.58.

(a) Which Seifert fibered homology spheres X(aq, . .., an) bound acyclic mani-
folds? Are there any examples with four or more singular fibers that bound
acyclic manifolds?

(b) Which Seifert fibered homology spheres bound contractible manifolds? Is
there an example that bounds an acyclic manifold but not a contractible
manifold?

(c) Are there any Seifert fibered homology spheres that arise as cork bound-
aries?

REMARKS.

(1) The second part of Problem (a) (regarding the number of fibers) is in
[ , Problem 4.123] in a different guise, with a different motivation.

(2) Many Seifert fibered homology spheres bound acyclic (and, in fact, con-
tractible) manifolds (see for example | , , , D
but a complete characterization is unknown. All known such examples
have three singular fibers. Amongst spheres X(p, ¢, ) with three singular
fibers, there is no closed characterization of which bound acyclic manifolds
in terms of p, ¢, and r.

(3) Tt is a longstanding conjecture that no Seifert fibered homology sphere
with four or more singular fibers bounds an acyclic manifold; see | s

]. This is related to the Montgomery-Yang conjecture, which states
that every pseudofree action of S' on S° has at most 3 non-free orbits.
One can also ask the related question of which Seifert fibered homology
spheres embed in R*. In the setting of symplectic topology, it is known
that no Seifert fibered homology sphere (of any number of fibers) occurs
as a hypersurface of contact type in (R*, wszq) [ ]. A recent preprint
[ ] builds on this work and announces that no (standardly-oriented)
Seifert fibered homology sphere bounds a Stein rational ball.

(4) One can also ask about the difference between bounding an acyclic man-
ifold and bounding a contractible manifold. In general, these notions
differ: Taubes’ periodic ends theorem implies that (2, 3,5)# — X(2,3,5)
bounds no contractible manifold | ], whereas this trivially bounds an
acyclic manifold. Many other examples can be obtained through instan-
ton Floer theory. However, no such example consisting of an individual
Seifert fibered homology sphere is known.

(5) A similar question is whether or not any Seifert fibered homology sphere
Y forms a cork boundary. Here, recall that Y is a cork boundary if there
exists a contractible manifold W with boundary Y, together with a self-
diffeomorphism of Y that does not extend over W (as a diffeomorphism).
It is known that the standard cyclic group actions on any Brieskorn sphere
¥(p,q,r) do not extend (smoothly) as group actions to any contractible

manifold with boundary X(p,q,r) [ , |. However, these do
extend as diffeomorphisms. Current Floer-theoretic techniques devoted
to establishing corks | , | are known to fail for Seifert

fibered homology spheres. Note that several authors take W to be Stein
in the definition of a cork; the notion defined here is sometimes called a
loose cork.
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Scribed by: 1. Dai, J. Van Horn-Morris

PROBLEM 4.59. Are lens spaces topologically homology cobordant if and only if
they are homeomorphic?

REMARKS.

(1) Livingston conjectures that the statement is correct.

(2) If L(ay,b1) and L(ag,bs) are homology cobordant, then a3 = as. The
problem can be restated: if L(n,b;) and L(n,by) are homology cobor-
dant, then L(n,b;) and L(n,bs) are homeomorphic. Gilmer and Liv-
ingston | ] proved this in the case that n is a prime power, using
Atiyah—Singer signature invariants p,(L) associated to characters « :
m (L) — U(1) of prime-power order. The simplest unknown case is
the pair they identified, L(231,53) and L(231,86). It remains unknown
whether these lens spaces are homology cobordant.

(3) In the smooth category, the conjecture was proved for n even by Fintushel-

Stern | ], with later generalizations by Matié¢ | | and Ruber-
man | ]. The conjecture in the smooth setting can also be proved
using Heegaard Floer theory; see | ].

(4) For higher dimensional lens spaces, Cappell and Ruberman | | showed
that the p,-invariants for a of prime-power order give the homology cobor-
dism classification. This uses homology surgery theory | y ]
which is known | ] to fail in dimension 4, even topologically.

It is conceivable to try to construct a topological homology cobordism
W between non-diffeomorphic L(n,b;) and L(n, bs) with n composite us-
ing ordinary surgery theory. A first step might be to find an appropriate
homotopical model for such a cobordism. The Gilmer—Livingston argu-
ment implies that the n-fold cyclic W would have to have nontrivial b1,
so that m1 (W) would have to be large in this sense; see | ] for more
information on this.

Proposed for K3 and scribed by: C. Livingston

PROBLEM 4.60.

(a) Let X be an open, spin, smooth 4-manifold. Does X have a proper smooth
embedding in RS ?

(b) By choosing a proper exhaustion function on W, (a) would follow from an
affirmative answer to the following. Let (W; M, N) be a compact, smooth
spin cobordism with a smooth embedding f of M in S®. Is there a smooth
embedding

F: (W;M,N) — (S° x I, S° x {0}, 8° x {1})

whose restriction to M coincides with f ¢
(¢) Let (W;M,N) be a compact, smooth spin cobordism with smooth embed-
dings f of M in S® and g of N in S° such that o(N,S°) — o(M, S®) =
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o(W). Is there a smooth embedding
F: (W;M,N) — (5% x I, $° x {0}, 8% x {1})

whose restriction to M coincides with f and whose restriction to N coin-
cides with g?

REMARKS.

(1) The spin condition is necessary in both parts of the problem.

(2) One motivation for part (a) is to understand the embedding dimension for
a Stein surface (of real dimension four). By definition, this is the minimal
d for which X has a proper holomorphic embedding in C?. General results
about embedding dimension due to Eliashberg and Gromov | | imply
that a Stein 4-manifold has a proper holomorphic embedding into C*.
Since a 4-manifold properly embedded in C? = RS is spin, this is the best
possible result for non-spin Stein 4-manifolds, but it is conceivable that
one could get embeddings in C? for spin Stein 4-manifolds. Part (a) is a
topological version of that question.

(3) Part (b) asks for a relative version of the result, announced by Cappell-
Shaneson in | ] and proved by Ruberman in | ], that a closed
spin 4-manifold embeds in R® if and only if its signature is 0.

(4) For part (c), note that an embedding of a 3-manifold M in S° has a well-
defined signature o (M, S®), given by the signature of any 4-manifold that
M bounds in S®. The equality o(N, S®) — o (M, S?) = o(W) is necessary
for W to be a cobordism as in (b). It follows, in the setting of part (b),
that one cannot specify the embedding of both M and N in advance.
It is not clear if there are further obstructions, so part (c) represents a
sharpening of part (b).

Proposed for K3 and scribed by: D. Ruberman

4.7. Smooth 4-manifold invariants

Here we present a few problems on diffeomorphism invariants of 4-manifolds,
coming from gauge theory and Khovanov homology.

PrOBLEM 4.61. What do different 4-manifold gauge theories see?

REMARKS.

(1) It is conjectured that the Donaldson, Seiberg—Witten, and Heegaard Floer
invariants of closed 4-manifolds coincide (after organizing the Donaldson
invariant as a generating function | ). Yet each of these theories
taken more broadly seem to see different geometric and topological prop-
erties. This problem asks how to understand some of these properties
proved in one theory via one of the other theories.
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(2) Is it possible to prove the existence of uncountable many exotic structures
on R* using Seiberg-Witten or Heegaard Floer theory? One might try
to do this by adapting Taubes’ periodic end gauge theory | ] to the
Seiberg—Witten setting. This can be done but to date requires rather
strong hypotheses such as positive scalar curvature on the periodic end.
Another possibility is to use limit invariants of ends such as the Heegaard
Floer end invariant introduced by Gadgil | ].

(3) Is there a Seiberg-Witten proof of the Donaldson—Sullivan | | results
that there are 4-manifolds without quasiconformal (and hence Lipschitz)
structure, and that 4-manifolds can admit more than one such structures?
A seemingly fundamental difficulty here is whether Lipschitz or quasicon-
formal manifolds have something like a Dirac operator; see the discussion
in [ , ] and also Problem 4.131.

(4) Donaldson and Seiberg-Witten theory have parameterized versions that
can be used to study invariants of diffeomorphisms and families of 4-
manifolds as well as families of symplectic structures | s s

, ]. Are there family versions of Heegaard Floer theory
that would be useful for such applications?

(5) Seiberg-Witten invariants can be extended to give the Bauer-Furuta in-
variant | ] living in (equivariant) stable homotopy groups. Are there
similar stable homotopy theoretic invariants coming from Donaldson or
Heegaard Floer theory?

(6) Seiberg—Witten theory can be used to show that certain 4-manifolds admit

no Riemannian metric of positive scalar curvature (PSC) | ] and to
distinguish path components in the space of PSC metrics | ]. Find
a way to do this using Donaldson or Heegaard Floer theory.

(7) All three theories [ , ] give statements about the

definite intersection forms of 4-manifolds with given boundary. Are these
statements equivalent?

(8) Hambleton and Lee [ | used an equivariant version of Donaldson’s
original argument for his definite manifolds theorem to study smooth
group actions on a simply connected (positive) definite 4-manifold. Among
other results, they showed that a homologically trivial cyclic group action
has the same fixed-point data and tangential isotropy representations as
an equivariant connected sum of linear actions on CP2. Are there Seiberg—
Witten or Heegaard Floer proofs of their results?

Proposed for K3 and scribed by: D. Ruberman

PROBLEM 4.62. Let X be a smooth, closed, connected, oriented 4-manifold
with by (X) > 1.
(a) Does X have Donaldson simple type?
(b) Does X have Seiberg—Witten simple type?

REMARKS.
(1) The Simple Type Conjecture holds that the answer is affirmative. Part (a)
is in [ , Problem 4.131], and was raised by Kronheimer and Mrowka
in [ | for simply connected 4-manifolds.
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(2) A 4-manifold is said to have Donaldson simple type if the Donaldson
polynomials ¢ for principal SU(2)-bundles with c¢o = k satisfy

qk+1(V, 21, .. .,Ed) = 4qk(21, .. .,Ed)

where v = p(1) (p: Ho(X;Z) — Hy(My11)), 3; € Ho(X;Z), and 2d =
dim Mk .
(3) Manifolds which have Donaldson simple type | ] include:
e complete intersections,
e elliptic surfaces,
e any manifold with a Gompf nucleus,
e manifolds with a smoothly embedded surface F satisfying 2(genus(F’))—
2=F-F>0.

(4) The Kronheimer—Mrowka structure theorem from | | says that, for
manifolds of simple type, the Donaldson invariants are determined by
finitely many basic classes K, ..., K, and rational numbers (1, ..., 8s.

When b = 1, some manifolds, e.g. CP?, §% x S2, (CPQ#(CP2, do not
have Donaldson simple type.

(5) A Seiberg—Witten basic class s is a spin® structure s with nonzero Seiberg-
Witten invariant SWx (s). A 4-manifold has Seiberg- Witten simple type
if the virtual dimension of the Seiberg-Witten moduli space

dx(s) = 1(er(s)? — 2x(s) ~ B0(X)

is zero for every basic class s.

Note that, when dx (s) = 0, the Seiberg—Witten invariants are defined
by a signed count of monopoles. When dx(s) > 0, they are defined
by evaluating a higher degree cohomology class on the moduli space of
monopoles; the conjecture says that, in such cases, the evaluation is always
Zero.

(6) We list some important progress.

e Taubes’ equivalence between the Seiberg—Witten invariants and the
Gromov-Taubes invariants implies that all symplectic 4-manifolds are
Seiberg-Witten simple type [ ]

e Kato-Nakamura-Yasui proved the conjecture for the mod 2 Seiberg-
Witten invariants under a mild condition on the homology ring | ].

e Baraglia | ] proved that the mod 2 Seiberg—Witten simple type
conjecture holds for spin structures without any extra assumptions.

Just as in the Donaldson case, there are manifolds with b = 1 that are
not of simple type, because of the wall-crossing formula.

(7) Witten’s conjecture | | states that if X has Seiberg-Witten simple
type, then it also has Donaldson simple type, and there is a precise relation
between its Donaldson and Seiberg—Witten invariants. The conjecture was
proved in many cases by Fechan and Leness; see | I, [ ].

Scribed by: C. Manolescu
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PROBLEM 4.63. How many independent basic classes can a simply connected
smooth 4-manifold X have, as measured by br(X), the rank of the span of the basic
classes?

(a) Is there an upper bound for br(X) in terms of topological invariants of X ¢

(b) In particular, is br(X) < by (X) for all simply connected X with b (X)
odd?

(c) Is there a smooth indefinite, simply connected 4-manifold X with ba(X) >
3 for which the image of evy: Diff(X) — Aut(Qx) is finite, or even
trivial?

REMARKS.
(1) Here we define

br(X) = Rank (Span{c; (s) | s is a Seiberg-Witten basic class on X})

if X has any basic classes, and 0 otherwise.

(2) Knot surgery | ] on n disjoint and homologically independent tori in a
manifold with nontrivial Seiberg-Witten invariant would create a manifold
X for which br(X) = n. For example, starting with an elliptic surface,
the construction in [ | produces examples of manifolds X for which
br(X) = b5 (X).

(3) Questions (a) and (b) are relevant to the study of the map ev, : Diff(X) —
Aut(Qx) giving the action of a diffeomorphism on the intersection form.
Since any diffeomorphism must permute the basic classes up to sign, the
presence of many basic classes can restrict the size of the image of evy .

(4) The restriction to indefinite manifolds and by > 2 is to rule out intersection
forms with finite automorphism groups. If br(X) = by(X), then ev, (Diff)
is contained in a finite permutation group and hence is finite.

Proposed for K3 by: D. Auckly
Scribed by: D. Ruberman

PROBLEM 4.64. Find an irreducible, closed, smooth 4-manifold with nontrivial
Bauer—Furuta invariant but with trivial Seiberg—Witten invariant.

REMARKS. The Bauer-Furuta invariant ¥ | | is a stable cohomotopy re-
finement of the Seiberg—Witten invariant [ ], building on Furuta’s proof of the
10/8-theorem | ]. There are examples for which the Bauer—Furuta invariant is

strictly stronger than the Seiberg—Witten invariant; for instance, ¥ can be used to
distinguish between certain connected sums of homotopy K3 surfaces (which have
vanishing Seiberg—Witten invariant). Such examples rely on a gluing formula due
to Bauer | ]; no irreducible examples are known.

Proposed for K3 by: M. Stoffregen
Scribed by: I. Dai
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PROBLEM 4.65. Suppose X is a smooth 4-manifold with the homology of S* x 3
whose infinite cyclic cover X has HY(X) = 0. Furuta and Ohta [ | define an
invariant Apo(X) as 1/4 of the signed count of irreducible flat SU(2) connections
on X; this requires an orientation of X and a specified generator of H'(X).

(a) Does the following hold? The invariant Apo(X) is an integer, and Apo(X)
p(Y,s), where p(Y,s) is the Rokhlin invariant of an oriented spin 3 man-
ifold Y that is Poincaré dual to the generator of H'(X).

(b) Mrowka—Ruberman—Saveliev | | give an approach, defining an in-
variant Agw (X) by counting solutions to the Seiberg- Witten equations and
adding an index-theoretic correction term. Is

Aro(X) = —Asw (X)?

REMARKS.

(1) Part (a) was conjectured by Furuta—Ohta.

(2) A solution to (a) would imply that the Wall group Ls(Z[Z]) does not
act on the smooth structure set of S' x S3; compare the discussion in
Problem 4.22. By construction, Agw (X) is an integer, and it is shown
in | | that it reduces mod 2 to p(Y,s). So a positive answer to (b)
implies a positive answer to (a).

(3) The invariant Apo(X) is defined in greater generality; one could require
only that X is a homology St x S3 whose twisted cohomology H'(X;C,)
vanishes for any homomorphism « : m1(X) — U(1). In this setting, nei-
ther part of (a) holds, but (b) is still plausible. The paper | ]
shows that (b) holds for mapping tori of all orientation preserving diffeo-
morphisms of homology spheres generating a semifree finite cyclic group
action. For involutions, the result also follows from [ ]

Scribed by: D. Ruberman, N. Saveliev

PROBLEM 4.66. Can the skein lasagna module detect exotic smooth structures
on closed 4-manifolds?

REMARKS.

(1) The skein lasagna module is an extension of Khovanov homology. It is
an invariant of 4-manifolds with (possibly empty) boundary and a framed
link in their boundary. It was defined by Morrison, Walker and Wedrich
in | ]. Ren and Willis | ] gave examples of exotic compact
4-manifolds with boundary that are detected by the skein lasagna module.
For closed 4-manifolds, the computations so far are limited; see | 1,
[ VW, I, [ ]. The invariant is nonvanishing for $4, S! x $3
and CP". On the other hand, it vanishes for manifolds that contain a
smoothly embedded sphere with positive self-intersection (cf. Theorem
1.31in | ]); e.g. for CP? or —K3.

(2) The invariant is multiplicative under connected sums, and it takes the
value 0 on S? x S2. Thus, it has a chance of detecting exotic smooth
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structures on simply connected, closed 4-manifolds, even though such
structures become standard after sufficiently many stabilizations.

Proposed for K3 and scribed by: C. Manolescu

4.8. Symmetries of 4-manifolds

Symmetries of 4-manifolds refers primarily to the topological groups of self-
homeomorphisms Homeo(X) or self-diffeomorphisms Diff (X) of a fixed 4-manifold
X; it can also refer to group actions on the manifold. The smooth (resp. topological)
mapping class group of X is the group of isotopy classes of these diffeomorphisms
(resp. homeomorphisms).

We begin with problems asking for exotic diffeomorphisms, namely diffeomor-
phisms that are topologically but not smoothly isotopic to the identity. After
that, the next few problems consider higher families of symmetries, for instance
the homotopy groups of Diff(X) or Homeo(X). Then come a series of problems
on stabilizations. After a few more problems, on non-smoothability, the Nielsen
problem, uniform perfectness, and 5-dimensional mapping tori, we end the section
with a collection of problems on group actions on 4-manifolds.

We collect a few conventions here. For connected X, we write X := X \DO4 for
a punctured X obtained by removing an open 4-ball from the interior of X. In the
following definitions, we use morphism to refer to either homeomorphisms or dif-
feomorphisms, depending on the category. The groups Diff ¥ (X) and Homeo™ (X)
denote the respective subgroups of orientation-preserving morphisms. The nota-
tion Diff5(X) and Homeos(X) denotes morphisms of X that fix the boundary dX
pointwise. A pseudo-isotopy is a morphism F': X x [ — X x I that restricts to the
identity on (X x 0)u (0X x I). We say that the morphism F'|x« is pseudo-isotopic
to the identity.

PROBLEM 4.67.
(a) Compute mo(Diff ™ (S*)). Do we have mo(Diff*(5%)) = {1}?
(b) In particular, does some implantation of the barbell map provide a non-
trivial element in mo(Diff ™ (5%))?

REMARKS.

(1) The 4-dimensional generalized Smale conjecture asked whether the inclu-
sion SO(5) — Diff*(S%) is a homotopy equivalence (see Problems 4.34
and 4.126 in | ). Watanabe [ ] disproved this conjecture, by
proving that m;,(Diff5(D*)) is nontrivial for many k, including k = 1,4, 8.

A fundamental issue remaining to understand is mo(Diff*(S%)), the
orientation-preserving mapping class group of S*, and it is presently un-
known whether or not this group is trivial.

Some sources of possibly nontrivial diffeomorphisms of S* are sug-
gested in | I, 1 ] and | ]. The Pin(2)-equivariant fam-
ily Bauer-Furuta invariant could potentially detect such nontrivial diffeo-
morphisms; see | l.
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) Before pushing ) After pushing

FI1GURE 2. Point push map on a surface

FIGURE 3. Barbell

(2) The barbell map is defined by Budney and Gabai in | ] (see also
[ ] for the ‘X-resolution’) using isotopy extension, via a generaliza-
tion of Birman’s ‘push map’ | ]. We give an exposition here.

Birman’s map can be described by pushing a point p (see Figure 2(a))
along a path « in a closed surface S and back to p. This isotopy of the
surface can be assumed to fix a disk D centered at p at the end of the
isotopy. Removing the interior of D, we get a diffeomorphism of the
punctured surface that is the identity on 0D and also the identity outside
a nice neighborhood of the arc «. Figure 2(b) shows what happens to the
loop B under this diffeomorphism.

In general, when pushing a 0-dimensional point p along a 1-dimensional
loop « in a 2-dimensional surface, the point crosses a loop (say () and
bulldozes it over D.

Consider a pair of 2-spheres in R? centered at (+2,0,0) of radius one,
which are joined by the arc in the x-axis [—1,1]. We can use the z-axis
to define the equator (z2 +y? = 1), latitudes, and the two poles. Thicken
this slightly in R?, to what might be called a (hollow) barbell. Now cross
with [—3, 3] to get a four-dimensional analogue called B. We will find an
interesting diffeomorphism (3 of B that is the identity on 0B.

Notice the two line segments (£2,0,0) x [—3,3]. These can be thick-
ened so that they fill in the “hollows”, the pair of S? x [—1, 1]s, so that we
have a solid 4-dimensional barbell, which is obviously B*. Figure 3 may
help.

Now focus just on the left line segment and move a portion of it,
namely (—2,0,0) x [—1,1], around the 2-sphere on the right side, sort of
like lassoing a horse’s head. We will do this with a 1-parameter family of
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o~ X

S? s?

FIGURE 4. Embedding of barbell

Birman push maps, parameterized by ¢ € [—3,3]. The push maps occur
on a 2-dimensional surface given by fixing ¢ and z.

The push map for ¢ = 0 will push the point p = (—2,0,0) x 0 over
to and then around the equator (z = 0) of the 2-sphere at ¢ = 0 and
back to p; for t € (—1,1), p goes over to and around the latitude at z = ¢
and back to p; for t = +1, p goes over to a pole and then back to p; for
te(—2,—-1)u(1,2), p goes partway to a pole and then back to p; finally,
for t € (—3,—2) U (2,3), p does not move.

This isotopy of the left line segment extends to an isotopy of B* that is
the identity on 0B* and on the two line segments. But if this isotopy fixes
the two line segments, then it can also be made to fix the above thickenings
of the segments. Therefore, the end of this isotopy is a diffeomorphism
B taking the 4-dimensional hollow barbell B back to itself, and fixing its
boundary.

Note that the lasso can go over the horse’s head with two possible
orientations. Also there is a rotation p switching the two balls in the
barbell. It can be checked that p8p~! = 371

The 4-dimensional barbell, B, can be embedded, by f, in a 4-manifold
X in many ways, and these are called implantations and the induced
barbell map can be called f.[.

(3) A specific example of a barbell diffeomorphism to consider is as follows.

QUESTION. Does the following embedding f induce a nontrivial dif-
feomorphism of S*, where the embedding is given by mapping the two 2-
spheres to separate 2-spheres in S*, and the bar goes from the left sphere
over to link the right sphere and then back again to link the first and finally
attaching to the right sphere? See Figure J.

A positive answer has been announced by Gabai-Gay—Hartman [ ].
(4) We can also ask the following structural question.

QUESTION. Is Diff " (S%) (finitely) generated up to isotopy by a com-
position of fyBs?

Scribed by: H. Konno, R. Kirby

PROBLEM 4.68. Does every closed smooth 4-manifold admit an exotic diffeo-
morphism? How about the following special cases?

(a) Is there a definite smooth closed 4-manifold that admits an exotic diffeo-
morphism?
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(b) Does S? x S? or K3 admit an exotic diffeomorphism?

REMARKS.

(1) A self-diffeomorphism f: X — X of a smooth manifold X is called ezotic
if it is topologically but not smoothly isotopic to the identity. The first
examples of exotic diffeomorphisms of 4-manifolds were given by Ruber-
man | ]. Most known examples of closed 4-manifolds confirmed to

admit exotic diffeomorphisms are of the form #WCPQ#”@Z for m,n >0
[ |, #MK3#"S? x §% for m,n >0 | Jorm=0] ], and
K3#K3 | ]. There exist irreducible 4-manifolds that admit exotic
diffeomorphisms | ], but the proof in [ ] does not apply to
54, 8% x S%, CP?, or K3.

(2) In the literature, the smallest (in term of second Betti number) closed 4-
manifold that is known to admit an exotic diffeomorphism is #2CP?#1°CP
announced in | ]. Tt is natural to ask how small a closed 4-manifold
with an exotic diffeomorphism can be. In particular, whether such a
diffeomorphism exists on S* is the 7y case of the Smale conjecture; see
Problem 4.67.

For 4-manifolds with boundary, there exists an example of a con-
tractible (hence, definite) 4-manifold that has an exotic diffeomorphism
(relative to the boundary) | , , , ]

(3) For a simply connected closed smooth 4-manifold X, every exotic diffeo-
morphism of X is smoothly isotopic to the identity after sufficiently many
stabilizations by S? x S2. This fact follows by combining work of Kreck
[ ] and either Quinn | ] (cf. | ]) or Gabai | ]. It
is an interesting question to determine how many stabilizations are needed
to kill the exotic property of a given diffeomorphism. Many known ex-
amples of exotic diffeomorphisms, such as those in | s ], are
smoothly isotopic to the identity after only one stabilization | ].
On the other hand, Lin | ] proved that the exotic diffeomorphism of
K3#K3 from | | stays exotic after one stabilization. There is no
known upper bound for how many stabilizations are needed to trivialize
this diffeomorphism. See also Problem 4.79.

Proposed for K3 and scribed by: H. Konno

PROBLEM 4.69. Does there exist a diffeomorphism of a closed 3-manifold f: M —
M such that f is topologically but not smoothly pseudo-isotopic to the identity?

REMARKS.
(1) Friedman-Witt | | constructed diffeomorphisms f that are homo-
topic but not isotopic to the identity. These are also topologically pseudo-
isotopic to the identity [ l.

QUESTION. Are the Friedman—Witt diffeomorphisms smoothly pseudo-
isotopic to the identity?
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(2) The following observation yields a potentially useful reformulation. Con-
sider the embedding

i1ja: M — M x {1/2} < M x [0,1]

where the first map is the canonical identification. Then f is smoothly
(topologically) pseudo-isotopic to the identity if and only if 41,5 o f and
i1/2 are smoothly (topologically) isotopic as embeddings.

The proof of this observation, which we give next, was provided sep-
arately by Hatcher and Igusa. It applies in all dimensions.

If f were pseudo-isotopic to the identity via F: M x I — M x I,
then iy, o f and iy, would isotopic as embeddings. To see this, note
that by translation it suffices to show that ig and iy o f are isotopic. But
g:: M — M defined by g:(x) = F(x,t) gives such an isotopy.

Conversely, if i1/ and i1/5 o f are isotopic as embeddings, then apply
isotopy extension rel. M x {0, 1} to the isotopy, to obtain a diffeomorphism
of M x [0,1/2] that restricts to the identity on M x {0} and to f on
M x {1/2} (and similarly in M x [1/2,1]). Thus after rescaling we obtain
a pseudo-isotopy from f to the identity.

Proposed for K3 and scribed by: 1. Agol

PROBLEM 4.70. Do there exist k = 0 and a smooth closed 4-manifold X such
that the map m,(Diff (X)) — m,(Homeo(X)) induced by the inclusion Diff(X) —
Homeo(X) is an isomorphism?

REMARKS.

(1) Lin—Xie | ] proved that, for every orientable compact smooth 4-
manifold X, at least one of the following holds:
e 7 (Diff (X)) — 71 (Homeo(X)) is not injective.
o mo(Diff (X)) — ma(Homeo(X)) is not surjective.
They prove also that, if 0X # J or the signature of X is non-zero, then
there are many degrees k for which 7 (Diff (X)) — 7 (Homeo(X)) is not
an isomorphism. However, it is still possible that for some 4-manifold X
and some degree k, the map 7 (Diff (X)) — 7 (Homeo(X)) is an isomor-
phism.
The above result of Lin—Xie is based on Watanabe’s work | ]
for X = S%. Watanabe proved that nontrivial elements in the kernel of
71 (Diff (§*)) — 71, (Homeo(S4)) exist whenever A1 # 0. Here Ag,q is
the degree (k + 1)-part of a specific graph cohomology.
(2) Many other negative results are obtained by (mainly family) gauge theory,
such as [ ’ ’ ’ ’ ’ ’ ’

9 9 9 9 9 9 9 9
, J
(3) As apositive result, a classical theorem by Wall | ] shows that there
are many 4-manifolds X for which the map 7o (Diff (X)) — mo(Homeo(X))
is surjective. However, there also exist examples where this map is not
surjective; see [ , ].
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Proposed for K3 and scribed by: H. Konno

PROBLEM 4.71.

(a) Do there exist k = 0 and a smooth closed orientable 4-manifold X such
that m(Diff (X)) is finitely generated?

(b) Do there exist k > 0 and a smooth closed orientable 4-manifold X such
that Hy,(BDiff(X);Z) is finitely generated?

REMARKS.

(1) For each k > 0, there exist simply-connected closed smooth 4-manifolds
X where Hy(BDiff(X);Z) are not finitely generated | . Also,
Auckly-Ruberman [ ] proved that, for each k& > 0, there exist simply-
connected closed smooth 4-manifolds X where 7, (Diff (X)) is not finitely
generated. In dimension # 4, there are several finiteness results. See
[ y ]. See also Problem 4.72 for the analogous question in
the topological category.

(2) If X is oriented, we can ask an analogous question for Diff " (X), the
orientation-preserving diffeomorphism group, in place of Diff(X). (Note
that Diff(X) = Diff(X) if X has non-zero signature.) For homotopy
groups 7 (Diff(X)) and m(Diff ¥ (X)), finite generation of mj(Diff (X))
and that of 74 (Diff " (X)) are equivalent. However, for Hy (B Diff(X);Z)
and Hy(BDiff" (X);Z), the questions may not be equivalent. For exam-
ple, when Diff(X) # Diff"(X), and if we take rational coefficients, the
covering map Z,/27 — BDiff " (X) — BDiff(X) induces an isomorphism

H,(BDiff " (X); Q)%? ~ H,(BDiff(X);Q),

where the superscript Z/2 indicates the monodromy invariant part. Thus
finite generation of Hy, (B Diff " (X); Q) implies that of Hy(B Diff(X);Q),
but the converse may not be true in general.

(3) As sets, the homotopy and homology groups of diffeomorphism groups of
compact manifolds are always countable.

(4) The diffeomorphism groups of non-compact 4-manifolds can have finitely
generated homotopy and homology groups, e.g. Diff(R?), in the weak C'®-
topology, is homotopy equivalent to O(4). Nevertheless, there also exist
exotic R*’s with infinitely generated mapping class groups | ]

(5) The problem is open even for X = S* or D*.

Proposed for K3 and scribed by: H. Konno, M. Powell

PROBLEM 4.72. Let X be a closed orientable topological 4-manifold with finite
1 (X) .
(a) Is mp(Homeo(X)) finitely generated for every k =07
(b) Is Hp(BHomeo(X);Z) finitely generated for every k = 07
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REMARKS.
(1) For m(X) = 1, it follows from a result by Perron | ] and Quinn | ]
(cf. | ]) that mo(Homeo(X)) is finitely generated, which implies

that Hy(B Homeo(X);Z) is also finitely generated. There is no known
finiteness result on 7y (Homeo(X)) for & > 1 and Hy (B Homeo(X);Z)
for k = 2. See Problem 4.71 for the analogous question in the smooth
category. The following question is closely related.

QUESTION. Does Top(4) have finitely generated homotopy groups in
each degree?

Indeed, Top(4) has finitely-generated homotopy groups if and only if
Homeo(S*) has finitely-generated homotopy groups, because we have a
fibration

Top(4) — Homeo(S*) — 54,
and the homotopy groups of S* are finitely generated. The question on
the homotopy groups of Top(4) is itself closely related to Problem 4.73 on
the Morlet correspondence in dimension 4.
(2) Here is another closely related question, on topological embedding spaces.

Let 3 be a compact surface, and consider a compact 4-manifold X.
Fix a locally flat embedding ¢: 0% < 0X. Let Emb(X, X) be the space of
locally flat embeddings of ¥ extending ¢. This is defined as the geometric
realization of a semi-simplicial set, where the p-simplices are locally flat
embeddings ¥ x AP — X x AP over the projection to AP, and extending
e x Id: 0¥ x AP — X x AP, Let fo: ¥ — X be a O-simplex.

QUESTION. Suppose that 71 (X\fo(X)) is finite, and fir k > 0. Is
7e(Embs(2, X), fo) finitely generated?

Randal-Williams [RW] has announced that the answer to the analo-
gous question is no, in a case where the fundamental group of the surface
complement is infinite. Using | , ], Randal-Williams deduced
that m4(Emb’(S2,5%),U) is infinitely generated, where U is the trivial
2-knot.

The homotopy groups spaces of embeddings are closely related to the
homotopy groups of the homeomorphism groups of both the ambient space
and of the exterior of the basepoint embedding. The space of thickenings
of a fixed embedding to a closed tubular neighborhood plays an important
role as well. As demonstrated by Randal-Williams’ note, information
about any of these characters often leads to information about the others.

Proposed for K3 and scribed by: H. Konno, M. Powell

PROBLEM 4.73. Does the Morlet correspondence
BDIff,(D") ~ 04 (Top(n)/O(n)) (10)
hold forn =47

REMARKS.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



4.8. SYMMETRIES OF 4-MANIFOLDS 251

(1) Here BDiff5(D™) denotes the classifying space of the diffeomorphism group
of D™ relative to its boundary. We write Top(n) for the group of homeo-
morphisms on R™ that fix the origin, and Top(n)/O(n) for the homotopy
fiber of BO(n) — BTop(n). Finally let Qf (Top(n)/O(n)) denote the unit
component of the loop space Q" (Top(n)/O(n)).

(2) In dimension n # 4, the weak equivalence (10) follows from smoothing
theory [ , ]. It is known that smoothing theory fails in dimen-
sion 4. For example, the manifold Fg# Eg has a formal smooth structure
(i.e. a vector bundle structure on its tangent microbundle) but has no
smooth structure. However, (10) may still hold for n = 4.

(3) Watanabe | ] disproved the 4-dimensional Smale conjecture by show-
ing that 71 (BDiff5(D*)) ® Q # 0 for many values of k including 2,5,9. Tt
is known that the group mx44(Top(n)/O(n)) ® Q is also nonvanishing for
these values of k | ]

(4) Gauge theory can distinguish non-diffeomorphic smooth structures on a
closed 4-manifold that are isomorphic as formal smooth structures. So
gauge theory could potentially be used to disprove (10).

(5) The question is closely related to Problem 4.67. If there is a diffeomor-
phism of D* not isotopic to the identity, and this is detected using gauge
theory, then this could show that the Morlet correspondence does not
hold.
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PRrROBLEM 4.74. Does there exist a closed, smooth 4-manifold X and a diffeo-
morphism f: X => X such that f is smoothly pseudo-isotopic to the identity, but
f is not stably smoothly isotopic to the identity?

REMARKS.

(1) We can stabilize a diffeomorphism by making a choice of isotopy to one
that is the identity on a 4-ball, connect summing with #%S52? x S? using
that 4-ball, for some k, and then extending by the identity on the new
#+52 x §2. If some stabilization of f (for some choice of isotopy and
for some k) is smoothly isotopic to the identity, then we say that f is
smoothly stably isotopic to Id.

(2) Gabai | ] proved that there is a smooth pseudo-isotopy F with van-
ishing Hatcher-Wagoner pseudo-isotopy obstruction 3(F) € Why(m (X))
if and only if f is smoothly stably isotopic to Id. The question is whether
there exists an f such that 3(F") is nontrivial for all pseudo-isotopies F'
from f to Id. Or perhaps, for any pair (f, F'), there is always a choice of F'
with 3(F) = 0 restricting to the same f. Singh | | proved that the
Hatcher-Wagoner obstruction ¥ can be stably realized, which could be
useful if one could control the diffeomorphism produced by his realization
procedure.
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PROBLEM 4.75. Let X be a connected smooth 4-manifold with nonempty bound-
ary, with finite m1(X), and let k = 0. Let Diff 5(X) denote the group of diffeomor-
phisms of X that are the identity near 0X. Is the image of the natural map

syt mp(Diff5(X)) — %)lim e (Diffo (X # 5 S5% x S2)) (11)
—0

finitely generated? What about the analogous problem in the topological category?

REMARKS.
(1) Fixing a model of the interior connected sum X#5?% x S? defined by

X#52 % 8% = X U ((0X x [0,1])#5? x §?),
we have a well-defined stabilization map
s: Diff5(X) — Diff5(X#S? x S?),

extending diffeomorphisms by the identity map on (0X x [0, 1])#S5? x S2.

(2) In the topological category, Problem 4.72 asks the analogous question
without stabilization.

(3) We take a closer look at the problem for k = 0, 71(X) = 1, and connected
boundary. A diffeomorphism f: X — X determines a Poincaré varia-
tion [ ]. The group of Poincaré variations is denoted V(Hz(X), Ax),
where Ax is the intersection form of X. Saeki | , Theorem 3.7]
proved that the stable mapping class group of X is isomorphic to the
group of stable Poincaré variations SV(H(X), Ax). Let

V :=Im(0: my Diff 5(X) — V(H2(X), Ax)).

The image of s, is thus isomorphic to the image of V' under the algebraic
stabilization map V(H2(X),A\x) — SV(H2(X), Ax). This latter map is
injective, so in fact Im(sy) = V. We need to decide whether V is finitely
generated.

By | , Section 4], the group V(H2(X), Ax) sits in an exact se-
quence

0 — A2HY0X;7Z) — V(Ho(X),A\x) — Auts(Ha(X;7Z), Ax).

The first group is finitely generated, and the image of the second map

is a finite index subgroup of Auts(H2(X;Z), Ax), the automorphisms of

the intersection form of X whose algebraic boundary is trivial. The latter

group is arithmetic, so is finitely generated. It follows that V(H2(X), Ax)

is finitely generated, since finite index subgroups and extensions of finitely

generated groups are again finitely generated. Is V finitely generated?
In the special case that 0.X = S3

V(H2(X), Ax) = Aut(Hs(X;Z), Ax).

By capping off with a 4-ball we can apply Wall’s theorem | ] to
see that f is surjective when X is of the form X = M#S5? x S?, where
M is indefinite or ba(M) < 9. Thus in these cases the image of sy, for
k = 0, is known to be finitely generated. In other cases, such as for
X = K3\D*, V is finite index in V(Ha(X), Ax) = Aut(Ha(X;Z), Ax),
so is finitely generated. However there are also examples, such as for X
the punctured Dolgachev surface, where V is infinite index | ] in
Aut(H2(X;2Z),A\x). In such cases, is V finitely generated?
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(4) Without stabilization, it is known that 7 (Diff (X)) need not be finitely
generated, even for 71 (X) = 1. This was proven by Ruberman | ]

for k = 0, with later proofs by Baraglia [ ] and Konno | ].
For k = 1 it was proven by Baraglia| ] and Lin | ]. For k > 1
this is announced in recent work of Auckly-Ruberman [ ]. Different

4-manifolds are used in each work. All of these results are proven using
gauge theory for families.

(5) For 4-manifolds with infinite fundamental group, Budney—Gabai | ]
and Watanabe | ] proved (without using gauge theory) that some
4-manifolds with infinite fundamental group (e.g. S* x S% in | ], and
hyperbolic manifolds of dimension at least 4 in | ]) have infinitely
generated mapping class groups. However the diffeomorphisms they con-
struct are pseudo-isotopic to the identity, and hence are stably isotopic
to the identity by Gabai’s theorem | ]. Tt would be interesting to
know whether there are counterexamples when 71 (X) is infinite.

(6) Since 7 (Diff5(X)) = mi41(B Diff5(X)), the problem can be described
in terms of BDiff5(X). If one considers the analogous question for the
homology groups of BDiff;(X), the answer is often positive. This is
because it follows from work by Galatius and Randal-Williams | ]
that

colim I, (B Diff 5 (X #V 5% x 5?)) (12)
—00

is finitely generated for all £ and many X, such as for simply-connected X .
In particular, any subgroup of (12) such as the image of the stabilization
map is also finitely generated. However, this is not necessarily strong evi-
dence to hope for a positive solution to the problem for homotopy groups,
since there are many spaces with finitely generated homology groups but
infinitely generated homotopy groups (for example, Ho(S* v S?) = Z but
(St v §?%) = Z%).

(7) In even, higher dimensions, the answer to the analogous problem is posi-
tive, and indeed this holds without taking the image in a colimit. For a
compact smooth manifold M of dimension 2n > 6 with finite fundamental
group, 7 (Diff5(M)) is finitely generated, due to Bustamante—Krannich—
Kupers | , Theorem 6.1].

Proposed for K3 and scribed by: H. Konno, M. Powell

PROBLEM 4.76. Let X be a closed, oriented, simply connected, smooth 4-
manifold and fix k > 0. Is there N = 0 such that, for every n = N, the natural
map

mp(DIff T (X #7 5% x S?)) — 7, (Homeot (X#" 8% x S?))

18 surjective?

REMARKS.
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(1) If E = 0, the answer to the analogous question is affirmative. First, for
N =2, it follows from Wall’s theorem | ] that the natural map
mo(DIff T (X #™S? x 5?)) — Aut(Ha(X#"S? x S%Z), Ax gns2xs2)

is surjective for every n > N. Here Aut(H2(X;Z), Ax) denotes the au-
tomorphism group of the intersection form. On the other hand, work of
Freedman | ], Kreck, [ ], Perron [ ], and Quinn | ]
(plus [ ]), implies that the natural map

mo(Homeo™ (X#"5? x S?)) — Aut(Ho(X#"S? x S*;Z), Axgns2x52)

is an isomorphism. Thus, considering the obvious commuting triangle, we
have

7o (Diff T (X #7552 x §?)) — mo(Homeo™ (X#"S? x §2))
is surjective.

(2) For the analogous problem obtained by replacing “surjective” with “injec-
tive”, the answer is negative for £k = 0. Indeed, for any simply-connected
closed smooth 4-manifold X, one can find a strictly increasing divergent
sequence 0 < N7 < Ny < --- — o0 such that

7o (Diff (X #7152 x §?)) — mo(Homeo( X #Vi 52 x §2))

is not injective for every i = 0 (cf. | , Theorem 1.5]).

Proposed for K3 by: H. Konno, M. Powell
Scribed by: H. Konno

PROBLEM 4.77. For which k = 0 and closed smooth 4-manifold X does the

equality
ker(iy : m(Diff 5(X)) — 7 (Homeos (X))
. . 13
= ker(sy : mk(Diffo(X)) — colim 7 (Diff o (X #7S% x S?))) (13)
hold?
REMARKS.

(1) Here i: Diff5(X) — Homeos(X) is the inclusion, and s: Diff3(X) —
Diff (X #7752 x S2) is the stabilization map from Problem 4.75.
(2) For £k = 0 and m(X) = 1, the equality (13) is known to hold: by a

result by Quinn | ] and Perron | ], the kernels in (13) coincide
with the group of mapping classes of diffeomorphisms that act trivially on
homology.

(3) See Problem 4.45 for the analogous question on smooth and topological
embedding spaces of surfaces in 4-manifolds.

(4) Gabai | | proved that diffeomorphisms that are pseudo-isotopic, via
a pseudo-isotopy with trivial Why obstruction, are smoothly stably iso-
topic. If we knew a topological analogue of this result, that could help to
find counterexamples for £ = 0, and be an interesting development in its
own right.
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QUESTION. Suppose that a self-homeomorphism f: X — X of a com-
pact 4-manifold X is topologically pseudo-isotopic to the identity via a
pseudo-isotopy F with vanishing primary topological Hatcher—Wagoner
invariant, 3(F) = 0 € Wha(m(X)). Is f topologically stably isotopic to
Idx ?

See | ] for a definition of the primary topological Hatcher—Wagoner
invariant.

Proposed for K3 and scribed by: H. Konno

PROBLEM 4.78. Let X be a simply connected closed smooth 4-manifold. Does
BDiff(X) satisfy homological stability over Q¢

REMARKS.
(1) As before, let

s: Diffo(X) — Diffo(X#52 x 5?)

be the stabilization map from Problem 4.75. The question asks whether,
for each k = 0, the induced maps

syt Hi(BDiffo( X4V S? x §2);Q) — Hy(BDiffo(X#V 152 x §2): Q)

are isomorphic for all n » 0 large enough relative to k.

(2) For a simply connected compact manifold of dim = 2n # 4, an anal-
ogous stability holds over any (untwisted) coefficients due to work by
Harer | ] for dim = 2 Galatius and Randal-Williams | | for
dim > 6. The colimit

colimH,,(B Diff o (X#V5™ x §™))

is called the stable homology, which has been extensively studied, espe-
cially with Q coefficients: indeed, the stable homology over Q coefficient
has been determined | , ]

(3) With Z coeflicients, an analogous stability in dimension 4 was shown to
fail by Konno and Lin | ]. However, the unstable homology classes
detected in | | are 2-torsion, so the result in | ] does not imply
rational instability.

Proposed for K3 and scribed by: H. Konno

PROBLEM 4.79. Given k > 0, is there a closed, simply connected, smooth 4-
manifold X and a nonzero homotopy class a € m(Diff5(X)) such that
o € ker(iy : mp(Diff5(X)) — m(Homeop (X)) (14)
and

v ¢ ker(sy: mp(Diff (X)) — 74 (Diff (X #52 x 52)))? (15)
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REMARKS.

(1) Here we use the notation ¢, and s of Problem 4.75 and the previous two
problems.

(2) The answer to an analogous statement for k = 0 is known to be affir-
mative: Kronheimer-Mrowka | ] proved that the Dehn twist on
X = K3#K3 along S3 gives non-zero class a that lies in (14), and Lin
[ ] proved that this « satisfies (15).

Proposed for K3 and scribed by: H. Konno

PROBLEM 4.80. Is there n > 2 and a smooth closed simply connected 4-
manifold X for which there is an element of order n in the subgroup ker(mo Diff (X) —
mo Homeo(X)) ? More generally, is there a subgroup of order n in ker(mo Diff (X) —
7o Homeo(X)) ?

REMARKS.

(1) An element of ker(mg Diff (X)) — 7o Homeo(X)) is called an exotic diffeo-
morphism. Examples of exotic diffecomorphisms by Ruberman | ]
and Baraglia—Konno | ] are of infinite order in ker(mo Diff(X) —
7o Homeo(X)) A Dehn twist on K3#K3 along the connected sum S3,
detected by Kronheimer—Mrowka | ], is of order 2. These exotic
diffeomorphisms are detected by Z or Z/2-valued invariants defined us-
ing parameterized ASD Yang-Mills or Seiberg-Witten theory. It would
seem that to detect an exotic diffeomorphism of order n one would need
Z/n-valued invariants of this type.

Note that, for a simply connected, closed, oriented 4-manifold, the
orientation-preserving topological mapping class group o(Homeo™ (X)))
is isomorphic to Aut(Hz(X;Z), Ax) by work of Freedman | ], Kreck,
[ |, Perron | ], and Quinn [ |

(2) One could consider the following special cases.

QUESTION.
(i) Is there a smooth, closed, simply connected 4-manifold X with a sub-

group isomorphic to 7/2 x 7,/2 in ker(m Diff (X)) — m9 Homeo(X)) ?

(i) In particular, for X = K3#K3#K3, do the Dehn twists on the two
connected sum copies of S® in X generate such a subgroup?

(iii) More generally, is there a copy of (Z/2)"~! in ker(my Diff(X) —
mo Homeo(X)) when X is a connected sum of n copies of the K3
surface?

Proposed for K3 and scribed by: H. Konno, D. Ruberman

PROBLEM 4.81. Is there a smooth, closed, simply connected 4-manifold X for
which the group ker(mo(Diff (X)) — mo(Homeo(X))) is finitely generated?
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REMARKS.
(1) Let TDiff (X) be the group of diffeomorphisms that act trivially on H(X;Z).
Quinn | ] and Perron | ] proved that, for m(X) = {1}, the

group ker(mo(Diff (X)) — mo(Homeo(X))) is isomorphic to 7o (TDiff (X)),
called the Torelli group.

(2) Ruberman | ] proved that there exist simply connected closed 4-
manifolds X for which 7o(TDiff (X)) is not finitely generated.

(3) In dimension 2, for the closed oriented surface ¥, of genus g > 2, John-
son | ] proved that the Torelli group is finitely generated for g > 2,
and McCullough-Miller | ] proved that the Torelli group is not
finitely generated for g = 2.

Scribed by: H. Konno

PROBLEM 4.82. Let ¢ be a self-diffeomorphism of a closed, simply-connected,
smooth 4-manifold X. Suppose that for every smooth surface ¥ in X, the surfaces
Y and o(X) are smoothly isotopic.

(a) Is @ necessarily smoothly isotopic to the identity map?
(b) Is ¢ smoothly isotopic to a diffeomorphism that is supported on a B* < X ?

REMARKS.

(1) In dimension three, a self-homeomorphism f of an irreducible 3-manifold
M? that preserves free homotopy classes of loops is isotopic to the iden-
tity map | ]. The analogous result holds for simply connected
4-manifolds in the topological category by Perron | ] and indepen-
dently by work of Quinn | | combined with that of Gabai-Gay—
Hartman—Krushkal-Powell | ]. (These authors show that in the
topological category, the weaker hypothesis that ¢ induces the identity
map on Hy(X;Z) implies that ¢ is topologically isotopic to the identity
map.)

This question essentially asks whether these theorems have an ana-
logue in dimension four in the smooth category. The stronger hypothesis
is necessary, as there are many examples of exotic self-diffeomorphisms of
simply connected 4-manifolds, e.g. the Dehn twist ¢: K3#K3 — K3#K3
is topologically but not smoothly isotopic to the identity map [ ]
In this case, the induced map from ¢ clearly preserves Ho(K3#K3;7Z),
but it is not clear whether ¢(X) is smoothly isotopic to X for every surface
Y inside K3#K3.

(2) The first question, in the special case X = S%, would imply that every
orientation-preserving diffeomorphism of S* is isotopic to the identity,
answering Problem 4.67. To see that every diffeomorphism ¢: S* — §*
satisfies the hypothesis of the problem, isotope ¢ to fix some B*, and then
isotope ¥ into that B*. The second question decouples this problem from
Problem 4.67.

(3) Another variation on the problem allows the stronger hypothesis that for
every g = 0, every smooth embedding h: ¥, < X is smoothly isotopic to
the embedding ¢ o h.
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(4) Assuming instead that ¢ becomes isotopic to the identity after connected
sum with S$2 x S? (which in particular implies that ¢ induces the iden-
tity on Ha(X;Z)), then Krushkal-Mukherjee-Powell-Warren | ]
showed that ¢ can be isotoped so as to be supported on a contractible
submanifold. Another point of view on the question asks whether the
assumption that ¥ and ¢(3) are smoothly isotopic for every X, enables
us to show that the contractible supporting manifold can be assumed to
be a 4-ball.

Proposed for K3 and scribed by: J. Chaidez, M. Miller

PROBLEM 4.83. For which 4-manifolds does there exist a smooth structure such
that there exists a non-smoothable homeomorphism with respect to that smooth
structure?

REMARKS.

(1) We say that a homeomorphism is smoothable if it is rel. boundary isotopic
to a diffeomorphism. If this does not hold, we say that the homeomor-
phism is non-smoothable.

(2) This question is interesting for closed 4-manifolds, compact 4-manifolds
with boundary, and for open 4-manifolds.

(3) Recent progress for compact simply connected 4-manifolds with boundary
was made by Galvin-Ladu | ] and Konno-Taniguchi | ]. Here
is an open question for such 4-manifolds.

QUESTION (i). Let X be a simply connected, smooth, spin 4-manifold
with 0X = Y1 u Yy having two connected components that do not admit
generalized Dehn twists. Consider a boundary-fixing homeomorphism that
has trivial Poincaré variation but that acts nontrivially on the relative spin
structures of X (there are two such relative spin structures). Is it isotopic
to a diffeomorphism?

See [ , ] for the definition of a Poincaré variation. If the
Y; are hyperbolic, then they do not admit generalized Dehn twists. The
answer is also yes in the case that there is a separating embedding of a
3-manifold Z, with Y7 and Y5 in different connected components of X\Z,
where Z admits a generalized Dehn twist.
(4) One can wonder whether there is a relationship with the existence of exotic
smooth structures.

QUESTION. Does there exist a 4-manifold that admits a non-smoothable
homeomorphism, but no exotic smooth structure? Or vice versa, a 4-
manifold admitting exotic smooth structures for which every self-homeomorphism
is smoothable?

See e.g. the work of Donaldson | |, Friedman—-Morgan | 1,
and Baraglia [ ]

Proposed for K3 and scribed by: M. Powell
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PROBLEM 4.84. Is there a closed oriented smooth 4-manifold X for which every
finite subgroup G of the mapping class group mwo(Diff ¥ (X)) can be realized by a finite
group action on X ?

REMARKS.

(1) This question relates to the study of the algebraic properties of diffeomor-
phism groups as opposed to their homotopy type.

If there is a group-theoretic section G — Diff ¥ (X) of the quotient
map Diff " (X) — 7o(Diff " (X)) over G, we say that G is realized by a
finite group action. The question whether a given G is realized is known
as the Nielsen realization problem.

(2) For orientable surfaces X, Kerckhoff | ] proved that every finite
subgroup of mo(Diff " (X)) is realized. On the other hand, in dimension
4, there are several known examples of 4-manifolds X for which there are
non-realizable finite subgroups of 7o (Diff ¥ (X)) | , , ,

’ ’ ’ ]

(3) One may also ask the analogous questions for the extended mapping
classes group of X, which also contains the orientation-reversing diffeo-
morphisms, and for nonorientable X.

(4) The existence of asymmetric manifolds, i.e. manifolds that do not admit
any effective action of a finite group, has been studied in higher dimen-
sions. See e.g. | , ]. Related to the Nielsen realization prob-
lem, one may ask whether there is a smooth asymmetric 4-manifold where
the mapping class group has a nontrivial finite subgroup.

(5) Here is a variant of the Nielsen realization problem, and for some specific
X, several non-realizability results are known. Let Aut(H2(X;Z)) denote
the automorphism group of the intersection form and set

I(X) = Im(Diff " (X) — Aut(Hx(X;Z))).

QUESTION. Which X admits a (finite) group G and a homomorphism
p: G — I(X) that cannot be realized by a smooth action on X ¢

Here we say that ¢ is realized by a smooth action if there a homomor-
phism @: G — Diff " (X) that descends to ¢.

Scribed by: H. Konno

PRrROBLEM 4.85. Is there a closed orientable smooth 4-manifold X for which the
identity component Diffo(X) of the diffeomorphism group is not uniformly perfect?

REMARKS.

(1) By Mather and Thurston | , , ], the group Diffy(X)
is perfect for every closed orientable manifold X.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



260

(2) For a given group G, the commutator length of an element g € [G,G] is
defined to be the minimal number of factors in expressions of g as prod-
ucts of commutators. The commutator length has been studied for Lie
groups, groups of automorphisms of (topological, smooth, or symplec-
tic) manifolds, and mapping class groups in contexts of dynamics and
bounded cohomology. It is known to be difficult to compute the commu-
tator length of a given element in general, which leads us to consider the
following qualitative property for a perfect group (a group that is equal
to its commutator subgroup). Given a perfect group G, we say that G is
uniformly perfect if the commutator lengths of elements of G are uniformly
bounded.

(3) For dim X # 2,4, Diffg(X) is known to be uniformly perfect due to work
by Burago-Ivanov—Polterovich | | and Tsuboi | , ]
Their works also show that Diffg(X) is uniformly perfect for X = $2
and S*. On the other hand, Bowden—Hensel-Webb | ] proved
that, for dim X = 2, Diffo(X) is not uniformly perfect if the genus of X
is positive. Nothing is known in dimension 4 except for X = S4.

Proposed for K3 and scribed by: H. Konno

PROBLEM 4.86. Is it the case that for every closed, smoothable topological 4-
manifold X, there exists a locally linear finite group action on X, such that for
every smooth structure on X, the action is non-smoothable?

REMARKS.

(1) Given a topological manifold X and a smooth structure O on X, we say
that a locally linear topological action ¢ of a group on X is non-smoothable
with respect to O if ¢ is not conjugate to a smooth action on X.

(2) A variant of the problem is the following.

QUESTION. If we fiz a smooth structure O on X, is there a locally
linear finite group action on X that is non-smoothable with respect to O?

(3) There are many examples of locally linear finite group actions on closed 4-
manifolds that are non-smoothable with respect to any smooth structure,
SUCh as [ 9 9 9 9 9 9 9 9

].

Scribed by: H. Konno

PROBLEM 4.87. Is there an exotic action of Z/n on S* with 0-dimensional fived
point set? 1-dimensional? 2-dimensional?

REMARKS.
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(1) Inthe case that the fixed set is empty, any nontrivial symmetry is orientation-

reversing, son = 2. In this case Cappell and Shaneson | ] constructed
an exotic smooth RP*, whose double cover is S* [ , ].
Another construction was given by Fintushel and Stern [ . It is

not known whether these examples are diffeomorphic, or more generally
whether there is more than one exotic RP?. (In the topological setting
there are exactly two homeomorphism classes of 4-manifolds that are ho-
motopy equivalent to RP* according to a calculation from the surgery ex-
act sequence | , Chapter 14]). These two manifolds are distinguished
by their Kirby-Siebenmann invariant. As a point of interest, we refer the
reader to Ruberman’s explicit construction of the non-smoothable homo-
topy RP* [ , Section 2].)

(2) In the case that the fixed set is 0-dimensional or 1-dimensional, very lit-
tle is known in the smooth setting. In the case that the fixed set is
2-dimensional, there exist actions with knotted fixed point set [ ,

s ], but the tools for establishing this are topological. The
case that the fixed point set has dimension 3 has been extensively studied
(see e.g. | ]); examples arise from gluing two copies of a cork along
the boundary.

Scribed by: K. Hendricks

PROBLEM 4.88. Let 7: S* — S* be a free (hence orientation-reversing) invo-
lution. Is there an embedded S < S* that is invariant under T2 This is equivalent
to the existence of an embedded RP? in S*/7 ~ RP*, carrying the nontrivial class
in Hy(RP*:Z/2). This condition on the homology class will be assumed for the rest
of the problem.

REMARKS.

(1) This is an instance of the codimension two splitting problem [ ] and
may be asked in the smooth or topological category (where one would be
looking for an RP? with a normal bundle). Another classic phrasing is
that the problem is asking if the involution desuspends twice.

(2) In the topological category, there is only one 4-manifold homotopy equiv-
alent but not homeomorphic to RP*, which is sometimes denoted *RP*.

QUESTION (i). Does *RP* have an embedded RP? with a normal bun-
dle?

(3) There are two known constructions of exotic RP*s in the smooth cate-
gory, due to Cappell-Shaneson | ] and Fintushel-Stern [ ]. By
construction, the Cappell-Shaneson RP%s all contain an embedded RP?.

QUESTION (ii). Do the Fintushel-Stern RP*s contain smoothly em-
bedded RP?s?

A negative answer would show that the Fintushel-Stern RP*s are not
diffeomorphic to those obtained by the Cappell-Shaneson construction;
see also Problem 4.87.
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Proposed for K3 and scribed by: D. Ruberman

PROBLEM 4.89. Classify smooth, effective circle actions on simply connected
4-manifolds with boundary.

(a) Classify simply connected 4-manifolds with boundary that admit circle ac-
tions.

(b) For each such 4-manifold, classify the circle actions up to conjugation by
diffeomorphisms.

(c) Given a 4-manifold X with a circle action on its boundary, when does the
action extend over X ? When does it extend uniquely?

REMARKS.

(1) Information about the smooth classification of the closed 4-manifolds ad-
mitting a circle action was obtained by Fintushel and Pao | ] via
Pao’s replacement trick | ]. (These papers assumed the truth of the
3-dimensional Poincaré conjecture, an assumption that is now known to
be satisfied.) Part (a) asks for similar results in the bounded case.

(2) The classification of circle actions on closed simply connected 4-manifolds
was carried out in the 1970s by Fintushel | , ] in terms of orbit
data. Part (b) is asking for an analogous result in the bounded case. Note
that in the bounded case, one necessarily has a Seifert-fibered space on
the boundary, and so the orbit data is somewhat more complicated than
in the closed case.

(3) There are obstructions to the extension problem in part (c¢) coming from
gauge theory. Konno—Mallick—Taniguchi | ] studied, for M equal
to one of the Milnor fibers M (2, 3,7) or M(2,3,11), the loop in 71 (Diff (0M))
corresponding to the circle action coming from the Seifert-fibred structure
of the boundary. This gives rise to a boundary generalized Dehn twist, a
diffeomorphism of M supported in a collar neighborhood of dM. This
diffeomorphism is isotopic to the identity rel. boundary if and only if
the element of 71 (Diff (0M)) extends to a loop in m (Diff (M)). Konno-
Mallick—Taniguchi showed that there is no such extension, and hence there
is no corresponding circle action. Montague | | drew the same con-
clusion for the Gompf nuclei N(2n) and simple plumbing P(2n) with
boundary —X(2, 3,12n — 5), by proving non-extension results for Z/p ac-
tions embedded in the circle action on the boundary. All of these results
continue to hold when M is replaced by M#S? x S2. Further results
along these lines have been announced in | , ]

QUESTION. Does there exist a compact 4-manifold X, and a circle
action on 0X, such that the latter extends to a loop of diffeomorphisms in
1 (Diff (X)) but not to a circle action on X ¢

(4) If 06X admits a unique circle action, then an answer to (c¢) would follow
from an answer to (a). But there could exist distinct circle actions on 0X
such that one extends over X and one does not.

(5) A complementary obstruction to extending would be via a classical theo-
rem of Atiyah—Hirzebruch [ | that restricts the characteristic classes
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of closed spin manifolds of dimension 4k admitting a circle action; they
show in this case that the A genus of the manifold must vanish. In di-
mension 4, this means that the signature vanishes.

QUESTION. Find an analogue of the Atiyah—Hirzebruch result for 4-
manifolds (or more generally 4k-manifolds) with nonempty boundary.

It is easy to see that the signature does not necessarily vanish for spin
manifolds with circle actions if the boundary is nonempty. For instance,
one could take the disk bundle over S? with even, nonzero, Euler class.
It has signature +1 but supports an S' action. From such examples, it
seems plausible that there could be some sort of boundary correction to
the Atiyah-Hirzebruch argument, presumably involving an S'-equivariant
n-invariant | ].

Proposed for K3 and scribed by: D. Ruberman

4.9. Symplectic and complex structures

This section focuses on problems concerning symplectic and complex structures
on 4-manifolds, including geography and botany questions, the realization and
diversity of symplectic representatives in fixed homology classes, and the existence
of distinct Stein fillings and Weinstein structures. A symplectic structure on a
smooth, oriented 4-manifold X is a closed, nondegenerate 2-form w € Q?(X); that
is, dw = 0 and w? > 0 everywhere, compatible with the orientation on X. An
important homotopy invariant of a symplectic 4-manifold (X,w) is its canonical
class K = —c1(X,w), the first Chern class of any almost complex structure .J
compatible with the symplectic form w, which is unique up to homotopy. When
equipped with the associated Kahler form, a compact complex algebraic surface —
that is, a complex smooth projective surface—becomes a symplectic 4-manifold
where w is compatible with an integrable complex structure J.

A Weinstein domain is a quadruple (W,w, ¢, J) where:

(i) W is a compact, smooth 4-manifold with boundary;
(ii) Ais a 1-form on W such that the symplectic form w equals dA;
(ili) the associated Liouville vector field V' defined by ¢y dX\ = A is gradient-like
for a Morse function ¢ : W — R with 0W as a regular level set;
(iv) J is an almost complex structure compatible with dA.

A (compact) Stein surface is a complex 2-dimensional manifold S with bound-
ary, admitting a proper, strictly plurisubharmonic function ¢: W — R such that S
is exhausted by compact sublevel sets. (We often drop the adjective ‘compact’ not
to avoid irritating algebraic geometers — for whom Stein manifolds are by definition
non-compact — but because it will be clear from the context that we are restrict-
ing attention to Stein subdomains with contact-type boundary.) A Stein surface S
admits the structure of a Weinstein domain, with A = —d°¢ and symplectic form
d\ = —dd°¢, and the complex structure on it is Kéhler.
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PROBLEM 4.90. Do the Chern numbers ¢ and co of every closed, symplectic
4-manifold X that is not a ruled surface satisfy the following?
(a) ¢ <3cy.
(b) & =3¢y >0 if and only if X = CP? or X is a complex ball quotient.
(c) c2 = 0.

REMARKS.

(1) These invariants depend only on the underlying homotopy type of the
4-manifold X, satisfying the identities ¢? = 2x + 30 and ¢ = x where x
and o are the Euler characteristic and the signature of X.

(2) All hold true for Kahler surfaces [ ]; part (a) is the well-known
Bogomolov-Miyaoka—Yau inequality (BMY) and part (b) follows from
Yau’s celebrated solution of the Calabi conjecture | .

(3) The inequality (c) was conjectured to hold by Gompf. If the non-ruled
symplectic 4-manifold X is minimal, then ¢ > 0 by | , ,

, ]; so part (c) is implied by part (a) in this case.

(4) These geographic constraints would have strong consequences. For in-
stance, if true, part (b) would imply that there is no symplectic 4-manifold
X homeomorphic but not diffeomorphic to CP?; part (a) or (c) would im-
ply the same for any ruled surface over Xj, with h > 2.

(5) If there exist symplectic 4-manifolds with ¢? = 3¢y that are not diffeo-
morphic to any Kéhler surface, a further line of inquiry for part (b) would
be whether there is a symplectic analog of Yau’s theorem for them; e.g.,
are they always K(G,1)s? See also Problem 4.91.

(6) One approach to an affirmative solution for part (a) is via branched cov-
erings. Auroux proved that every symplectic 4-manifold admits a simple
branched covering to CP?, where the branch locus in CP? is an immersed
symplectic surface with nodes and simple cusps | ]. One can com-
pute the Chern numbers in terms of the degree of the branch locus, the
number of cusps, the genus of the branch curve, and the number of sheets
of the cover (see | , P-266]). Thus, one can translate the existence
of an example on or above the BMY line into the existence of a braided
singular surface in CP? with a coloring with certain constraints.

(7) Onme can ask part (a) more generally as follows (see also Problem 4.16):

QUESTION. Does any closed 4-manifold X with b > 1 and with
nontrivial Seiberg—Witten invariants satisfy the BMY inequality?

Recall that by the work of Taubes | , ], if such a 4-
manifold X admits a symplectic structure, then it has a Seiberg-Witten
basic class.

Feehan and Leness have announced a program to answer this broader
question affirmatively | , , ]. Their approach is to adapt
Hitchin’s Morse theory analysis of the moduli space of Higgs monopoles
on a rank-2 Hermitian vector bundle over a Riemann surface | ] to
the moduli space of non-Abelian monopoles (A, ®) on a rank-2 Hermitian
vector bundle E.

Scribed by: 1. Baykur, L. Starkston
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PROBLEM 4.91. Present a topological construction of symplectic fake projective
planes. Does there exist a symplectic fake projective plane that is not a complex ball
quotient?

REMARKS.

(1) A fake projective plane (FPP) is a closed 4—manifold X with the same
rational cohomology ring as the complex projective plane CP? but not
diffeomorphic to it.

By Yau’s solution of the Calabi Conjecture | |, every complex
FPP is a torsion-free quotient of the complex unit ball by a discrete co-
compact subgroup of PU(1,2). The first example of a complex FPP was
given by Mumford | | (hence the alternate name Mumford surface
for a complex FPP) using p-adic uniformization, with further examples
later given by Ishida and Kato | ] and Keum | ]. Notably,
Prasad and Yeung | ], with the help of computer-assisted calcula-
tions by Cartwright and Steeger, established that there are exactly 50
diffeomorphism types for complex FPPs | , , ]

In fact, these 50 Kahler surfaces are the only known examples of sym-
plectic FPPs to date and their constructions involve arithmetic geometry.
(Keum’s work | s ] may be largely reinterpreted using topo-
logical arguments but also relies on arithmetic geometric results | 1)
The problem asks if there are “softer” constructions via symplectic topol-
ogy.

(2) A reconstruction of even the known complex FPPs using topological meth-
ods may lead to the further discovery of non-Kéhler, symplectic examples
on the Bogomolov—Miyaoka—Yau line. See Problem 4.90.

(3) Every complex FPP is smoothly irreducible [ , Proposition 6.1];
this fact extends to any other potential symplectic FPP under mild as-
sumptions on its fundamental group.

Indeed, Fintushel and Stern raised the more general question of whether
there exist smoothly irreducible FPPs besides the complex ones and what
could be said about their 7;. (For reducible examples, one can simply
take a connected sum of any rational homology 4-sphere with (CPZ.) Irre-
ducible FPPs with various fundamental groups were recently constructed
in | ]; for instance, any finite abelian group with a Zs factor is
claimed to be realized as the m; of an irreducible FPP. None of these
FPPs admit symplectic structures, and in fact, it can be shown that the
approach in | | falls short of producing symplectic examples.

(4) The existence of an (irreducible) FPP with trivial m;, which amounts
to an exotic smooth structure on CP?, is a particularly important open
question. See Problem 4.2.

Let G be a finitely presented group and ) be an integral intersection
form. Baldridge and Kirk conjectured that the diffeomorphism type of
a closed symplectic 4-manifold that minimizes the Euler characteristic
among all with 7 = G and intersection form @ is unique | , Con-
jecture 23]. A symplectic FPP with trivial ; would be a counter-example
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to a special case of this conjecture, known as the Symplectic Poincaré
Conjecture.

Proposed for K3 by: R. Fintushel, R. Stern
Scribed by: I. Baykur

PROBLEM 4.92. Is every symplectic Calabi-Yau surface diffeomorphic to either
the K8 surface, the Enriques surface or a T?-bundle over T??

REMARKS.

(1) Here a symplectic Calabi-Yau surface (SCY) is defined as a closed sym-
plectic 4-manifold with torsion first Chern class.

(2) To date, the only smooth 4-manifolds known to support a symplectic
structure with torsion c; are the ones listed in the problem. The prob-
lem asks whether this list indeed provides a complete classification of the
diffeomorphism types of SCYs.

(3) T-JLi| , ] and Bauer | ] established that any SCY has
the rational homology type of one of these standard 4-manifolds. (This
extends the earlier results of Morgan and Szabé | | when b; = 0 and
Ruberman and Strle | | when by = 4.)

Any SCY with b > 1 has only one Seiberg-Witten basic class, namely
the (trivial) canonical class, and its SW invariant is one. When b3 = 1,
the SW invariant of an SCY is determined by the wall crossing formula,
and only depends on the cohomology ring structure.

(4) The list has been verified to be complete in some specific cases. Any SCY
that smoothly fibers over a circle, a surface, or a 3—manifold is standard
[ , , , ]. The same holds when the SCY
admits certain ﬁmte symplectic group actions | , .

Moreover, many well-known construction techniques—such as Lut-
tinger surgery, generalized fiber sums, knot surgery, and the simplest ra-
tional blow-downs—have been shown not to yield new SCY's from standard
symplectic 4-manifolds; see [ ] for a detailed survey and references.

(5) One approach towards an affirmative answer is to first detect the existence
of a (possibly singular) T?-fibration. In the case of a homology K3, if fur-
ther assuming that it has a winding family of symplectic forms (a symplec-
tic generalization of a hyperkéahler family), then a parameterized version
of Taubes” SW = GW theorem, including a parametrized wall-crossing
formula, produces a 2-dimensional family of embedded symplectic tori in
the winding family | , Section 7.4].

(6) One may probe the existence of new SCY's via symplectic Lefschetz pencils
and multisections by analyzing certain positive factorizations in mapping
class groups. New constructions of SCYs realizing all possible rational

homology types are given in | , ] adapting this
approach. Only a handful of these SCYs are confirmed to be standard so
far [ , .
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Due to the shortcomings of gauge-theoretical invariants in distinguish-
ing SCYs (up to diffeomorphism) within the same homotopy type, the pos-
sibility of detecting a new SCY hinges on identifying a new SCY group.
An intriguing, not-yet-ruled-out possibility is 71 = Z? | , ]

Proposed for K3 and scribed by: T.J. Li, I. Baykur

PROBLEM 4.93. Is every symplectic form on the standard K3 surface symplec-
tomorphic to a Kdhler form?

REMARKS.

(1) This question has several notable generalizations. First, since every sym-
plectic form on the K3 surface is cohomologous to a Kahler form | ,
4.10], this is a special case of the following broader question | |:

QUESTION (Donaldson). Let (X,wg) be a closed Kdhler surface. Is
any other symplectic form w on X with [w] = [wo] and ¢1(X,w) =
c1(X,wo) symplectomorphic to wo?

As every closed hyperkéhler surface is diffeomorphic to either the K3
surface or T4, the problem also constitutes a special case of the following
conjecture.

CONJECTURE. Let X be a closed hyperkdhler surface and let a €
H?(X;R) be such that a®> > 0. Then the space of symplectic forms on
X representing the class a is connected.

Finally, the problem is a significant instance of the more general Prob-
lem 4.96.

(2) Donaldson proposed using the almost Kéahler Calabi-Yau equation given in
[ ] to get a family of cohomologous symplectic forms connecting the
given symplectic form w to the Kéhler form wy. A partial a priori estimate
for the almost Kéahler Calabi-Yau equation was obtained in | ]

(3) There are also approaches to this problem via Donaldson’s geometric
flow | , ] and hypersymplectic flow | ].

Scribed by: T.J. Li

PROBLEM 4.94. Are homotopy equivalent Horikawa surfaces in different defor-
mation classes diffeomorphic as 4-manifolds? Are they symplectomorphic?

REMARKS.

(1) A Horikawa surface is a minimal (non-singular) complex projective surface
of general type whose Chern numbers satisfy 5c2 = ¢y — 36 (i.e. it lies
on the Noether line), or equivalently, ¢f = 2p, — 4, where p, > 3 is the
geometric genus. They are all simply connected.
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These surfaces were studied extensively by Horikawa in [ ,
, , |, who classified them up to deformation. For
each r > 2, there are two deformation classes of surfaces with ¢? = 8r — 8
and ¢y = 40r — 4. The smooth 4-manifolds H(r) and H'(r) in the two
respective deformation classes are distinguished by their intersection form
when r is even; whereas, when r is odd, they are homotopy equivalent.
They have the same Donaldson polynomials and the same Seiberg-Witten
invariants.  Some 50 years after Horikawa, it remains unknown whether
any pair of the latter surfaces are diffeomorphic.
(2) The question on the number of diffeomorphism classes was originally
raised by Horikawa in | ] and it is in | , Problem 4.101(A)].
If two compact complex manifolds X and X’ are deformation equiv-
alent, then there exists a diffeomorphism f: X — X’ such that

fHla(X,w) = e (X, w).

The bold speculation of the time, namely that the converse holds in com-
plex dimension two (the refined “DEF = DIFF Conjecture”), was dis-
proved by Manetti in | ], and there are simply connected counter-
examples as well | ]

A minimal complex surface of general type has a canonical symplec-
tic structure, unique up to symplectomorphism, which is invariant under
smooth deformation | ]. Catanese showed that Manetti surfaces
are indeed symplectomorphic | ], so they also constitute counter-
examples to the elusive “DEF = SYMP Conjecture”.

Nonetheless, it is still open whether DEF equivalence is more strict
than DIFF or SYMP equivalence for the Horikawa surfaces.

(3) Let Fa, denote the Hirzebruch surface with fiber f and sections Ay and
A, with self-intersections AZ = 2r and A% = —2r. The Horikawa surface
H(r) is the double cover of Fy branched over a smoothing of 6Aq + 4r f
and H'(r) is the double cover of Fy, branched over a disconnected branch
locus that is a smoothing of 5Ay + A,. Based on this, one can describe
H(r) and H'(r) as smooth 4—manifolds using Kirby diagrams for branched
covers, and as symplectic 4—manifolds via monodromy factorizations for
compatible Lefschetz fibrations/pencils | , ]. In| 1,
Auroux compared the canonical symplectic Lefschetz pencils of the same
genus on H(3) and H'(3) and observed that they are related through
fibered Luttinger surgeries. As suggested by the status of the problem,
there has been otherwise no success in relating such diagrams via Kirby
calculus or the pencils via monodromy manipulations to prove DIFF or
SYMP equivalence.

(4) Another possible strategy to obtain a diffeomorphism between H(r) and
H'(r) is based on the observation of Manetti, that a common degener-
ation with Wahl singularities would prove that they are diffeomorphic
[ |[Theorem 1.5]. Recently in [ ], through an extensive
study of complex surfaces with Wahl singularities, the authors invalidated
this approach. On the other hand, a different common degeneration was
recently found in [ ], without any interpretation of moving from one
deformation component to the other as diffeomorphism.
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Scribed by: I. Baykur, G. Urzia

PROBLEM 4.95.
(a) Is there a closed hyperbolic oriented 4-manifold that admits a symplectic

structure?

(b) Do the Seiberg—Witten invariants vanish on every closed hyperbolic 4-

manifold?
REMARKS.

(1) In a preprint [ ], Stover announces the construction of a hyperbolic
orbifold structure on CP2. This resolves an orbifold version of this prob-
lem.

(2) By work of Taubes | ], a positive answer to (a) would imply a nega-
tive answer to (b); see [ , Proposition 4.5]. By Donaldson | ]
and Gompf-Stipsicz [ , Theorem 10.2.18], (a) is equivalent to ask-

ing whether there is a closed hyperbolic oriented 4-manifold that admits
a smooth Lefschetz pencil. Compare this to Problem 2.23, which asks
whether there exists a surface bundle over a surface whose total space is
a hyperbolic 4-manifold.

(3) In| , Conjecture 1.1], LeBrun conjectures that the answer to (b) is,
‘yes,” and hence the answer to (a) is ‘no.” LeBrun provides evidence to-
wards the moduli spaces being empty (for suitable perturbations) and pro-
poses that one should consider the generalization of Seiberg-Witten invari-
ants involving the evaluation of cohomology classes in A* H(X;Z)QZ[U]
on higher dimensional moduli spaces. The first examples of manifolds for
which all these invariants vanish were provided in | ], followed by
more concrete examples in | ]. Tt is worth noting that there are no
known examples of closed hyperbolic 4-manifolds with b < 1, cf. Problem
4.19.

Proposed for K3 and scribed by: F. Lin, B. Martelli

PROBLEM 4.96. Does there exist a pair of symplectic 4-manifolds (X1,w1) and
(X2,wa), where there is a diffeomorphism f: X1 — Xo such that f*(c1(Xa,ws)) =
c1(X1,wr) and f*([we]) = [w1] € H*(X1,R), but (X1,wy) is not symplectomorphic
to (Xg, wg) ?

REMARKS.

(1) It may be difficult to detect such a difference with current invariants due
to Taubes’ result relating Gromov—Witten invariants and Seiberg—Witten
invariants [ ]

(2) There is also a relative version of this problem for fillings.

QUESTION. Does there exist a pair of Stein manifolds filling the same
contact 3-manifold that are diffeomorphic where the diffeomorphism takes
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the first Chern class of one to that of the other, but such that the Stein
manifolds are not symplectomorphic?
One could also ask whether there is such a pair of Stein manifolds

that are not Weinstein homotopic. See also Problem 5.17.

Scribed by: L. Starkston, J. Van Horn-Morris

PROBLEM 4.97. Let )\ := c¢2/cy be the Chern slope of a closed, almost complex
4-manifold X . What is the supremum of A as X ranges over the following families?
(a) Symplectic ¥4-bundles over Xy, with g, h = 2.
(b) Holomorphic ¥,-bundles over Xy, with g, h = 2.
(c) Symplectic Lefschetz fibrations over S2.
(d) Holomorphic Lefschetz fibrations over S2.

(Here, the Lefschetz fibrations are assumed to have critical points.)

REMARKS.

(1) Recall that the Chern numbers of X are determined by its homotopy
type. Any X,-bundle over ¥; with g > 2 or a Lefschetz fibration (with
nonempty critical set) over S? can be made symplectic, but not always
holomorphic. See e.g. | y ]. In fact, the sole obstruction to
making a surface bundle over a surface holomorphic is whether the smooth
4-manifold X admits a complex structure | R

(2) The first line of research in this direction, pioneered by Atlyah Kodaira,
and Hirzebruch in the late 1960s, and Endo in the late 1990s, is to under-
stand for which pairs of g > 3 and h > 2 one can have a ¥,~bundle over
Y, with ¢ > 0. (The signature vanishes when g < 2 or h < 1] 1)
This geography problem was nearly resolved in the recent work of Baykur
and Korkmaz | ], who showed that for all but 19 possible pairs
(g,h), there are symplectic ¥,~bundles over ¥;, with o > 0. However,
the remaining few cases are quite significant for symplectic geography; see
below.

(3) The Bogomolov—Miyaoka—Yau inequality for complex surfaces is encoded
as A < 3, providing an upper bound on the slopes of X in (b) and (d).
Since no complex ball quotient can smoothly fiber over a surface, it is
moreover known that any X in (b) satisfies A < 3.

Two of the unsettled cases in | | have direct implications on
symplectic geography: any example with (g,h) = (3,2) and ¢ > 0 is a
symplectic X of general type violating the BMY inequality, whereas one
with (g,h) = (4,2) and the smallest possible positive signature would give
a symplectic X on the BMY line and cannot possibly be complex. See
[ , Question 2] and Problem 4.90. Do such surface bundles over
surfaces exist?

An unpublished preprint by Hamenstadt [ ] announces that
A < 3 more generally for any X in (a).

(4) Presumably, these questions will all have different answers. Nonetheless,
the largest currently known slope for (a) and (b) coincide: these are the
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examples by Catanese and Rollenske with A\ = 8/3 | ]. There exist
holomorphic ¥,-bundles over ¥, with positive signatures, for h = 2 (and
large g), as shown by Bryan and Donagi in | |, and with g = 3 (and

unspecified, presumably very large h), as shown by Kazuhiro Konno (in
works only available in Japanese). The situation for (¢) and (d) is more
mysterious; for instance, (symplectic) Lefschetz fibrations over S? with
o > 0 were only recently discovered in | ]

There are fewer constraints on the slopes of Lefschetz fibrations over
higher genera surfaces; e.g. the Cartwright-Steger surface on the BMY
line admits a holomorphic Lefschetz fibration over T2 | ], realizing
the maximal possible slope A = 3 in this case.

Proposed for K3 and scribed by: I. Baykur

PROBLEM 4.98. Does every closed symplectic 4-manifold admit inequivalent
Lefschetz pencils with the same fiber genus g, for sufficiently large g? How about
infinitely many?

REMARKS.

(1) Here Lefschetz pencils are assumed to have base points, whereas Lefschetz
fibrations do not. Equivalence is defined by a diffeomorphism of the sym-
plectic 4-manifold commuting with any pair of pencil/fibration maps.

(2) Any symplectic 4-manifold can be equipped with Lefschetz pencils with
arbitrarily high fiber genera by increasing the degree in Donaldson’s con-
struction. However, the number of base points also increases, meaning
the Lefschetz fibrations derived by blowing up the base points would be
on birational yet different 4-manifolds.

Except for rational and ruled surfaces, the number of base points
in a pencil is bounded above by 2¢g — 2, where ¢ is the genus of the
fiber. Therefore, a positive answer to the second question would imply
the existence of infinitely many genus—g Lefschetz pencils with the same
number of base points. By blowing up the base points of such examples,
one can obtain inequivalent Lefschetz fibrations over S? with the same
fiber genus, but the converse is not always feasible.

(3) By | ], any symplectic 4-manifold that is not a rational or ruled
surface, possibly after blow-ups, admits arbitrarily many non-isomorphic
Lefschetz pencils with the same genus, the same number of base points,
and matching topological types of singular fibers. A slightly weaker result
also holds for rational and ruled surfaces [ ]. These constructions
require blow ups, addressing the problem only up to birational equivalence.

Other examples of inequivalent Lefschetz pencils and fibrations on a
few specific 4-manifolds are given in | , , , ,

]. The monodromy invariants and arguments used in these works
do not distinguish more than finitely many classes; for a positive resolution
of the problem, one needs finer monodromy invariants.
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Proposed for K3 by: 1. Baykur
Scribed by: 1. Baykur, N. Salter, L. Starkston

PROBLEM 4.99. Let X be a closed symplectic 4-manifold. Let T < X be a
symplectic submanifold that is diffeomorphic to a 2-dimensional torus such that
[T]? = 0. Let Xy be a manifold obtained by Fintushel-Stern knot surgery on T
using a knot K < S3. If Xk has a symplectic structure, must K be a fibered knot?

REMARKS.

(1) Fintushel and Stern | ] showed that Xx has a symplectic structure
if K is a fibered knot, and raised the question in the problem.

(2) One can ask the question for the particular case when X admits a Lef-
schetz fibration whose regular fibers are tori and 7T is a regular fiber. This

particular case was explicitly stated in [ ]. An interesting exam-
ple is the case when X is the K3 surface, then SW(X) is essentially the
Alexander polynomial A of K | ], so we know A should be monic
if X has a symplectic structure | , ]. No other constraint
is known.

(3) The answer to this problem is “Yes” when X = T? x S? and T = T? x
{point} by Friedl-Vidussi | ], and when X is a torus bundle over a

closed surface with homologically essential fibers and T is a fiber by Ni

[ ]
Scribed by: Y. Ni

PROBLEM 4.100. Given a closed, connected, symplectic 4-manifold (X,w) and
¢ € Ho(X,Z) represented by an embedded, connected, oriented, smooth surface S
such that
(i) {[w],¢) >0, and
(ii) {er(X,w), ) = x(8) + S,
is ¢ represented by an embedded, connected, symplectic surface?

REMARKS.

(1) This is a special case of the question of which homology classes in a sym-
plectic manifold are represented by symplectic surfaces. By the adjunction
formula, the homology class of every embedded symplectic surface satis-
fies both (i) and (ii). The Symplectic Thom Conjecture | ] states
that symplectic surfaces minimize genus in their homology classes. In
their proof of this conjecture, Ozsvath and Szabd showed that every class
satisfies the adjunction inequality, —x(S) = S? + [{c1(X,w), ¢)|, provided
b3 (X) > 1. (The result extends to by (X) = 1 unless X is a rational or
ruled surface.) The question is whether this is a sufficient condition to
conclude the existence of a symplectic representative. See also | ]

(2) By Donaldson [ |, if [w] € H2(X,Z), then all large enough multiples
of [w] are represented by symplectic submanifolds. (When b5 (X) = 1, one
can say a bit more; see e.g. [ , Proposition 3.18].) When b3 (X) > 1,
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Taubes [ ] showed this is also true for the Poincaré dual of the
canonical class ¢1 (X, w); also see | ].

Scribed by: 1. Baykur, T.J. Li, J. Van Horn-Morris

PROBLEM 4.101. Is every smooth symplectic surface in (CPz,wFs) symplecti-
cally isotopic to a complex curve? Equivalently, is there a unique symplectic isotopy
class of smoothly embedded symplectic surfaces of degree d in ((CP27wFS) ?

REMARKS.

(1) Here wrg denotes the standard Fubini-Study symplectic form on CP%. A
symplectic surface in CP? is said to have degree d if it represents the ho-
mology class dh € Hy(CP?;Z) where h is the generator of Hy(CP?;Z) =~ Z
represented by a complex projective line. Note that symplectic surfaces
always represent a positive multiple of h because they have positive sym-
plectic area.

(2) A complex projective algebraic plane curve of degree d is the zero set of
a homogeneous polynomial of degree d in CP?. Such a curve represents
dh € Hg((CPQ; 7). If the zero set is regularly cut out, the complex algebraic
curve is smooth. Any two smooth complex algebraic curves of the same
degree are isotopic, i.e. connected through a family of smooth complex
algebraic curves. This can be seen by observing that the set of singular
curves of degree d (corresponding to homogeneous polynomials that do
not regularly cut out 0) is a complex subvariety of positive complex codi-
mension (cut out by the discriminant) in the space of all degree-d curves
(a high dimensional complex projective space parametrized by the coef-
ficients of the monomials in a degree-d homogeneous polynomial). Thus
the smooth curves form a path connected space, as it is the complement
of a subset of real codimension at least 2. Thus, the two questions in
the problem statement are equivalent and are known as the “symplectic
isotopy problem.”

(3) Key progress on the symplectic isotopy problem relies on the fact that
every symplectic surface can be realized as a J-holomorphic curve for
some almost complex J compatible with the symplectic form. The devel-
opment of pseudoholomorphic curves originates from Gromov’s seminal
paper | ]. Tt is proven in Gromov’s work that the answer to the
symplectic isotopy question is yes in degrees 1 and 2. Extensive further
work using Gromov’s strategy of pseudoholomorphic curves shows that the
answer is yes for degrees less than or equal to 17 | , y ]
After degree 17, we have been unable to rule out the possibility that a
family of J;-holomorphic curves may degenerate to a singular curve with
unreduced components, and it is unknown whether such degenerations
can produce an unavoidable codimension-1 “wall” in the moduli space of
pseudoholomorphic curves.

(4) Another approach to this problem is via quasipositive factorizations in
the braid group. Given a smooth symplectic surface in CP? realized as
a J-holomorphic curve, one can generate a J-holomorphic linear pencil
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on CP? 7 : CP?\{p} — CP'. Restricting the pencil to the symplectic
surface gives a simple branched covering from the surface to CP!, as-
suming the pencil point p is chosen sufficiently generically. The branch
points correspond to places where the fibers of the pencil are tangent to
the symplectic surface. Looking at the preimages under 7 of loops in CP?
gives a braid monodromy presentation that fully encodes the symplectic
surface | s ]. Through this, the symplectic isotopy problem
can be related to the following problem in the braid group.

QUESTION. Let A? denote the full twist on d strands in the braid
group By, and let o; denote the standard generators of the braid group
(a half twist of two adjacent strands). If p1...pr = A% and each p; is a
conjugate of some o;, then is there a sequence of Hurwitz moves and global
conjugations one can perform on pi ...py to turn it into (o7 ... 04-1)%?

For more background on this perspective and the definition of Hurwitz
moves, see this survey by Auroux | ]

(5) Another strategy to attack the symplectic isotopy problem is proposed
in | ], which uses deformations of the smooth symplectic surface to a
singular surface (a symplectic line arrangement) to show that the symplec-
tic isotopy problem is equivalent to the existence of certain Lagrangian
disks with boundary on the symplectic surface. Finding or obstructing
the existence of such Lagrangians could potentially be approached using
Floer theoretic/Fukaya categorical techniques.

(6) Note that there are smooth surfaces in CP? that are not smoothly iso-
topic to any complex curve | , |. However, one can mix the
symplectic and smooth categories for the following weakening of the sym-
plectic isotopy problem, which is currently equally open.

QUESTION. Are any two symplectic surfaces in CP? of the same degree
smoothly isotopic?

A strategy for answering this weaker version of the problem using
transverse bridge trisections was proposed by Lambert-Cole | ]

(7) There are examples of symplectic surfaces that are homologous but not
symplectically isotopic in other closed symplectic 4-manifolds | ].
However, the question appears to also be open more generally for rational
and ruled surfaces, and their blow-ups (symplectic manifolds of Kodaira
dimension —o0).

In ruled surfaces S? x S2, CPQ#”@Q, or an 52 bundle over a higher-
genus surface, in a fixed homology class, is there a unique symplectic
isotopy class of symplectic surfaces?

Scribed by: L. Starkston

PROBLEM 4.102. Is every symplectic rational cuspidal curve in (CPQ,WFS) eq-
wisingularly symplectically isotopic to a complex curve? More generally, which types
of singular symplectic surfaces in (CPz,wFS) (where type is specified by the genus
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of each irreducible component and the topological types of the singularities), ad-
mit symplectic representatives that are not equisingularly symplectically isotopic to
complex curves?

REMARKS.

(1) This is a singular version of the symplectic isotopy problem (Problem 4.101).
Note that “curve” here refers to a real 2-dimensional surface in analogy
with the terminology for complex/pseudoholomorphic curves. A rational
cuspidal curve is a singular curve homeomorphic to S2.

(2) We say that two singular symplectic surfaces are equisingularly symplec-
tically isotopic if there is a family of symplectic surfaces connecting them
such that the topological type of each singularity remains constant through
the isotopy. (The topological type is the isotopy class of the link of the
singularity.)

(3) Although one could define symplectic surfaces whose singularities are a
cone on any transverse knot, for there to be any chance that the symplectic
curve is equisingularly isotopic to a complex curve, its singularities must
be modeled on the singularities appearing in complex plane curves. By a
result of McDuff | ] (reproved by Micallef-White | ] through
different methods), these are precisely the singularity types which can be
realized in J-holomorphic curves for some almost complex structure J
compatible with the standard symplectic form on CP?. Thus these types
of singular symplectic surfaces can be studied with pseudoholomorphic
techniques.

(4) There are a number of works which approach this problem for certain
classes of singular surfaces and are able to prove in some cases that the
symplectic surfaces with certain specified singularity types are symplec-
tically isotopic to complex curves. For example Baurraud established

symplectic isotopy results for nodal symplectic spheres [ | and suf-
ficiently generic line arrangements | ]. Shevchishin proved results
for nodal symplectic surfaces of sufficiently low genus | ], conjec-

turing this holds more generally with a positivity assumption on the
Chern number. Ohta—Ono proved uniqueness up to symplectic isotopy of
a cuspidal cubic [ ]. More generally, unicuspidal single Puiseux pair
families and low degree examples of symplectic rational cuspidal curves
were shown to always be equisingularly symplectically isotopic to com-
plex curves in | , ], motivating the plausibility of a positive
answer to the first question in the problem statement.

(5) There are a number of ad hoc examples of singular symplectic surfaces in
CP? that are not equisingularly isotopic to any complex curve. Possibly
the first such examples appeared in Moishezon’s work [ ]. These
examples were high degree and contained a very large number of nodes
(positive transverse double points) and simple cusps (modeled on 23 = 22).
An important tool in constructing and detecting such examples is braid
monodromy | , ]. An easier and lower-degree example is the
“fake Pappus” line arrangement which cannot be realized by complex
projective lines, but which can be realized symplectically (see [ D-
For an irreducible example of degree 8 with locally reducible singularities
see | , Section 8]. However, we do not currently have any examples
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where the surface is irreducible and the singularities are locally irreducible,
a.k.a., “cuspidal”.

(6) Omne could also ask whether every pair of equisingular singular symplectic
surfaces in CP? are equisingularly symplectically isotopic to each other.
In contrast to the smooth symplectic isotopy problem, this is not equiva-
lent to asking whether every singular symplectic surface is equisingularly
symplectically isotopic to a complex curve. In fact, it is well known that
there are examples of equisingular complex curves in CP? that are not
equisingularly symplectically isotopic. Additionally there are examples of
singular symplectic surfaces such that there does not exist any complex
curve with the same singularities as mentioned above.

Equisingular complex algebraic curves that are not equisingularly iso-
topic are often known as “Zariski pairs” (due to the first example being
a pair of sextics discovered by Zariski | ]) and are of great interest
in the study of complex algebraic plane curves. (Note that Zariski pair
sometimes is used to refer to examples that are not related by a weaker
equivalence than equisingular isotopy, such as the fundamental groups of
the complements being non-isomorphic; this implies they are not sym-
plectically isotopic.) See | ] for an in-depth survey on Zariski
pairs. For singular symplectic curves, it is interesting to ask when there
are further “Zariski pairs” that can be realized symplectically than can
be realized complexly.

Proposed for K3 by: M. Golla, L. Starkston
Scribed by: L. Starkston

PROBLEM 4.103.

(a) What polynomials can occur as the Alexander polynomials of complex
plane algebraic curves?

(b) More generally, what are the conditions that must be satisfied by a finitely
presented group G, so that there exist a plane algebraic curve having G as
the fundamental group of its complement?

REMARKS.

(1) Let C be an algebraic curve in C2. The Alexander polynomial of C
relative to a surjection m(C*\C) — Z is the characteristic polynomial
the automorphism of the homology of the associated infinite cyclic cover
H,(C2\C,C) induced by a generator of the group of deck transformations
of the cover.

(2) Since a constraint on the Alexander polynomial is also a constraint on
the fundamental group, part (a) is a very special case of part (b). One of
many other questions underlying the second part is: which finite groups
can occur as the fundamental groups of the complements to irreducible
algebraic curves in CP??

(3) A root of the Alexander polynomial of C' must be a root of the Alexander
polynomial of the link of at least one of the singularities of C' and also
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a root of the Alexander polynomial of the link at infinity, i.e., the inter-
section of C' with a 3-sphere in C? of a sufficiently large radius [ ,

]. In particular the Alexander polynomial of an algebraic curve is
cyclotomic but degrees of the factors that can occur are unknown. For ex-
ample, for an irreducible plane curve having only ordinary cusps and nodes
as singularities (i.e., locally homeomorphic to 22 +y3 = 0 and 22 +y% = 0
respectively) the Alexander polynomial has the form (t> —¢+ 1)" and the
largest known value for r is 4; see | ]. Is the set of possible degrees
of the Alexander polynomials of curves C of arbitrary degrees but with
fixed local types of singularities bounded?

(4) For a recent survey of this circle of questions and mentioned properties of
the Alexander polynomials, see | ]. Further developments discussed
there include characteristic varieties providing a multivariable generaliza-
tion of Alexander polynomials, the Alexander polynomials of the comple-
ments to ample singular divisors on projective simply connected surfaces,
and the role of the Alexander polynomials in the study of Zariski pairs
(see Problem 4.102).

(5) It would be interesting to understand a symplectic analog of the above
problems. The Alexander polynomials of the fundamental groups of the
complements to pseudoholomorphic curves with isolated singularities can
be similarly defined, but their characterization, and the question “are the
classes of realizable polynomials different in the symplectic or algebraic
context?” are open. In particular, it is unknown if the classes of the
fundamental groups of the complements to plane algebraic and pseudo-
holomorphic curves are different. Recently, a symplectic analog of the
divisibility theorem mentioned in (3) was announced in the symplectic
context; see | ].

Proposed for K3 and scribed by: A. Libgober

PROBLEM 4.104. Does there exist a transverse link L C (53,§Std) bounding
a pair of complex curves in B* c C? that are isotopic through embedded smooth
surfaces but not through complex curves? Smoothly isotopic but not symplectically?
Can there be infinitely many of them?

REMARKS.

(1) By Rudolph | ] and Boileau-Orevkov [ ], L should be a quasi-
positive link and the complex curves can be realized as quasipositive sur-
faces in B*. The boundary braids of the latter do not necessarily need to
be the same quasipositive braid representatives of K, but after Markov
stabilization one can assume they are.

In fact, there are transverse knots in (S3, £,;4) with quasipositive braid
representatives that bound infinitely many quasipositive surfaces that are
not smoothly isotopic [ ], but these are distinguished by the
topology of their complements. There are also pairs that are topologically
isotopic but not smoothly isotopic, announced in | ].

(2) This can be regarded as a relative version of the symplectic isotopy prob-
lem; see Problem 4.101. The case of K = T'(d, d), the (d,d) torus link, is
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equivalent to the symplectic isotopy problem. This is because the symplec-
tic isotopy classes of a non-singular surface of degree d are in bijection with
the equisingular symplectic isotopy classes of the union of the non-singular
degree d curve with a generically intersecting line | , Proposition
5.1]. The complement of a neighborhood of the line is symplectomorphic
to B* and the degree d symplectic surface will intersect the boundary S*
in a transverse (d,d) torus link. There may be some generalizations of
this to other algebraic links besides the (d,d) torus link, by allowing the
degree d surface to intersect the line tangentially or by studying degree d
surfaces with singularities.

(3) There are infinitely many examples of a Legendrian link L < (S3, &)
bounding infinitely many (exact) Lagrangians in B4 = C? that are smoothly
isotopic but not Hamiltonian isotopic [ ].

Proposed for K3 by: 1. Baykur, J. Van Horn-Morris
Scribed by: 1. Baykur, L. Starkston, J. Van Horn-Morris

PROBLEM 4.105. Does there exist a planar contact 3-manifold that has infinitely
many distinct Stein fillings?

REMARKS.

(1) A contact 3-manifold is planar if it is supported by a planar open book
decomposition.

(2) There are many interesting classes of planar contact 3-manifolds, for ex-
ample lens spaces and links of rational surface singularities with reduced
fundamental cycle. By Wendl [ ], and Wendl and Niederkriiger
[ ], any minimal weak symplectic filling of a planar contact mani-
fold is in fact Stein, fills any given planar open book, and hence is deter-
mined by a positive Dehn twist factorization of the monodromy of that
open book. Additionally, by Plamenevskaya [ ] and separately Wand
[ ], there are only finitely many ”homological types” of positive fac-
torizations of the monodromy of a planar open book. (See [ | for
an explicit statement.) Lisca [ | classified the diffeomorphism types
of Stein fillings of the standard contact structure on lens spaces, showing
that there are only finitely many.

(3) The adjective ”distinct” could be interpreted in many ways and most
are interesting. Omne strong "no” result would be to show there exist
only finitely many Stein fillings up to diffeomorphism. Stronger would
be to prove this up to symplectomorphism and deformation. Lisi and
Wendl conjecture that there are only finitely many deformation classes of
minimal symplectic fillings | ].

(4) Such examples are known when the page genus is 1 and higher [ ]
[ ]. Moreover, for genus 2 and higher the Stein fillings can have
arbitrarily large bo. This is thus related to the support genus of the contact
manifold; see Problem 3.45.

Scribed by: J. Van Horn-Morris
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PROBLEM 4.106. Is the exact symplectomorphism type of T*X* sensitive to the
smooth structure on a 4-manifold X, or does it depend only on the simple-homotopy
or homeomorphism type of X ?

REMARKS.

(1) Recall that the cotangent bundle 7*X has a canonical 1-form Aq,; the
canonical symplectic form on T* X is d)\ .4, A diffeomorphism ¢: T*X —
T*Y is an exact symplectomorphism if ¢* A qr, = Acan + df for some func-
tion f: X — R.

(2) The problem is a version of Arnol’d’s Nearby Lagrangian Conjecture,
which states that any exact Lagrangian submanifold of a cotangent bundle
is Hamiltonian isotopic to the O-section. In particular, a positive solution
to the Nearby Lagrangian Conjecture would imply that the exact sym-
plectomorphism type of T#X determines the diffeomorphism type of X.

(3) Evidently, the symplectomorphism type of T* X determines the homotopy
type of T#*X and hence of X. In fact, deep results in Floer theory show
that it determines the simple homotopy type of X [ ]

(4) In higher dimensions, the symplectic structure on the cotangent bundle

can detect (some) exotic smooth structures | , ]. In dimen-
sion 3, a relative version of this construction—considering the unit conor-
mal bundle to a knot—gives a strong invariant of knots [ , 1,

though of course the homotopy type of a knot complement is itself a strong
knot invariant. It would be interesting to know whether this conormal
construction detects exotic embeddings of surfaces in 4-manifolds.

Scribed by: R. Lipshitz

PROBLEM 4.107. Problems about contact hypersurfaces:

(a) Let (Y,€) be a contact manifold and (R x Y,w) its symplectization. Let
f:Y 5> RxY be a smooth embedding such that f induces an isomorphism
on homology. When can we isotope f so that its image is a contact type
hypersurface?

(b) Special case: Is every embedded 3-sphere Y < (R* wyq) smoothly isotopic
to a hypersurface of contact type?

(c) Is there any contact rational homology sphere other than (S3,&sa) which
embeds as a contact type hypersurface in (R*, weq))?

REMARKS.

(1) There are some geometric obstructions to a hypersurface Y being iso-
topic to a contact type hypersurface in the ambient symplectic 4—manifold
(M,w); eg. | | provides a necessary condition formulated in terms of
a characteristic foliation of w on Y and | | shows that the existence
of certain concentric annuli is an obstruction.
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(2) Question (b) has a bearing on the Schoenflies conjecture. If it is possible
to isotope a smooth embedding of S® to make it a contact hypersur-
face in (R* &44) then it bounds a symplectic filling that is necessarily
the 4-ball by Gromov | ]. A strategy towards trying to isotope a
smoothly embedded S® to a contact type hypersurface has been proposed
by Lambert-Cole | ]

(3) It was conjectured by Gompf | ] that no Brieskorn sphere with
either orientation admits a pseudoconvex embedding in C2. This has a
bearing on question (c). Mark and Tosun proved half of this conjecture
in [ ] that no positively oriented Brieskorn sphere (with any number
of singular fibers) embeds as a contact type hypersurface of (R*, wzq).

Proposed for K3 by: J. Chaidez, B. Tosun
Scribed by: J. Chaidez, L. Starkston, J. Van Horn-Morris

PROBLEM 4.108. Let W, and W_ be two 4-dimensional Liouville domains
with a contactomorphism ® : OW_ ~ 0W,.. This determines an R-invariant contact
structure £ on R x X where X is the gluing

X =W, ug W_

Moreover, 0 x X < R x X is a conver hypersurface in the sense of Girouz.

(a) Is there a 4—dimensional version of Giroux’s criterion in the case where
W, and W_ are Weinstein? That is, a necessary and sufficient topological
criterion on (®, W, , W_) for £ to be overtwisted.

(b) Does every 4-manifold X admit a decomposition W, ur W_ so that the
corresponding contact structure £ is tight (i.e. not overtwisted)?

(c) Is there a 4-dimensional Liouville domain W and a contactomorphism
D : oW — OW that extends to a diffeomorphism ¥ of W, but so that the
contact structure corresponding to (®, W, W) is overtwisted?

REMARKS.

(1) A hypersurface ¥ < Y of a contact manifold (Y, €) is convez if there is
a contact vector-field V' that is transverse to 3. A contact manifold is
overtwisted if there is an embedded codimension one disk Dyt | ]
with characteristic foliation determining a standard overtwisted contact
structure in a neighborhood.

(2) Overtwistedness is essentially characterized by an h-principle, and the
overtwisted-tight dichotomy is emblematic of the general “flexible-rigid”
dichotomy in symplectic topology. The theory of convex surfaces in con-
tact 3-manifolds was pioneered by Giroux [

(3) The foundational work on convex surfaces was extended to hlgher dimen-
sions by several works of Honda-Huang | , ], Breen—Honda—
Huang | ] and Eliashberg—Pancholi | ]. When W, and W_
are Weinstein, the data (®, W, ,W_) can be described using a variant
of the Weinstein-Kirby diagrams due to Gompf (c.f. Breen-Christian
[ ). In particular, many of the outstanding open problems in higher
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dimensional convex surface theory may be particularly interesting to study
in dimension four.

(4) On part (a): given a splitting ¥ = W, ug W_ of a closed, oriented, con-
nected surface, Girouz’s criterion states that the resulting contact struc-
ture on R x X is overtwisted if and only if either ¥ ~ $2? and I' has more
than one component or ¥ % S2 and I" contains a contractible curve. A
higher dimensional, algebraic analogue of this criterion has been obtained
by Avdek | ], but a true topological analogue is still unknown.

(5) On Part (b): a celebrated result of Etnyre-Honda | | gives an ex-
ample of a closed contact 3-manifold with no tight contact structures.
Part (b) of this problem may be viewed as a 4-manifold analogue of that
result.

(6) On Part (c): this problem is motivated by the goal of finding diffeomor-
phisms fixed at the boundary that act nontrivially on the space of symplec-
tic structures. Indeed, the extension ¥ of ® in part (c) would constitute
such a map, since the double W u 4 W is always tight by Avdek [ ]
Moreover, such a map may be usable as a sort of symplectic cork twist -
by embedding W into a closed symplectic manifold X, removing W and
regluing it by ¥ to acquire a new symplectic manifold X', one may be
able to find diffeomorphic, non-symplectomorphic closed 4-manifolds (see
Problem 4.96).

Scribed by: J. Chaidez

PROBLEM 4.109. If ¥ < (X,w) is a symplectic surface in a closed symplec-
tic 4-manifold with [X] = PD(k[w]), k € Z, does (X\X,w) support a Weinstein
structure?

REMARKS.

(1) In particular, one could ask this for surfaces in (CP? wgq). A negative
answer to the question in this case would yield a counterexample to the
symplectic isotopy problem (Problem 4.101).

(2) Donaldson | ] and Giroux | , ] prove that for suitably
large k there is some symplectic surface for which this is true. However,
there are not currently known bounds on k, or known examples where
k =1 is not enough. In principle, large upper bounds could be obtained
by carefully tracking the proof in Donaldson’s construction. Such bounds
are likely much larger than needed, but any explicit bound in terms of the
symplectic manifold would represent progress on this question. Obtain-
ing more effective bounds through new techniques would be particularly
interesting.

Scribed by: L. Starkston, J. Van Horn-Morris
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PROBLEM 4.110. Does there exist a 2-handlebody W that admits an exact sym-
plectic structure with convexr contact boundary that does not admit a Weinstein
structure filling the same contact boundary?

REMARKS.

(1) So far, all known examples of exact symplectic manifolds that we can
obstruct from having a Weinstein structure are known to have handle
structures requiring 3-handles | , ]

(2) We have limited tools for obstructing an exact filling from being Wein-
stein when it has the topology of a 2-handlebody. Bowden’s argument in
[ ] utilized a theorem of Eliashberg which says that a Weinstein fill-
ing of a connected sum is necessarily a boundary sum of Weinstein fillings
of the summands | ]. A potential strategy to generalize this obstruc-
tion to other examples may be to use Menke’s “mixed tori” | 1,
which gives a different decomposition criterion for Weinstein fillings.

Scribed by: L. Starkston, J. Van Horn-Morris

4.10. Trisections of 4-manifolds

A trisection of a 4—manifold X, introduced by Gay and Kirby in [ ], is a
decomposition X = Z; U Zy U Z3 such that, for each i € Zg,
(1) Z; is a 4-dimensional 1-handlebody;
(2) H; = Z; n Z;_; is a 3-dimensional handlebody; and
(3) ¥ =21 n Zyn Zs is a closed, genus g surface.
We say that such a trisection has genus g. If Z; = % (S x B?), we say the trisection
has complezity (g; ki1, ka, ks), or (g,k) when k; = k for all k.

PROBLEM 4.111. Is trisection genus additive? In other words, must it be the
case that g(X#X') = g(X) + g(X').

REMARKS.

(1) This is Conjecture 1.6 of | ]-
(2) The trisection genus of a 4—manifold X is

9(X) = min{g | X admits a genus g trisection}.

(3) If ¥ and ¥’ are trisections for X and X' of genus g and ¢’, respectively, then
THT is a trisection of genus g + ¢’ for X#X'. It follows that trisection
genus satisfies:

gX#X') < g(X) + g(X').

Equality holds when the lower-bound on ¢(X) and ¢g(X’) coming from
standard algebraic topology is sharp; see Problem 4.117.
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(4) A positive resolution to this problem would have sweeping consequences.
If trisection genus is additive, then no manifold from the following set has
an exotic copy:

M = {§%,CP2, S x $3,2CP?,CP24#TP", 5% x S2}.
This follows from the classification of trisections up to genus two | ,
] and the observation that if trisection genus is additive, homeo-
morphic smooth four-manifolds have the same trisection genus; see Propo-
sition 1.7 of | ], where modest evidence for this phenomenon is
given; see also Remark 5 of Problem 4.113.

In particular, if trisection genus is additive, then any exotic copy
of CP2#2@2 admits a genus three trisection. Such exotic copies are
known to exist | , ]. This motivates the important problem of
classifying genus three trisections; see Problem 4.113.

(5) There is an analogous problem for orientable surface-links in S* that is re-
lated to the Meridional Rank Conjecture for orientable surface-links | l;
see Problem 1.18. For more details and precise definitions, see |
and [ , Question 6.1]. Given an orientable surface-link K < S,
let p(KC) denote its patch number, the minimum value p such that K admits
a (b;p,p’, p”)-bridge trisection.

QUESTION. Is patch number (—1)-additive for orientable surface-links?
In other words, must it be the case that

p(K1#K2) = p(K1) + p(K2) — 1

for orientable surface-links K1 and Ko ?

Proposed for K3 and scribed by: J. Meier

PROBLEM 4.112. Is every trisection of the 4-sphere with positive genus a sta-
bilization of the genus zero trisection?

REMARKS.

(1) This is Conjecture 3.11 of | ]. The analogous result regarding
Heegaard splittings of the 3—sphere is Waldhausen’s Theorem [ ].
Connections between this problem, the Generalized Property R Conjec-
ture (Problem 1.10), and the Andrews—Curtis Conjecture (Problem 5.10)
are detailed in | ] and elaborated in [ |. In particular, if ev-
ery positive-genus trisection of S* is stabilized, then well-known potential
counter-examples (dating back to [ ]) to the two conjectures men-
tioned above are not, in fact, counter-examples.

(2) The following related question may be more tractable and of independent

interest | ]. It is a four-dimensional analog of the classical result
of Otal that says the unknot has a unique bridge splitting for each bridge
number | ]

QUESTION. Is every b—bridge trisection of the unknotted 2-sphere in
S* with b > 1 a perturbation of the 1-bridge trisection?
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Proposed for K3 and scribed by: J. Meier

PROBLEM 4.113. Which closed, oriented, smooth 4—manifolds admit genus—3
trisections? Which ones admit genus-3 simplified trisections? How about genus—4¢

REMARKS.

(1) There is a complete classification of trisections of genus g < 2 and onl
a handful of standard 4-manifolds admit them: S* for g = 0; CP?, CP",
or St x 3 for g = 1; and S2 x S2, or connected sums of CP?, CP? and
St x 83 with two summands, for g = 2 by | , ].

(2) While the simplified trisections (see | ] for a precise definition) con-
stitute a subclass of Gay-Kirby trisections, the following question | ,
Question 2] is still open:

QUESTION. Is there a closed 4—manifold that admits a trisection, but
not a simplified trisection of the same genus?

The classification of genus g < 2 simplified trisections coincide with
that of standard trisections [ , ]. So, the genus g = 3 is the
lowest genus where a discrepancy may appear.

(3) Some partial results are known: A trisection with complexity (3; k1, k2, k3)
and k; = 2 for some i € Z3 is reducible | ]. Recall that a trisec-
tion that is the connected sum of smaller trisections is called reducible;
otherwise, it is irreducible.

Infinitely many, pairwise homotopy inequivalent 4-manifolds admit
genus—3 trisections; e.g. every spun lens space admits a (simplified) genus—
3 trisection | , ]. Similarly, there are genus—4 (simplified)
trisections of 3—manifold bundles over S' with lens space or S* x S? fibers
[Meils, BS18d].

(4) The classification of low genera trisections is intimately related to that of
sitmplified broken Lefschetz fibrations | R ]. The classification
for the latter is complete for ¢ < 1 and spans a larger class of 4—manifolds
[ 9 9 ’ :

(5) In the case of (broken) Lefschetz fibrations, the following exotic phenome-
non already appears when we hit g = 2: there are pairs of homeomorphic
but not diffeomorphic 4-manifolds which both admit genus—2 Lefschetz
fibrations; for instance, let X; := E(1)k,, ¢ = 1,2, be the knot surgered
rational elliptic surface for K7 a trefoil knot and K» the figure eight knot

[ , ]. There are analogous results for (simplified) trisections
when g = 20 | | and many other, larger genera, starting at g = 23,
where one of the exotic pairs is an algebraic surface | , ]

It is reasonable to expect this exotic phenomenon to manifest for much
smaller g. (This is related to the question on the additivity of triseciton
genus under connected sum; see Problem 4.111.)

QUESTION. What is the smallest g for which there is an exotic pair
of closed, oriented 4—manifolds admitting genus—q trisections?
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(6) While the problem is formulated only for orientable 4-manifolds, the clas-
sification of small-genera (simplified) trisections and (simplified) broken
Lefschetz fibrations on nonorientable 4—manifolds is also within reach, and
suggests analogous classification schemes; see | , , ].

Proposed for K3 and scribed by: 1. Baykur, J. Meier

PROBLEM 4.114. For a given Heegaard splitting of a closed orientable 3—manifold,
classify self-indexing Morse functions that give the given Heegaard splitting, up to
C* right-left (or right) equivalence. Likewise, for a given (simplified) trisection of
a closed orientable 4—manifold, classify generic maps that give the given trisection,
up to right-left (or right) equivalence.

REMARKS.
(1) Let f;: M; — N; be C® maps between smooth manifolds, i = 0,1. We
say that they are C® right-left equivalent if there exist diffeomorphisms
@: My — M and 1): Ny — Nj such that f; = o foop™t. If Ng = Ny
and 1 can be taken to be the identity, we say that fy and f; are C® right

equivalent.
fo fo
MO —_— N() MO E— NO
N
M1 41> N1 M1

FIGURE 5. Two commutative diagrams. Left: the maps fy, f1 are
right-left equivalent. Right: the maps fy, f1 are right-equivalent.

It is known that to a self-indexing Morse function on a closed ori-
entable 3—manifold is canonically associated a Heegaard splitting. Like-
wise, to a certain generic map, called Morse 2—function, on a closed ori-
entable 4-manifold is canonically associated a trisection [ ] or a sim-
plified trisection | , ]

(2) The 4-dimensional problem can be rephrased as follows. Let M be a closed
orientable 4-manifold and let f: M — R? a C® be a stable map that
corresponds to a (simplified) trisection. If two such maps are C® right-left
equivalent, then the resulting trisections are naturally equivalent. Does
the converse hold? Namely, if the resulting (simplified) trisections are
equivalent, then are the original C* stable maps C'® right-left equivalent?
If not, how different are they?

Some related results are obtained in | ] and | ]

(3) Tt is known that Morse functions on closed surfaces can be classified by
means of Kronrod-Reeb graphs up to C® right-left (or right) equivalence
(for example, see | D-

Proposed for K3 and scribed by: O. Saeki
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PROBLEM 4.115.

(a) Find two diffeomorphic but non-isotopic trisections of the same 4—manifold.
(b) Find two non-diffeomorphic balanced trisections of the same genus on a
closed simply connected 4—manifold.

REMARKS.

(1) Part of the difficulty of Problem (a) is that it is connected to the problem
of understanding the smooth mapping class groups of 4-manifolds. In
particular, if a 4-manifold X has trivial smooth mapping class group,
so that all (orientation preserving) diffeomorphisms are isotopic, then all
diffeomorphic trisections are obviously isotopic. On the other hand, 4—
manifolds with nontrivial homology can have diffeomorphisms that act
nontrivially on homology, and one might imagine that one could apply
such a diffeomorphism to a given trisection to get a diffeomorphic but
non-isotopic trisection. However this diffeomorphism might be isotopic
to a diffeomorphism that is not the identity but which fixes the initial
trisection (i.e. fixes the sectors setwise), in which case the new trisection
would in fact be isotopic to the initial one.

(2) Problem (b) seems to be easier than Problem (a), with the first vague
approximation being to come up with examples of trisections that look at
first glance like they might be diffeomorphic but which in fact are not. Ex-
amples of non-diffeomorphic same-genus trisections of a 4-manifold were
first constructed by Islambouli | ]. However, Islambouli’s techniques
rely on the 4-manifold having nontrivial fundamental group G, as the
trisections are distinguished by the Nielsen classes of associated presen-
tations of G. This mirrors an argument in the 3—-dimensional Heegaard
splitting setting [ ]

(3) In principle, invariants of trisections up to diffeomorphism should be eas-
ier to find than invariants up to isotopy. Meier and Lambert-Cole con-
struct various genus—22 trisections of K3 that may or may not be dif-
feomorphic and/or isotopic by viewing K3 as a branched cover in dif-

ferent ways | ]. See Problem 4.112 (and examples of Meier and
Zupan | ]) for a related problem regarding the uniqueness of trisec-
tions of S%.

Proposed for K3 by: D. Gay
Scribed by: D. Gay, J. Meier

PROBLEM 4.116. Is there an algorithm to compute ‘distance’ in the cut complex
of a trisection? Is the L-invariant computable?

REMARKS.

(1) A Heegaard splitting for a 3-manifold M is defined by two “cut systems”
of curves on a Heegaard surface ¥. Various notions of ‘distance’ (e.g.
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the Hempel distance) for Heegaard splittings have been extensively stud-
ied and yielded valuable geometric information about M. A trisected
smooth closed 4-manifold X is defined by three “cut systems” of curves
on a surface 3. One can define various analogous notions of 3-manifold
Heegaard distance for a trisected X by measuring the length of a shortest
loop in the cut complex (or pants complex) that includes a representa-
tive of each of the three specified cut systems. Given a specific trisection,
the first question asks whether any such distance is computable. The
L-invariant | ] uses this idea in a limit to define a 4-manifold in-
variant.

(2) When L is zero and X is a homology sphere, X is diffeomorphic to the
4-sphere. Hence a positive answer to the second question is related to
recognizability of the 4-sphere.

(3) In a preprint, Asano—Naoe-Ogawa | | gave a lower bound on the
L-invariant of a 4-manifold X in terms of the first Betti number of X.

Proposed for K3 and scribed by: A. Thompson

PROBLEM 4.117. Let X be a closed, orientable, smooth 4-manifold, with g(X)
the trisection genus of X. Does

9(X) = x(X) = 2+ 3rk(m (X))?

REMARKS.
(1) Chu and Tillmann proved that x(X) — 2 + 3rk(m; (X)) is a lower bound
for g(X) | ]. Tt is reasonable to expect there to exist manifolds for

which this inequality is strict, but at present, Chu and Tillmann’s result
remains the only known lower bound on trisection genus. Following the
classification of trisections up to genus two [ |, if the problem has
an affirmative answer, then there do not exist exotic copies of any X such
that g(X) < 2, including S*, S x $3, CP?, and S? x S2. (See also
Problem 4.111.)

(2) Like many problems in trisections, there is an analogous problem related
to Heegaard splittings of 3-manifolds, the rank-genus conjecture. The
now-disproved rank-genus conjecture asks whether g(Y') = rk(m (Y)) for a
closed, orientable 3-manifold Y. Originally posed by Waldhausen | 1,
this conjecture was also called the Generalized Poincaré Conjecture, since
it implies the 3-dimensional Poincaré conjecture | ]. The first ex-
amples of a 3-manifold Y for which g(Y) > rk(m(Y)) were exhibited by
Boileau and Zieschang | ], while the first hyperbolic counterexamples
to the conjecture were produced by Li | ]

(3) A related problem for bridge trisections of a knotted surface K = S* in-
volves the meridional rank of the group 71 (S*\K), denoted mrk(7; (S*\K)),
the smallest number of meridians needed to generate the group, and the
bridge number b(K), the minimal b such that K admits a b-bridge trisec-
tion.
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QUESTION. Let K be an orientable knotted surface in S*. Does
b(K) = —x(K) + 3mrk(r,(S* — K))?

As in the case of trisections, the question is suggested by a straight-
forward (and the only currently known) lower bound. To derive the
bound, note that if K admits a (b; ¢1, ¢, ¢3)-bridge trisection, then x(K) =
c1+ca+c3—band mrk(m (SY\K)) < ¢; for all i [ , Corollary 5.3]).
Thus,

b= —x(K)+c1 4 co+ 5 = —x(K) + 3mrk(r (S* — K)).

This problem can be compared to the meridional rank conjecture ([ ,
Problem 1.11] and Problem 1.18), an unsolved problem that asks whether
the bridge number of a knot K in S® is equal to the minimal number
of meridional generators required to generate its knot group. See also
Problem 4.111.

(4) Meier and Zupan showed that if K is the spin of a classical knot K that
satisfies the meridional rank conjecture in dimension three, then K sat-
isfies the equality in the problem above | ]. Note that a positive
answer to the problem would imply that any 2-sphere or torus in S* with
infinite cyclic fundamental group has bridge number one or three, respec-
tively, and as such is smoothly unknotted by the classification of b-bridge
trisections with b < 3 | ]. Miyazawa’s recent construction of an ex-
otic RP?, announced in | |, yields a negative answer to the problem
in the case of nonorientable surfaces.

Proposed for K3 and scribed by: A. Zupan

4.11. Other structures on 4-manifolds

The problems in this final subsection ask about various structures on 4-manifolds
not hitherto considered, including low-complexity handle decompositions, CW-
structures, achiral pencils, open books, branched covers, foliations, hyperbolic
structures, PSC metrics and Lipschitz structures.

PROBLEM 4.118. Does every simply connected, closed, smooth 4-manifold admit
a handle decomposition without any 1-handles? Without 1-handles and 3-handles?

REMARKS.

(1) A manifold is called geometrically simply connected if it admits a handle
decomposition without 1-handles. Any simply connected closed manifold
of any dimension other than four is geometrically simply connected; this
follows from the celebrated works of Smale in higher dimensions | ]
and of Perelman in dimension three | R , ].

(2) This is [ , Problem 4.18]. Some candidates for counter-examples,
such as the Dolgachev surface E(1)s 3, have since been shown to admit
handle decompositions without any 1- and 3-handles [ , ].
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(3) If one allows the 4-manifold to have boundary, the answer is negative.
Indeed, there are many contractible 4-manifolds that require 1-handles,
by the following argument due to Casson: If a compact, contractible 4—
manifold X can be built without 1-handles, then, turning the handlebody
upside down, we can also build X from ¢X by adding the same number
of 1- and 2-handles and a 4-handle. So 71 (0X) can be killed by adding
the same number of generators and relators. However, a finitely pre-
sented group with a nontrivial representation to a compact connected Lie
group cannot be trivialized by adding the same number of generators and
relators by | ] and there are contractible X where 1 (0X) is such
a group. In fact, geometrization now implies all nontrivial 3-manifold
groups admit nontrivial finite quotients by [ ], so any contractible
4-manifold with boundary other than S® requires 1-handles, such as the
Mazur manifold with boundary 3(2, 3,13) | ]

(4) If a geometrically simply connected closed 4-manifold X has b3 (X) > 1
and by (X) = 0, then all the stable cohomotopy Seiberg-Witten invariants
of X vanish [ |; so, e.g. it cannot admit a symplectic structure—see
also | ].

In the same paper, Yasui shows that if X is geometrically simply con-
nected, then every o € Hy(X;Z) has a neighborhood W diffeomorphic
to a 2-handle attached to a 4-ball, where « is the image of the genera-
tor of Ho(W;Z) =~ Z under the inclusion induced homomorphism. Any
simply connected X with some « € Ho(X;Z) that does not admit such a
neighborhood would be a counter-example.

(5) Admitting a handle decomposition without 1- and 3-handles has strong
implications. For instance, if this is true for every homotopy S* or ho-
motopy CP?, then there are no exotic copies of these 4-manifolds. The
conclusion for homotopy CP?s follows from [ ]

Scribed by: I. Baykur, M. Powell

PrROBLEM 4.119. Is every topological 4-manifold homeomorphic to a CW com-
plex?

REMARKS.

(1) It follows from the work of Kirby and Siebenmann | ] that every
topological manifold M has the homotopy type of a CW complex, and
moreover there is a canonical simple homotopy type of CW complexes
homotopy equivalent to M.

(2) Every smooth manifold is triangulable and hence homeomorphic to a CW
complex. See | I [ ]. In particular, non-compact 4-manifolds
are smoothable | ]; therefore, the question has a positive answer for
those.

(3) Every topological manifold of dimension n # 4 has a handlebody struc-
ture, and hence is homeomorphic to a CW complex. See [ ] for
n=3,] , p.104] for n > 6 and | | for n = 5.
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(4) Any 4-manifold with a handlebody structure is smooth. Indeed, when
a handle is attached to a smooth 4-manifold, the attaching map is in
dimension three, where everything is smoothable.

(5) Topological, non-smoothable 4-manifolds (such as the Eg manifold) are
known to not be homeomorphic to simplicial complexes. See [ ]
and | , Remark 4.2].

Scribed by: C. Manolescu

PROBLEM 4.120. Which closed, smooth 4-manifolds admit achiral Lefschetz
pencils? Does every simply connected 4—manifold have one?

REMARKS.

(1) Achiral Lefschetz pencils are generalizations of Lefschetz pencils, where
the local models for nodal singularities and base points are allowed to re-
verse orientations. So, they are also defined on nonorientable 4-manifolds.
Here we allow achiral pencils to possibly have no critical points and/or no
base points.

(2) There are only a couple of known obstructions to the existence of an
achiral Lefschetz pencil on a given closed, oriented 4—manifold X; see
[ , Theorem 8.4.13] and | , Theorem 4.15]. These obstructions
rule out definite 4-manifolds with by + 1 < by, such as #™ (S x $3),
for m = 2. A curious question is: Are there homotopy equivalent smooth
4-manifolds X and X', where X admits an achiral pencil but X' does
not?

(3) Any closed, orientable X admits an achiral Lefschetz fibration (without
base points) after surgery along a curve, and specifically, X#(S? x S?)
always admits one when X is simply connected | ]

(4) Just like Lefschetz pencils can be equipped with certain symplectic forms
making all the fibers symplectic, achiral Lefschetz pencils can be equipped
with certain folded-symplectic forms. Furthermore, a variation of achi-
ral Lefschetz pencils, defined in the complement of a 1-manifold, sup-
port folded-Kdhler forms on all closed, oriented, smooth 4—manifolds. See

[ ; I

Proposed for K3 and scribed by: 1. Baykur

PROBLEM 4.121. Which closed, smooth 4—manifolds admit open book decompo-
sitions? In particular, does every closed, simply connected 4-manifold with signa-
ture zero admit one?

REMARKS.

(1) An open book decomposition of an n-dimensional manifold X is given
by a smooth fibration f: X\L — S', where the binding L < X is an
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(n — 2)-dimensional embedded submanifold with a trivial normal bundle,
and there is a neighborhood N(L) =~ L x D? such that f conforms to the
local model f(x,(r,0)) =6 for r # 0, where z € L and (r,6) € D? are the
polar coordinates.

(2) If a closed, oriented n—dimensional manifold X admits an open book,
its signature vanishes. An extension of this necessary condition is the
vanishing of the asymmetric signature; see | | for a definition and
related discussion. Vanishing signature is also a sufficient condition for

e any odd n > 3, by the works of Alexander, Lawson and Quinn
[ ) ]§

e any even n > 6, when X is simply connected, by Winkelnkemper
[ ]forn>8 and for n = 6 by Quinn | ]

(3) Kastenholz | ] claims that the simplicial volume vanishes for 4-
manifolds that admit an open book, and gives examples of non-simply-
connected 4-manifolds with vanishing asymmetric signature that do not
admit open book decompositions.

(4) Open books on 4-manifolds are related to Engel structures. If a closed,
oriented 4-manifold X admits an open book with a binding that is a link
of tori and a monodromy that preserves a framing on the fiber, then X
admits an Engel structure | ].

(5) It would be interesting to see if there are smooth obstructions to ad-
mitting open books in dimension four. If X; and X, admit open book
decompositions, then so does X;1# X5. There are natural open books on
any ,-bundle over S?, where the binding is a pair of fibers. Combining
these general Constructlons one gets an open book on every #™ (5% x 5?)
and #" ((CPZ#(CP ). Do their exotic copies always admit open books?

Scribed by: I. Baykur

PROBLEM 4.122. Is there a universal branching surface S < S* such that every
closed, orientable 4-manifold W admits a branched covering W — S* with branch-
ing locus S?

REMARKS.
(1) This question originated in the introduction of | ] by Piergallini-
Zuddas.
(2) Using the signature, it can be shown that a universal branching surface
in S* is necessarily disconnected | , ]

(3) There exists an orientable ribbon surface F' € B*, consisting of the disjoint
union of one annulus and two discs, such that every compact orientable
4-manifold M constructed by adding only 1-handles and 2-handles to B*
admits a branched covering M — B* with branching locus F | ].

QUESTION ([ , Question 2]). Does there exist a connected uni-
versal branching surface in B*?

(4) Alink L < S3 is said to be a universal branching link if every closed, ori-
entable 3-manifold Y admits a branched covering Y — 3 with branching
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locus L. The figure eight knot, the 946 knot, the Whitehead link, the Bor-
romean rings, and various other knots and links are known to be univer-
sal branching links [ , , ]. The first universal
branching link was found by Thurston in unpublished work.

QUESTION (] , Question 4]). Which universal links in S® are
boundaries of universal surfaces in B*?

Scribed by: A. Ray

PROBLEM 4.123. Is every closed leaf of a two dimensional co-orientable smooth
taut foliation of an oriented 4-manifold smoothly genus-minimizing in its homology
class?

REMARKS.

(1) This question is due to Kronheimer | , Question 7.12], and is the
natural generalization of the corresponding three-dimensional result of
Thurston | ]. Here we say that the foliation F is taut if there exists
a 2-form w such that:

e for every leaf L, w|y is an area form;

e for every vy,vy € T and z € Thy, dw(vy,v2,2) = 0.
This directly generalizes the definition in dimension three (in which case
the second condition simply says that w is closed). As Kronheimer points
out, the question is also interesting when one allows foliations with sin-
gularities with a suitable local model, e.g. the foliations defined by the
vanishing of a holomorphic 1-form.

(2) If the foliation is calibrated to a symplectic form, then every closed leaf
is a symplectic subsurface and hence genus-minimizing by the symplectic
Thom conjecture | ]

(3) If “taut,” is eliminated from the hypotheses, then the answer is “no.”
Constructions of non-genus-minimizing compact leaves of coorientable fo-
liations of 4-manifolds were constructed by Mitsumatsu—Vogt [ ]
and Bowden | |-

(4) The following specific subquestion would be an interesting first step: Must
a compact leaf of a coorientable smooth taut foliation of S? x S2 be a 2-
sphere?

Proposed for K3 by: P. Kronheimer
Scribed by: F. Lin

PROBLEM 4.124. Does there exist a hyperbolic integer homology four-sphere?
What about an arithmetic one? Homology four-spheres have Fuler characteristic
2, so it makes sense to ask more generally if there exist any closed hyperbolic four-
manifold with Euler characteristic 2.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



4.11. OTHER STRUCTURES ON 4-MANIFOLDS 293

REMARKS.

(1) If any closed, hyperbolic manifold with Euler characteristic 2 exists, there
are only finitely many. This is because the Gauss-Bonnet Theorem says
that Vol(M) = 3m%x(M) for a hyperbolic four-manifold M, and there
are only finitely many manifolds with volume below any fixed value. Note
that in general, the Euler characteristic of a closed, orientable hyperbolic
four-manifold is always even, since such manifolds have zero signature
(see | 1), so these would be the ones with smallest volume. The
best known example seems to be the Conder-Maclachlan manifold with
Euler characteristic 16 | ]. For comparison, there are one-cusped
orientable hyperbolic four-manifolds with Euler characteristic one [ ]

(2) It is worth pointing out that there are various constructions of aspherical
4-manifolds with Euler characteristic 2. For example, Luo constructed an

aspherical rational homology 4-sphere [ ] and Tschantz constructed
aspherical integer homology 4-spheres | ] (answering | , Prob-
lem 4.17]). The latter examples even admit metrics of non-positive cur-
vature.

(3) If there exists an arithmetic hyperbolic integer homology sphere (or, more
generally, an arithmetic, closed, hyperbolic manifold with Euler charac-
teristic 2), then by Belolipetsky [ , Theorem 5.5] (see also | )
Theorem 5.5]) it has to be an index-28800 cover of the 4-dimensional
hyperbolic reflection group with the below Coxeter diagram.

5
—eo —0o —0o—o

Proposed for K3 by: A. Reid
Scribed by: T. Lidman

PROBLEM 4.125. Is there a moncompact, finite volume, orientable hyperbolic
four-manifold without a spin structure?

REMARKS. All compact orientable manifolds with dimension at most three
admit spin structures. Sullivan observed that every finite volume hyperbolic n-
manifold has a finite cover that admits a spin structure [ , p-533]. Reid
and Long showed in | ] that there are orientable, finite volume, non-compact
hyperbolic n-manifolds with n > 5 that do not admit spin structures. Martelli-
Riolo-Slavich showed that there are closed orientable hyperbolic four-manifolds that
do not admit spin structures | ]

Proposed for K3 by: A. Reid
Scribed by: T. Lidman

PROBLEM 4.126.

(a) If M is a closed, orientable hyperbolic 4-manifold then it always has signa-
ture 0, because its Pontryagin class vanishes | |. This implies that
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M bounds a compact, orientable 5-manifold. Is M always a geometric
boundary?

(b) For general n, suppose that M is a closed hyperbolic n-manifold. Is M a
geometric boundary?

REMARKS.
(1) Following [ ], we say that M™ is a geometric boundary if it is the
totally geodesic boundary of a compact hyperbolic manifold Wn+!.
(2) Perhaps a good example to start with for (a) is the Davis manifold [ ].
(3) Every closed, orientable surface of genus at least 2 has a hyperbolic metric
that is the totally geodesic boundary of a compact, orientable, hyperbolic

3-manifold by [ ]. However, some closed, hyperbolic, orientable 3-
manifolds are not the geodesic boundary of any compact, orientable, hy-
perbolic 4-manifold | ]. It is still open if there is a hyperbolic rational

homology 3-sphere which is the totally geodesic boundary of a compact,
orientable, hyperbolic 4-manifold (see Problem 3.77).

(4) We restrict to the setting of orientable 4-manifolds as a closed, nonori-
entable, hyperbolic 4-manifold may have odd Euler characteristic. In this
case, the 4-manifold cannot bound any compact 5-manifold, without men-
tion of geometry. Even in the setting of nonorientable 4-manifolds, it may
be interesting to ask this question with the additional hypothesis that
the nonorientable 4-manifold does bound some compact (nonorientable)
5-manifold.

(5) For (b), the general problem can be posed either in the orientable or
nonorientable setting; one might assume that M is null-bordant to start
with. In the orientable case, Long and Reid | ] observe that when
n = 4k — 1, the n-invariant [ ] of M would have to be integral.
They give examples of orientable hyperbolic 3-manifolds with non-integral
n-invariant, which are therefore not geometric boundaries in the oriented
category. The oriented version in higher dimensions could similarly be
answered by finding hyperbolic (4k — 1)-manifolds with non-integral 7-
invariant for £ > 1. Some constructions of higher-dimensional orientable
hyperbolic manifolds that are geometric boundaries are given in | ]

(6) In the nonorientable case, J. Chen | ] claims to construct, in all
dimensions n = 4 not of the form n = 4k — 1, examples of nonorientable
closed hyperbolic n-manifolds that are not the boundary of any compact
(n+1)-manifold (not assuming any geometric condition). The question of
whether there are nonorientable hyperbolic manifolds that are boundaries
but not geometric boundaries remains open.

Proposed for K3 by: A. Reid
Scribed by: T. Lidman

PROBLEM 4.127. Given an aspherical closed (or compact and bounded by flat
3-manifolds) 4-manifold M and a self-diffeomorphism f of M, find necessary and
sufficient conditions on f so that the resulting 5-dimensional mapping torus My
admits a hyperbolic structure.
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REMARKS.

(1) By hyperbolization, in dimension two the sufficient and necessary con-
dition is that f is pseudo-Anosov (see Thurston | , | and
Otal | | for a complete proof). There are some analogues in strictly
higher dimensions, e.g. | , Theorem 6.4] gives necessary and suf-
ficient conditions for a manifold of dimension at least six to fiber over
S1. If such a theorem worked in dimension 5, then one could potentially
check such a condition against hyperbolic 5-manifolds. However, similar
higher-dimensional techniques have not yet been successfully applied in
the context of 5-dimensional hyperbolic manifolds.

(2) Ttaliano—Martelli-Migliorini recently found examples of (M, f) with M
4-dimensional that produce a hyperbolic 5-manifold M | ].

Proposed for K3 and scribed by: B. Martelli

PROBLEM 4.128. What is the structure of 4-manifolds that admit a Riemann-
ian metric of positive scalar curvature? There are variations of this problem for
different classes of manifolds.

(a) Is every closed simply connected PSC 4-manifold diffeomorphic to a con-
nected sum of copies of CP?, @2, and S% x §2°?

(b) What is the structure of non-simply connected closed PSC 4-manifolds?

(c) Which 4-manifolds with boundary have a PSC metric?

(d) Which non-compact 4-manifolds have a complete PSC metric with uni-
formly positive scalar curvature?

REMARKS.

(1) Let us say that a smooth manifold is a PSC manifold if it admits a Rie-
mannian metric of positive scalar curvature.
(2) The corresponding problem in dimension 2 is easy by the Gauss-Bonnet
theorem, and is solved in dimension 3 as a consequence of Perelman’s work.
In particular, every orientable closed PSC 3-manifold is a connected sum
of spherical space forms and copies of S' x $2. In dimensions at least
5 the problem is completely solved for simply connected manifolds via
index theory and surgery theory, and there is a well-developed obstruction
theory in the non-simply connected case; see the survey articles | s
]. The classical Lichnerowicz obstruction | | states that a spin
PSC 4k-manifold has vanishing ﬁ—genus; in dimension 4 this is equivalent
to having vanishing signature.

Witten | ] showed that PSC 4-manifolds with b5 > 1 have van-
ishing Seiberg-Witten invariants. This implies, for instance, that the ex-
istence of a PSC metric depends on the underlying smooth structure. In
the non-simply connected case, there are further obstructions based on
Rokhlin’s theorem [ | and gauge theory | , , ,

]
(3) It is conjectured that the answer to (a) is positive. This seems wildly opti-
mistic, but there are no known counterexamples. A weaker version would
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allow an exotic S* with a PSC metric as a summand in the connected
sum decomposition. The conjecture was stated as a question in | ,
Problem 4.143].

(4) Some standard examples of non-simply connected PSC 4-manifolds are
S x Y for Y a spherical space form, as well as S2 x ¥ and RP? x &
for any closed surface . Some other constructions are described in
the survey | ]. The decomposition theorem for PSC 4-manifolds
in [ ] reproduces some portion of the picture in dimension 3. Prob-
lem 4.129 has a discussion of a decomposition question for non-simply
connected PSC 4-manifolds, which would reduce the general problem to
the classification of PSC 4-dimensional orbifolds with finite orbifold fun-
damental group.

(5) One standard setting for part (c) requires that the metric be a product
near the boundary, in which case the boundary would have positive scalar
curvature. There are obstructions to the existence of PSC metrics on
bounding 4-manifolds coming from index theory | | and Seiberg-
Witten theory. Formulating a good conjecture here would be welcome.

Rosenberg-Weinberger | ] discuss a different boundary condi-
tion, and conjecture that a manifold has a PSC metric whose boundary
has positive mean curvature (with respect to the outward normal) if and
only if its double has a PSC metric.

(6) By [ , Theorem 0.1] every non-compact 4-manifold admits a PSC
metric, typically not complete, so one needs to have additional constraints
on the geometry at infinity. Using Gromov’s notion of a p-bubble, Chodosh-
Maximo-Mukherjee | | show that there are exotic R*s that do not
admit a complete PSC metric with uniformly positive scalar curvature. A
particular case of interest, asked by A. Mukherjee, is whether the punc-
tured K3 surface admits such a metric.

Scribed by: D. Ruberman

PROBLEM 4.129. Given a closed, 4-dimensional PSC manifold M, is there a
(possibly disconnected) 4-dimensional orbifold M’ with isolated singularities such
that the following hold.

(I) The orbifold M’ also admits a metric of positive scalar curvature.
(II) All components of M’ have finite orbifold-fundamental group.

(III) M can be obtained from M’ by a series of 0 and 1 surgeries. Here we
also allow 0-surgeries between two orbifold points of the same type, which
amounts to a removal of two subsets of the form D*/T' and an addition of
a copy of S3/T" x [0,1].

REMARKS.

(1) Because the orbifold M’ has isolated singularities, its orbifold fundamental
group is just the fundamental group of its regular part.

(2) The following converse statement is true due to the work of Gromov—
Lawson [ |. If M’ satisfies Property (I) and M can be obtained
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from M’ as in Property (III), then M admits a PSC metric. So if the
answer to the problem is ‘yes’, then this would reduce the study of PSC
4-manifolds to the study of PSC 4-orbifolds with finite fundamental group.
See problem 4.128 for a conjectural picture in the simply connected case.

(3) The examples of non-simply connected closed 4-manifolds admitting a
PSC metric described in Question (b) of Problem 4.128 satisfy properties
(I)-(I1I). For example, a bundle over S! with fiber a PSC 3-manifold can
be obtained from the unreduced suspension of Y by 0-surgery at the two
orbifold points. Likewise, S? x ¥, can be obtained from a connected sum
of 2g copies of S! x S3 by surgery on a circle.

(4) Tt seems likely that the problem can be approached using 4-dimensional
Ricci flow once there is a reasonable construction of Ricci flow with surgery
in this dimension. Here the 0 and 1 surgeries would correspond to geomet-
ric surgeries that excise cylindrical singularities. Other singularities, for
example those modeled on non-cylindrical shrinking solitons, would con-
tribute components to M’ with finite fundamental group [ ]. Par-
tial progress to the problem was made via minimal surfaces in | 1,
where Property (II) was proved with the weaker conclusion that every
component of M’ has vanishing first Betti number.

(5) Properties (I)—(IIT) impose nontrivial topological restrictions on M. For
example, they imply that M cannot be aspherical; note, however, that
non-asphericity was already shown in [ ]. More generally, Proper-
ties (I)—(III) imply that any cover of M must have finite 2-dimensional
Urysohn width [ | (for the lift of one and thus any Riemannian
metric on M). Here we say that a metric space (X, d) has k-dimensional
Urysohn width of at most W if there is a continuous map p : X — Atoa k-
dimensional simplicial complex such that the diameter of any fiber p~*(a)
is at most W. The property that any cover of a has finite 2-dimensional
Urysohn width imposes a restriction on homotopy type of the manifold.
See also | , , ] for related results.

Proposed for K3 by: R. Bamler
Scribed by: D. Ruberman

PROBLEM 4.130. Does longitudinal knot surgery using a knot K, along a fiber
in a K3 surface always yield a reducible 4—manifold? A completely decomposable
4-manifold?

REMARKS.

(1) Longitudinal knot surgery is a variation of Fintushel-Stern knot surgery | ]
with a different gluing map. The original Fintushel-Stern version is de-
fined using a knot K and a square-0 torus 7" in a 4-manifold X. Then X
is defined as

(X =T x D?) u, (S* x E(K)).
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Here E(K) is the exterior of the knot, and the gluing map ¢ sends the
longitude of K to the boundary of a meridional disk of 7. Under appro-
priate hypotheses, Fintushel and Stern show that this operation multiplies
the Seiberg-Witten invariant of X by the Alexander polynomial of K. In
particular, if the Seiberg-Witten invariant of X is nontrivial, the same
holds for Xg.

(2) In longitudinal knot surgery, the S! factor in S' x E(K) is identified
with the boundary of the meridional disk of 7. Denote the result by
X. Taubes shows | ] that in contrast to the standard surgery,
the Seiberg-Witten invariant of X7 vanishes, even if K is nontrivial.
This raises the question of whether X ;‘( splits as a connected sum, or
is completely decomposable, i.e. is diffeomorphic to a connected sum
#mCP? # #”@2. Taubes reports, based on communications with Ak-
bulut, Baykur, and Fintushel, that when K is an unknot, then (K3)}
completely decomposes.

(3) One motivation comes from the search (starting with | ], albeit with
opposite orientation conventions) for 4-manifolds that admit a Riemann-
ian metric whose self-dual Weyl curvature W, vanishes. Such metrics are
called conformally anti-self-dual. Taubes [ | shows that when K is
hyperbolic, X is a K3 surface, and T is a fiber in an elliptic fibration
coming from the Kummer construction, the manifold X3 admits a Rie-
mannian metric with W, arbitrarily small. After repeated blowing up by
connected sum with CP~, it will have | ] a conformally anti-self-dual
metric; for 2-bridge knots, three blowups suffice. Hence it would be of
interest to identify the manifold (K3)}%. If Kiisghyperbolic and (K3)%
is completely decomposable, then #3CP? #° CP~ would admit a confor-
mally anti-self-dual metric. Such metrics are known on #3CP2#Y @2
when N = 30 by work of LeBrun | ] and Rollin-Singer | ]

Proposed for K3 by: C. Taubes
Scribed by: D. Ruberman

PROBLEM 4.131. Does every Lipschitz 4-manifold admit a smooth structure?
Is this smooth structure unique if so?

Some more specific, related questions are as follows.

(a) Is there a topological, spin, closed, indefinite 4-manifold X that admits a
Lipschitz structure and violates the 10/8-inequality

ba(X) > %a(xn +2

by Furuta [ |, or the “10/8 + 47 inequality
5
by Hopkins—Lin—-Shi—Xu | | for X # 5%,82 x S K3.

(b) Let X = R* be a Lipschitz embedded 4-manifold with boundary 0X ~ S3.
Does X admit a unique smooth structure?
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REMARKS.

(1) In dimension n # 4, every topological n-manifold X admits a Lipschitz
structure by a theorem of Sullivan | ]. On the other hand, Don-
aldson and Sullivan | , Theorem 2] showed that there exist closed
topological 4-manifolds X that admit more than one inequivalent Lip-
schitz structure. Donaldson and Sullivan established that the simplest
numerical invariants of smooth 4-manifolds (due to Kotschick | D
are quasiconformal invariants of smooth 4-manifolds.

(2) The inequalities in Problem (a) are proved for smooth 4-manifolds using
the variation of Seiberg-Witten theory introduced in | ]. Hence
a Lipschitz manifold violating either of those inequalities would suggest
that there is no extension of this version (or perhaps other versions) of
Seiberg—Witten theory to the setting of Lipschitz 4-manifolds. One reason
to suspect that there is no such extension is that the Seiberg—Witten
equations on X are defined in terms of the Dirac operator associated to
a Spin® structure on X. Sullivan has conjectured | , ] that
the existence of a Dirac operator on X (as part of a full ‘Dirac package’)
implies that X is in fact smoothable.

(3) The 4-dimensional Schoenflies conjecture (Problem 4.23) is known | ]
to hold for Lipschitz embeddings ¢: S® — R*. Thus a positive solution
to Problem (b) would imply the Schoenflies conjecture.

Proposed for K3 by: J. Chaidez, D. Gabai, H. Konno
Scribed by: J. Chaidez
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CHAPTER 5

Miscellany

Chapter 5 Editors: Robion Kirby and Daniel Ruberman

This short last chapter contains problems about manifolds of any dimension
that interact with low-dimensional topology and geometry. We have not sought
out problems on complex surfaces, although some interesting problems in this area,
described in the corresponding chapter of | ], remain unsolved.

Section 5.1 begins with two problems from the days of “analysis situs”, one on
the fixed point property of cellular sets and one on convergence of homeomorphisms.
This latter problem is connected to the Hilbert—Smith problem and the question of
whether homeomorphism groups are ANRs. We then continue in this topological
vein with questions about higher dimensional pairwise connected sums, branched
covers, aspherical 5-manifolds, and the classic Montgomery-Yang problem about
exotic circle actions on the 5-sphere.

These are followed in Section 5.2 by three hallowed conjectures of Andrews—
Curtis, Whitehead and Zeeman from [ | (see also | , D
relating to 2- and 3-complexes and their elementary expansions and collapses. It
concludes with a problem about triangulability of aspherical 5-manifolds, and a
wide-ranging problem investigating differential topology through the lens of singu-
larity theory.

Section 5.3 contains problems of a more geometric character. This includes
two questions asking about the extension to higher dimensions of known results
about hyperbolic 3-manifolds: the existence of one-cusped manifolds, and whether
Thurston’s ‘virtual’ conjectures hold in higher dimensions. This section concludes
with the 4 and 5-dimensional versions of the Milnor conjecture about the funda-
mental group of a complete Riemannian manifolds of non-negative Ricci curvature.

The final section, 5.4 has three questions related to symplectic and contact
geometry: the first about the differential graded algebras that appear in con-
tact geometry, followed by a problem about homotopies of Weinstein structures.
The final problem asks about higher-dimensional analogues of lattice cohomol-
ogy | , |, currently defined for certain 3-manifolds.

5.1. Topology problems

In this section, we consider a number of problems relating to the basic topology
of manifolds and their continuous automorphisms. The Hilbert—Smith Conjecture,
with roots going back to Hilbert’s Fifth Problem, is perhaps the most famous
of these. It seeks to characterize the (locally compact) topological groups acting
effectively on a topological manifold, and is related to other fundamental problems
about homeomorphism groups.

301
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Other basic problems have to do with the well-definedness of pairwise con-
nected sum in the topological category, and the question (inspired by old work
of Alexander) of whether every n-manifold is an n-fold branched cover of the n-
sphere. We also discuss the Montgomery—Yang problem about circle actions on the
5-sphere, which was the inspiration for much early work on the homology cobor-
dism classification of Brieskorn homology spheres, and address the last case for
finding aspherical nontriangulable manifolds. Finally, we pose several questions
about smooth maps between smooth manifolds where the maps have singularities
with various restrictions on their types.

PROBLEM 5.1. Does every cellular set in the plane have the fixed point property?

REMARKS.

(1) A space has the fixed point property (FPP) if every self-map has a fixed
point. A set in an n-manifold is cellular if it is the intersection of a count-
able sequence of embedded closed n-cells, each contained in the interior
of the preceding one. A subset of the plane is cellular if and only if it
is non-empty, compact, connected and non-separating (meaning that its
complement is connected). Since a (planar) cellular set is the intersection
of cells, and since the FPP holds for cells, it is natural to ask if it also has
the FPP.

(2) The Mandelbrot set | , ] in the plane is cellular, but it is
unknown whether it has the FPP.

(3) The answer in dimensions> 3 is no; a counterexample is due to Kinoshita
[ ]. See the expository article by Bing | ].

Proposed for K3 by: R. Edwards
Scribed by: R. Kirby, D. Ruberman

PROBLEM 5.2 (Doubly-Small Morphisms of Manifolds).

(a) Suppose that h: R™ — R"™ is a homeomorphism (or diffeomorphism) which
satisfies two smallness hypotheses:
(i) every orbit of h (of any x € R™, under all powers of h) is uniformly
bounded in diameter (by 1 say), and
(ii) some subsequence of powers of h converges to Idg~ in (say) the compact-
open topology.
Then must h be the identity map?
(b) A special case of this question is: let h be a homeomorphism of B™ that
is the identity on 0B™. If there is a subsequence of powers of h which
converge to the identity, must h itself be the identity?

REMARKS.

(1) The case n =1 is trivial, n = 2 seems likely to be true, as a consequence
of results of Brouwer and Cartwright-Littlewood (nicely and succinctly
reproved in | ] and | ]), and n > 3 is open.
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(2) The question is meant to be local in nature, i.e. the question can be
adapted to any open subset of R”. It also applies to any manifold, where
in Condition (i) one would assume that every orbit of h has diameter less
than some € in the compact-open topology.

(3) The answer is ‘yes’ if h is periodic. This is Newman’s Theorem, with an
excellent exposition in | ].

(4) For h a diffeomorphism, and using C® convergence, the answer seems
likely to be yes.

(5) Since a homeomorphism h: R™ — R™ generates a homomorphism ¢: Z —
Homeo(R™) (and vice-versa) by m — h™, the Question can be rephrased
in terms of such a ¢. Condition (i) becomes: Assume that image(¢) lies
in a suitably small neighborhood of Idg~, and Condition (ii) becomes:
Assume that ¢ accumulates at Idg~. And the Question becomes: Must ¢
be the trivial homomorphism?

(6) The question is ‘stronger’ than the Hilbert—Smith Conjecture, discussed
in Problem 5.3 below. That is, an affirmative answer to it would imply the
Hilbert—Smith Conjecture. The Hilbert—Smith Conjecture (in its Question
form) is equivalent to the Question above if in addition one assumes that
the closure of the union of the powers of h in Homeo(R"™) is compact.

Proposed for K3 by: R. Edwards
Scribed by: R. Edwards, R. Kirby, D. Ruberman

PROBLEM 5.3 (Hilbert—Smith Conjecture).

(a) The Hilbert-Smith Conjecture | | asserts that a locally compact sub-
group of the homeomorphism group of a connected manifold must be a Lie
group.

(b) CONJECTURE: The free-action subset of any Cantor group action on an
ENR is a homology-Z-subset (of the ENR).

REMARKS.

(1) We first define the terms in Conjecture (b).

(i) A Cantor group is a topological group G whose underlying space is
a Cantor set (space). That is, G is a profinite group that is non-
finite and 2"? countable (hence metrizable). A universal example of
such a group is the direct product of all (of the countably many)
finite groups (or, if you wish, the finite symmetry groups). Other
important examples of Cantor groups are the p-adic integers.

(ii) An ENR is a Euclidean Neighborhood Retract, that is, a subset of
some R™ that has a neighborhood that retracts onto it. Such sub-
sets are characterized as stably having manifold mapping cylinder
neighborhoods (like tubular neighborhoods for manifolds, or regular
neighborhoods for polyhedra).

(iii) A subset A of X is a homology-Z-set (in X) if for any a € A and any
open neighborhood U of a in X, the relative homology H, (U,U — A)
is 0. If X is a manifold, the only such A are subsets of 0.X.

(2) Pardon | | proved the Hilbert—Smith Conjecture for dimension 3.

The conjecture has been reduced to whether the locally compact subgroup
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in question can be the p-adic integers. See Pardon’s papers [ y
] for more discussion and additional references.

(3) Conjecture (b) is known as the Free-Set (is a) Z-Set Congjecture (FSZSC)
and is due to R. Edwards. It is a natural and stronger version of the
Hilbert—Smith Conjecture. As a special case, the FSZSC asserts that a
Cantor group cannot act freely on an ENR. Like the HSC, the FSZSC has
been reduced to the case of proving it for the p-adic integers.

(4) The Hilbert—Smith Conjecture is closely related to the preceding problem
5.2, as discussed above.

Proposed for K3 by: R. Edwards
Scribed by: R. Edwards, R. Kirby, D. Ruberman

PROBLEM 5.4. Is the homeomorphism group of a manifold an absolute neigh-
borhood retract (ANR)?

REMARKS.
(1) Thisis | , Problem 5.27] and is also listed in | |. In dimension
2 it was shown to hold by Mason | | and Luke-Mason | ]; it

is unknown for manifolds of dimension greater than 2.

(2) Tt is not easy to distinguish between ANRs and more general locally con-
tractible spaces, so it is worth recalling that the homeomorphism group
of a manifold is locally contractible | , ]

Proposed for K3 by: R. Edwards
Scribed by: R. Kirby, D. Ruberman

PROBLEM 5.5. Is the connected sum of (locally flat) pairs
(MR, NP (MG, N
well-defined in the topological category?

REMARKS. When k = 1, this is easily true from Brown’s paper showing that
locally flat codimension one submanifolds are flat | ]. According to | 1,
it is well-defined in any dimension when k& = 2. This uses the uniqueness of normal
bundles in codimension 2, which fails in higher codimensions; see | , Appendix
C]. However this question appears to be open for codimension > 2 and n + k > 4.
It would follow from a pairwise version of the ‘torus trick’ | ] if a pairwise
version of Wall’s non-simply connected surgery | | were known and in print.

Proposed for K3 and scribed by: C. Livingston

PROBLEM 5.6.
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(a) Does every closed, PL, orientable n-manifold admit an n-fold branched
covering map over S™?

Assuming that the answer to this problem is “yes”, the following follow-up questions
would be natural to ask.

(b) Does every n-manifold admit an n-fold branched covering over S™ with
branch locus a codimension-2 embedded submanifold?

(c) If the answer to (b) is “yes”, then one could naturally ask if the cover
can additionally be taken to be simple, meaning the covering monodromy
sends every meridian of the embedded submanifold to a transposition. For
n = 2,3,4, the above papers show the answer is, “yes”.

(d) If the answer to (b) is “yes”, then in a separate direction one could ask
when the branch locus can be taken to be orientable.

REMARKS.

(1) A classical theorem of Alexander | ] says that every n-manifold ad-
mits a branched covering map over S™ with no restriction on degree of
the covering. An easier version of this problem would be to show that for
every n, there exists some natural number m,, such that every n-manifold
admits an m,-fold branched covering over S™. Certainly m,, cannot be
smaller than n: for example, because the n-torus T has reduced coho-
mology ring of length n, any branched covering f : 7™ — S™ has degree

at least n | ].
(2) Tt is well-known that every orientable surface is a 2-fold branched cover
over S?. Hilden | ], Hirsch | ], and Montesinos | ] showed

that every 3-manifold is a 3-fold branched cover over S2. Piergallini
[ ] showed that every PL 4-manifold is a 4-fold branched cover over
S%. The answer to this question is unknown in all higher dimensions.

(3) Note by Berstein-Edmonds | | the answer to Question (b) is “no” if
we additionally require that this submanifold be locally flat. For n = 2,3
the answer is known to be “yes,” but for n = 4, the best known result to
date, by Piergallini in | ], produces branched loci that are immersed
surfaces. Iori—Piergallini [ ] later showed that every 4-manifold ad-
mits a 5-fold simple branched covering over S* with branch locus an em-
bedded surface. Whether every 4-manifold admits a 4-fold cover over S*
with embedded branch locus remains open.

(4) The answer to Question (d) is generally negative — for example, when n =
4k the existence of such a covering implies the n-manifold has signature
zero | ]. For this question, it may be simpler to restrict to the case
that the n-manifold is null-cobordant.

Scribed by: M. Miller

PROBLEM 5.7 (Montgomery—Yang problem). Does there exist a pseudo-free,
smooth, S' action on S® with more than three multiple orbits?

REMARKS.
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(1) This is Problem 4.123 in | |; see the surveys by Kollar | ] and
Savk | ]. Recall that an S* action is pseudo-free if there are no fixed
points and the orbits of finite isotropy are isolated.

(2) There is a good understanding of the situation for other odd dimensional

spheres: S! actions on S? are linear by Seifert | ], whereas every
homotopy 2k — 1 sphere (for k > 4) admits pseudo-free S! actions with
arbitrarily many multiple orbits by Montgomery-Yang | | (for k = 4)
and Petrie | | (for k > 4).

(3) The answer is positive if a Seifert fibered homology 3-sphere ¥ with more
than 3 multiple fibers bounds an acyclic 4-manifold W, where the induced
homomorphism by the inclusion of boundary is surjective on the 7;. Then
Y x D2 U W x St = 8% and St acts diagonally on ¥ x B2 and trivially
on W. See also Problem 4.58.

Proposed for K3 by: R. Fintushel, R. Stern
Scribed by: I. Baykur

PROBLEM 5.8. Is there a closed aspherical 5-manifold that is not triangulable?

REMARKS.

(1) In this context, ‘triangulable’ means homeomorphic to a simplicial com-
plex. Davis and Januszkiewicz | ] constructed aspherical non-triangulable
4-manifolds, by applying the process of ‘hyperbolization’ to Freedman’s Fg
manifold. Subsequent to Manolescu’s (negative) solution to the triangula-
tion conjecture | | in dimensions > 5, Davis-Fowler-Lafont | ]
used a hyperbolization procedure to construct aspherical non-triangulable
n-manifolds for all n > 6. They explain why their procedure breaks down

in dimension 5, and explicitly asked | , §3] about the 5-dimensional
case.

(2) Tt follows from [ | (using the double suspension theorem | ,

]; compare | , ]) that any orientable 5-manifold is tri-

angulable. Hence any aspherical non-triangulable 5-manifold would have
a triangulable cover. This suggests the following.

QUESTION. Are there examples of non-triangulable aspherical 4-manifolds
in dimension 4 that are virtually triangulable, i.e., that admit a finite cover
that can be triangulated?

The examples of | , ] have residually finite fundamental
groups, so they would be a good place to start.

Scribed by: D. Ruberman

PROBLEM 5.9. Let My and My be smooth manifolds of dimension n. Suppose
My admits an S-map into RP. If My is homeomorphic to My, then does My admit
an S-map as well?
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REMARKS.

(1) For this problem, we consider C* maps f: M — RP of smooth n—
dimensional manifolds into R with n > p > 1. Let S be a set of (equiv-
alence classes of) singularities of smooth map germs (R",0) — (RP,0).
A smooth map f: M — RP is called an S-map if all its singularities are
equivalent to a singularity belonging to S.

(2) If My is diffeomorphic to M, then by composing a diffeomorphism My —
M; and an S-map M; — RP, we get an S-map on My. Therefore, if the
answer to the above question is negative, then M, is not diffeomorphic to
My; in other words, (M7, M3) is an exotic pair of manifolds.

In this sense, for n < 3, the answer is always affirmative.

(3) Let S be the singleton consisting of the definite fold singularity represented

by the map germ

2, .2 2
(1,22, Tp1, Ty + T q + oo+ T).

In this case, an S-map is called a special generic map. Then there are many
examples of manifold pairs (M, Ms) for which the answer is negative as
follows.

(i) Forn > 7and p = n —1,n — 2 and n — 3, the pair of the standard
n—sphere and an exotic n—sphere is such an example | ].

(ii) For n = 4 and p = 1,2 and 3, the pair of the standard R* and
an exotic R* is such an example, provided that we consider proper
special generic maps | ]

(iii) For n =4 and p = 3, there are quite a few such examples (M, Ms),
where M, is a connected sum of S x §2 and CP24CP" | ,

l.

(4) According to the solution to the Poincaré Conjecture in high dimensions
due to Smale | ], for special generic functions with p = 1, the
answer is affirmative for n > 5. In other words, only by the existence
of a special generic function with n > 5 and p = 1 one cannot detect
exotic differentiable structures. Note also that for n = 4 and p = 1, the
problem for special generic functions is equivalent to the 4-dimensional
smooth Poincaré Conjecture.

On the other hand, for p = 1, let S be the set of non-degenerate
critical points of indices in the set {0,2,3,...,n—2,n}. Then, for n > 5, by
Smale’s result | ], the answer to the problem is always affirmative,
whereas for n = 4, the problem seems to be still open.

(5) Let us consider C® stable maps of closed 4-manifolds into R*. They have,
in general, fold, cusp, swallowtail, butterfly and umbilic singularities. It is
known that when the 4-manifold is oriented, each umbilic singularity can
be given a sign +1 or —1 and the total number of umbilic points counted
with signs is equal to 3 times the signature. Furthermore, if the signature
vanishes, then all the umbilic singularities can be eliminated by homotopy
[ , ]. Hence, for S consisting of fold, cusp, swallowtail and
butterfly singularities, the answer to the above question is affirmative in
this case.

(6) Let F be a set of (equivalence classes) of singular fibers of C*° maps in the
following sense | ]. Let f; : M; — N; be smooth maps, ¢ = 0,1. For
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y; € N;, we say that the fibers over yy and y; are equivalent if for some
open neighborhoods U; of y; there exist diffeomorphisms @: f 1(UO) —
frH(Uy) and ¢: Uy — U; with ¢(yo) = 1, which make the following
diagram commutative:

(fo " (Uo), £5  (90)) 2= (f7H U f7 ()

| Js

(Uo,y0) ————— (U1, 1)

When the fibers over yq and y; are equivalent, we also say that for i = 0,1,
the map germs f; : (Mi,fifl(yi)) — (N;,y;) are right-left equivalent. A
smooth map f : M — RP? is called an F-map if all its singular fibers are
equivalent to a singular fiber belonging to F'. Then, we can ask the same
question as Problem 5.9 for F-maps.

(7) Tt is known that for maps of smooth closed oriented 4-manifolds into R?,
each singular fiber of type III® can be given a sign +1 or —1, and for a
certain class of generic maps (so-called C* stable maps), the number of
III®fibers counted with signs coincides with the signature of the source
4-manifold [ ]. Therefore, it is a natural question if singular fibers of
type II1% with opposite signs can be eliminated by homotopy. So far, we
do not know if there exists a smooth closed oriented 4-manifold M with
zero signature such that an arbitrary C* stable map M — R3 necessarily
has a singular fiber of type III®. Though for connected sums of copies of
S$? x S? and CP2ﬁ@2, the answer is known to be affirmative.

(8) In the problem, one can also consider the problem by replacing “homeo-
morphic to” by “homotopy equivalent to”. For example, for n > p > 1,
let S be the set of fold singularities of all (absolute) indices. Then, the
answer to the homotopy version of the problem is affirmative for closed
orientable 4-manifolds and 1 < p < 4 | , ].

Proposed for K3 and scribed by: O. Saeki

5.2. Andrews—Curtis, Whitehead, and Zeeman Conjectures

The conjectures and questions discussed in this section touch on the interac-
tion between group theory and the topology of low-dimensional cell complexes. The
Andrews—Curtis Conjecture posits that a certain collection of algebraic operations
suffices for passing between finite presentations of the trivial group; it has intriguing
relations to the 4-dimensional Poincaré Conjecture. Whitehead’s Asphericity Ques-
tion is disarmingly simple, and asks if subcomplexes of an aspherical 2-complex are
always aspherical. A positive answer would imply, among other things, that ribbon
disk complements are aspherical. Zeeman’s Conjecture posits that a (finite) con-
tractible 2-complex ‘3-collapses’, i.e., collapses to a point after taking the product
with the interval. It is closely connected to the Andrews—Curtis conjecture, and to
older approaches to the Poincaré Conjecture.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



5.2. ANDREWS-CURTIS, WHITEHEAD, AND ZEEMAN CONJECTURES 309

PROBLEM 5.10. The Andrews—Curtis Conjecture | | for the trivial group:
a presentation of the trivial group can be changed to the trivial presentation by
Andrews-Curtis moves.

REMARKS.

(1) This problem appears in Problem 5.2 in | ]

(2) Let P be a finite presentation of a given group w. The stabilized -
Andrews—Curtis moves (abbreviated AC moves) change the presentation
P={x1,...,xy : R1,..., Ry} as follows:

(i) R — R,

(11) Rz e RiRj,i a j
(iii) R; — wR;w™! w any word,
(iv) add generator x,+; and relation wz, 1.
The AC Conjecture for the trivial group states that the presentation P
can be changed to the trivial presentation (x1,...,%, : ®1,...,2,) by AC
moves.

Note that redundant relations cannot be added, so that m — n is un-
changed. Also note that the broader conjecture that any two presentations
of an arbitrary finitely presented group are equivalent by AC moves is false
for some nontrivial groups, e.g., the trefoil group | ]. (See also
[ACG6].)

(3) Given a presentation P of the trivial group, we can construct a 5-dimensional
handlebody Y from a 0-handle, 1-handles for each generator, and 2-
handles for each relation; Y is unique because the attaching maps are
isotopic because they are homotopic.

Then if the AC Conjecture is true, Y is diffeomorphic to the 5-ball,
because the AC moves correspond to handle moves (in particular the
move R; — R;R;,i # j corresponds to sliding the i*" handle over the
4" handle).

Scribed by: R. Kirby

PROBLEM 5.11 (Whitehead’s Asphericity Question). Is every subcomplez of an
aspherical 2-complex aspherical?

REMARKS.

(1) This was problem 5.4 in [ ]; a thorough discussion of older progress
on this problem, also known as the Whitehead Conjecture, may be found
in | , Chapter X]. It was stated as a question on page 428
in [ |, with the implicit assumption that the complex is finite, but
the question still makes sense without that assumption.

(2) The fundamental group of a finite-dimensional aspherical complex is tor-
sion free, so an a priori easier question is whether the fundamental group
of a subcomplex of an aspherical two-complex is necessarily torsion-free.
For partial results relating to fundamental group structure, see | ,

; J

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



310

(3) Bestvina and Brady | ] showed that the Whitehead conjecture and
the Eilenberg-Ganea conjecture cannot both be true. The Eilenberg—
Ganea conjecture | ] is that a group with cohomological dimension

2 has a 2-dimensional Eilenberg-Mac Lane space.

More concretely, Bestvina and Brady showed that the (Bestvina—Brady)
group Hp, associated with a flag triangulation L of a spine of the Poincaré
homology sphere is either a counterexample to the Eilenberg-Ganea con-
jecture, or there exists a contractible 2-complex Y that contains a non-
aspherical subcomplex | , Theorem 8.7]. Note that the potential
counterexample Y to the Whitehead conjecture that they construct is
infinite (since the group Hp, acts freely and cellularly on it).

(4) In | ], J. Howie reduced the problem to finding counterexamples
K < L of two types: (i) L is finite and contractible and K = L — e for
some 2-cell e; or (ii) L is the union of an infinite chain of non-aspherical

subcomplexes K = Ky < K; < ... such that each inclusion is null-
homotopic.
According to Howie’s results in | ] and | ], if the Andrews—

Curtis conjecture (Problem 5.10) holds, then the standard 2-complexes
associated with LOT presentations account for all test cases of type (i).
Recall that a version of the Andrews—Curtis conjecture asserts that every
finite contractible 2-complex can be 3-deformed to a point. A LOT pre-
sentation is a group presentation described by a (finite) labeled oriented
tree, and the associated 2-complex has the homotopy type of a ribbon disc
complement | .

It remains unknown whether all LOT complexes are aspherical, though
significant progress has been made in the last decades, establishing the as-
phericity of various subfamilies. For instance, Harlander and Rosebrock
[ | showed that alternating ribbon disk-complements, the ones that
can be encoded by injective labeled oriented trees, are aspherical.

(5) Costa and Farber | | give a model for random simplicial complexes
in which aspherical 2-complexes satisfy the Whitehead conjecture with
probability 1.

Scribed by: R. Kirby

PROBLEM 5.12 (Zeeman Conjecture). If K is a finite contractible 2-complez,
then K x I collapses to a point | , Conjecture (1)].

REMARKS. This problem appears as part of Problem 5.2 in | ].

The Zeeman Conjecture for a special polyhedron that is the spine of a compact
3-manifold is equivalent | ] to the Poincaré Conjecture, and thus true by
Perelman. The Zeeman conjecture for special polyhedra that do not embed in
compact 3-manifolds is equivalent to the Andrews—Curtis Conjecture | ]- A
nice discussion of this general area may be found in Chapters I, XI and XII of
[ ] and the exposition in [ ].

Scribed by: R. Kirby
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5.3. Geometry

The first two problems in this section are concerned with hyperbolic manifolds
of dimension greater than 3. Thurston’s ‘virtual’ conjectures (see [ ] and
Problem 3.29) asking about properties of finite covers of hyperbolic 3-manifolds,
have been highly influential in the study of 3-manifolds in recent years, and it is nat-
ural to ask the corresponding questions for hyperbolic manifolds of any dimensions.
Similarly, there are many explicit examples of one-cusped hyperbolic 3-manifolds,
and we ask for such examples in higher dimensions.

Milnor’s conjecture, discussed in the next problem, proposed that the funda-
mental group of a manifold admitting a complete Riemannian metric of nonnegative
Ricci curvature is finitely generated. It holds for 2- and 3-manifolds, and there are
counterexamples in every dimension starting with 6. So we ask about the status of
this conjecture in the remaining dimensions 4 and 5.

PROBLEM 5.13. Let M be a finite-volume hyperbolic n-manifold.

(a) Does it always have a finite cover with by > 07

(b) Does it always have a finite cover with fundamental group that surjects
onto a mon-abelian free group?

(¢) Does it have a finite cover with cubulated fundamental group?

(d) Whenn is odd, does it always have a finite cover that fibers over the circle?

REMARKS.

(1) When n = 3, these questions all have positive answers, by work of Agol
[ ] and Wise [ ]. However, their methods break down when
n > 3. The crucial steps in their argument are as follows. By work
of Kahn-Markovic | ], m1(M?3) contains lots of surface subgroups.
These are ‘codimension 1’ subgroups and hence 1 (M?) has a finite in-
dex subgroup that is the fundamental group of a compact non-positively
curved cube complex, i.e., it is cubulated. Agol showed that such cubu-
lated groups are virtually special, and Wise showed that virtually special
groups have many excellent virtual properties. In particular, they have
a finite index subgroup with b; > 0 and indeed a finite index subgroup
that surjects onto a non-abelian free group. Using a 3-dimensional argu-
ment involving sutured manifolds, Agol [ | was able to show that
hyperbolic 3-manifolds virtually fiber. An alternative and more general
argument using group rings was given by Kielak | ]

(2) This argument fails at the first step when n > 3. The methods of
Kahn-Markovic have been extended to all odd dimensions by Hamenstadt
[ ], and hence 71 (M) is known to contain many surface subgroups.
However, these groups are not codimension one, and therefore do not
establish that the group is cubulated. However, it is known that some hy-
perbolic n-manifolds are cubulated when n > 3. Indeed, any arithmetic
hyperbolic n-manifold containing a totally geodesic (n — 1)-dimensional
(possibly immersed) submanifold is cubulated. When n is even, this in-
cludes all arithmetic hyperbolic n-manifolds.
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(3) There are further results for arithmetic hyperbolic n-manifolds. There
are 3 types of arithmetic lattices in SO(n, 1): those arising from quadratic
forms (type I), those arising from quaternion algebras (type II), and those
arising from octonion algebras, and type III - trialitairian lattices. The
first type appears in all dimensions and are known to be cubulated after
work of Bergeron-Wise [ ]. The second type are not known to be
cubulated, but only appear in even dimensions. The third type only occurs
in dimension 7; for these it is known | ] that the first Betti number
of every congruence subgroup equals 0. Moreover, it is still open if the
lattices have the congruence subgroup property.

(4) If a manifold fibers over the circles, its Euler characteristic is zero. In
even dimensions, the volume of a hyperbolic manifold is proportional to
its Euler characteristic, and hence its Euler characteristic is necessarily
non-zero. This explains the restriction to n odd in the final question
above. The first examples of hyperbolic 5-manifolds that fiber over the
circle were given by Italiano-Martelli-Migliorini | ]

(5) When a hyperbolic 3-manifold fibers over the circle, the universal cover F
of the fiber has a circle at infinity, and the inclusion F — H3 is known to
extend continuously to a map from the circle at infinity of F to the sphere
at infinity of H?. This forms a space-filling curve. This was established by
Cannon and Thurston | ]. Tt would be interesting to know whether
there is any analogue of this in higher dimensions. The fiber will not
in general have word hyperbolic fundamental group, and so part of the
challenge would be to define its space at infinity appropriately.

(6) By work of Delzant and Gromov | |, complex hyperbolic manifolds
do not have cubulated fundamental group.

Proposed for K3 and scribed by: M. Lackenby

PROBLEM 5.14. Does there exist a 1-cusped finite-volume hyperbolic n-manifold
for anyn =57

REMARKS.
(1) Hyperbolic n-manifolds with one cusp are abundant when n = 2 or
3, and Kolpakov—Martelli | | constructed 1-cusped hyperbolic 4-

manifolds. However, there are far fewer constructions of hyperbolic n-
manifolds when n > 4 and they tend to produce manifolds with a large
number of cusps. There are no known examples in dimensions > 5 with a
single cusp; the question of their existence was raised in | ]

(2) Stover | ] proved that there are no 1-cusped arithmetic hyperbolic
n-dimensional orbifolds when n > 30. In fact, he showed that for each
m > 1, there is a ¢, = 1 such that there are no m-cusped arithmetic
hyperbolic n-dimensional orbifolds when n > ¢,,.

Proposed for K3 by: A. Reid
Scribed by: M. Lackenby
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PROBLEM 5.15. Suppose M is a manifold with a complete Riemannian metric
with nonnegative Ricci curvature. Is the fundamental group of M finitely generated?

REMARKS.

(1) This is a conjecture of Milnor, following on his paper [ ]. The con-
jecture was known to hold in dimension 2 by work of Cohn-Vossen | ]
and in dimension 3 by work of Liu | ]. Brue-Naber-Semola construct
counterexamples in dimensions at least 7 | ], and 6 [ ]. The
issue is therefore to determine the status of the conjecture in dimensions 4
and 5. This question is explicitly posed in [ , Question 1.1], along
with some other interesting open problems in the area.

Previous work of Wilking | | shows that the fundamental group
of any counterexample could be assumed to be abelian; the fundamental
group of the example from | ] in dimension 7 is Q/Z.

(2) A crucial point in the Brue-Naber-Semola paper [ , Lemma 9.1]
is that the orbit of the mapping class group of S® x S2 acting on the
standard product metric lies in a single path component of the space of
positive Ricci curvature metrics on S3 x $2. This raises several questions.

(i) What can be said about the action of the mapping class group of S? x
52 on the path components of the space of positive Ricci curvature
metrics on S2 x §%?

(i) Is the space of positive Ricci curvature metrics on S? x S? path
connected?

(iii) One could ask the same questions for S% x S3; see | , §6] for
a particular diffeomorphism of S$? x S2 such that the pullback of the
standard metric is connected to the standard metric through Ricci
curvature metrics.

Proposed for K3 and scribed by: D. Ruberman

5.4. Symplectic and contact topology

These last three problems deal with aspects of symplectic and contact topology
in dimensions greater than 4 (respectively, 3).

PROBLEM 5.16. Let R be Z or a field. Let A and B be differential graded
algebras so that either:

o As a graded algebra, A (respectively B) is isomorphic to the free, non-
commutative R-algebra on finitely many homogeneous generators x;, i.e.,
to the tensor algebra on the free R-module generated by x1,...,Ty,.

o As a graded algebra, A (respectively B) is isomorphic to a free graded-
commutative algebra on finitely many homogeneous generators x;. (So, if
the x; have even gradings, A is a polynomial algebra.)
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(Different generators can have different gradings, A and B may have different num-
bers of generators, and gradings of generators may be negative.)
Are the following questions decidable?

(a) Is A stable tame isomorphic to B?
(b) Is A quasi-isomorphic to B?
(c) Is A derived Morita equivalent to B?

REMARKS.

(1) This question is inspired by contact topology, where many invariants take
the form of a finitely-generated differential graded algebras up to a notion
of equivalence.

(2) The kinds of dgas described in the problem are often called semifree in the
literature. The information in a semifree dga A consists of the grading of

the generators x1,...,x, and the elements d(x;), which are either poly-
nomials in z1, ..., z, (in the commutative case) or linear combinations of
words in z1,...,Z, (in the non-commutative case).

(3) A dga homomorphism is a quasi-isomorphism if it induces an isomor-
phism on homology; two dgas are quasi-isomorphic if there is a dga C
and quasi-isomorphism C' — A and C' — B. Stable tame isomorphism of
semifree dgas was introduced in [ ] (see also [ , Section 3.3]
and | , Section 3.2]); it allows introducing a pair of canceling gener-
ators (stabilizing) and isomorphisms sending some z; to z; plus a word in
the other variables. Two dgas are derived Morita equivalent if the derived
categories of differential modules over them are equivalent (as triangulated
categories). Stable tame isomorphism implies quasi-isomorphism implies
derived Morita equivalence.

(4) This question arises from contact homology and related invariants. For
example, to a Legendrian knot A in R3, one can associate a dga Ay, the
Legendrian contact dga, whose stable tame isomorphism class is an isotopy
invariant of A (see the citations above). The Legendrian contact dga can
also be defined for knots in other manifolds and higher-dimensional Leg-
endrian knots. Contact homology can also be defined for (certain) closed
contact manifolds; in this case, one is forced to work with a commutative
dga. In practice, it seems to be hard to tell whether two dgas are stable
tame isomorphic or quasi-isomorphic.

(5) One strategy that has been developed to distinguish dgas is to study
the set of augmentations of A, i.e., dga maps A — R (where R lies in
grading 0 and has trivial differential); this set is called the augmentation
variety of A. Given an augmentation of A, one can form the linearized
homology with respect to that augmentation, which is a finitely generated
R-module [ ]

(6) For Legendrian knots in R3, the set of augmentations form the objects
of a category, the augmentation category, which in the case of Legendrian
contact homology is equivalent to a certain category of sheaves | ]
The set of augmentations and the linearized contact homology depend only
on the abelianization of the dga, but the augmentation category needs the
non-commutative version.
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(7) Contact homology can also be applied to study smooth objects in low-
dimensional topology, for instance by considering the unit cotangent bun-
dle or unit conormal bundle. An instance is Ng’s knot contact homol-
ogy | | (a variant of which is a complete knot invariant | D;
another is given in Problem 4.106. It is possible that a result along these
lines could also be applied to decision problems in symplectic or smooth
topology.

(8) In some of the applications, one actually works over Z{t,t~ 1, z1,...,1,},
say, but this seems unlikely to affect the question.

(9) In the special case that A and B are commutative with all of their gen-
erators in positive gradings, Sullivan’s theory of minimal models gives
an algorithm for answering the question; in particular, that case is well
studied in rational homotopy theory. Note also that there is a unique
augmentation in this case; in particular, the dgas arising from contact
topology rarely have this property.

(10) Given that the question has some similarity to Hilbert’s tenth problem,
the answer might be different for R a finite field from R = Q or Z, say.

Proposed for K3 and scribed by: R. Lipshitz

PROBLEM 5.17. Let (W, w, V;, ;) be two Weinstein structures on a fixed sym-
plectic manifold (W,w) (or equivalently consider two Weinstein handle decomposi-
tions). Is there a Weinstein homotopy from (W,w, Vi, ¢1) to (W w, Va, ¢2)?

REMARKS.

(1) The convex combination V; = (1 —¢)V, + tV5 is a Liouville vector field
positively transverse to the boundary, but it may fail to be gradient-like for
some t. The question is whether we can find a family of convex Liouville
vector fields V; that are all gradient-like.

(2) There are various additional hypotheses one can add which will ensure a
Weinstein homotopy exists. For example, by [ , Proposition 11.22],
if we have a fixed complex Stein structure J on (W,w), any two J-convex
(plurisubharmonic) functions ¢; and ¢o will yield Weinstein homotopic
Weinstein structures. There are numerous other specific Weinstein ho-

motopies constructed in | , Chapter 12], that assume some specific
properties or estimates about the Liouville form and/or gradient-like func-
tion.

For Weinstein manifolds of dimension strictly greater than 4, there is

a notion of “flexible Weinstein manifolds.” In this case any two flexible
Weinstein structures are Weinstein homotopic | , Theorem 14.5].

(3) A special case, which may be easier, is the following. Suppose (W,w)

admits a symplectomorphism that restricts to a contactomorphism on

the boundary, but which is not isotopic to the identity in the class of

symplectomorphisms that are contact on the boundary. Let A be one

Liouville form on (W, w), corresponding to a Liouville vector field V; which

is gradient-like for some Morse function ¢;. Consider the Liouville form

f*X and denote its corresponding Liouville vector field by Vo. Then V5
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is gradient-like for ¢o = f*¢1. We can ask if (W,w,Vi,¢1) Weinstein
homotopic to (W, w, Vs, ¢2) in this case.

(4) It may be helpful to think about the Liouville form \; rather than the
Liouville vector field V; (which are related by ty,w = A;). While A; is not
closed (since d\; = w by the Liouville condition), A\; — Ay is closed and
thus represents an element of H'(W). It may be easier to construct a
counterexample for manifolds where H!(W) is nontrivial, in which case,
one should refine the question to consider manifolds where H(W) = 0,
or further that W is simply connected.

(5) This question is open in arbitrary dimensions > 2, but dimension 4 could
be a good place to start.

Proposed for K3 by: Y. Eliashberg
Scribed by: L. Starkston

PROBLEM 5.18.

(a) In higher dimensions, find the ‘non-analytic’ cohomology module HY anal-
ogous to the analytic lattice cohomology HY, , and a natural functor HY —
H¥ connecting them.

(b) Define a version ECH* of Embedded Contact Homology for isolated com-
plex singularity links (in any dimension) associated with the canonical
contact structure of the link, together with a natural graded Z[U]-module
morphism H¥, — ECH*. More precisely,

(i) Show that this morphism is injective.

(ii) Fiz the diffeomorphism type of a link, and also a contact structure
on it that can be realized as the canonical contact structure associ-
ated with some singularity analytic structure. Then characterize the
family {HZ }, indexed by all the possible analytic germs inducing this
contact link, via those graded sub-Z[U]|-modules of ECH* which sat-
isfy certain specific properties.

REMARKS.

(1) As background, consider a complex normal surface singularity with a ra-
tional homology sphere link. The (topological) lattice cohomology H,,,
associated with the link (which is a plumbed 3-manifold associated with a
connected negative definite graph), was introduced by Némethi in | s
]. It has an analytic analogue H¥  constructed recently in | ,
]. Both theories are multigraded, Hj,, = @y>oH{,,, and H{,, is a
2Z-graded Z[U]-module, with an additional grading indexed by the spin®
structures of the link. The same is valid for H¥, as well. Even more,
the existence of a graded Z[U]-module morphism H}, — HJ,, was also
established.

Following on calculations in | |, it was conjectured in | ]
that the topological version can be identified with Heegaard Floer ho-
mology. Further results from | , ] support the conjecture,
whose full proof was announced in | ]

In particular, it is also isomorphic with any other (co)homology the-
ory of 3-manifolds that agree with Heegaard Floer homology, e.g. with
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Embedded Contact Homology (introduced in [ , ], for its
equivalence with the Heegaard Floer homology see [ D).

One of the spin® structures (determined from the analytic structure)
is distinguished; it is called the ‘canonical spin® structure’. The analytic
lattice cohomology associated with this canonical structure has an exten-
sion to any higher dimension, for complex isolated singularities (again,
with certain restrictions).

(2) Part (b) addresses the important issue that in higher dimension the link of
the isolated singularity contains essentially less information than might be
needed to construct such an invariant (e.g. the link can be even the usual
sphere). In particular, in the above context, the ‘non-analytic’ version
shouldn’t be ‘topological’ or ‘smooth’. However, the smooth structure
enhanced with its canonical contact structure (induced by the analytic
structure of the germ) might produce the desired cohomology.

A good candidate for this is some version of Embedded Contact Ho-
mology associated with the canonical contact structure of the link. For
3-dimensional singularity links the canonical contact structure can be
uniquely determined from the link itself | ]. However, in higher
dimensions, it is an essential enhancement of the smooth structure. For
results regarding ECH in higher dimensions see e.g. | ].

Proposed for K3 and scribed by: A. Némethi
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Problems carried over from K2

As mentioned in the introduction, some problems from K2 reappear in this
volume, about 50 in all. Some are essentially unchanged from the original, but in
many cases there has been some progress in the intervening years and we cite only
part of the original problem. Here is a list of those problems, with the K2 problem
listed first, followed by the corresponding problem number (in parentheses) in this

volume.
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10/8 inequality, 298
10/844 inequality, 298
11/8 conjecture, 202
15 pearls conjecture, 68
2-bridge
knot, 47
link, 17
2-knot, 198, 261, 287
2-knot group, 219
Alexander module, 219
bridge number, 287
complement, 219
2-link
slice, 222
3-manifold
Alexander polynomial, 17
arithmetic, 100, 138, 156
as boundary of 4-manifold,
181-186, 195, 237
aspherical, 158
Chern-Simons invariant, 135, 177
co-orientable taut foliation, 135,
166
connected sum, 24, 28
Dehn surgery number, 24
fibered, 99, 136, 152
foliation, 143
fundamental group, 24, 135, 137,
138, 144, 146, 149, 154,
156-159, 166-168
left-orderable, 135, 154, 166
geometric ideal triangulation, 134
Haken, 135, 138, 156
Heegaard genus, 155, 156
hyperbolic, 99, 100, 123, 131-150,
153, 156, 161, 176, 186
hyperbolic volume, 132-137, 156
injectivity radius, 135

Index

instanton Floer homology, 167,
173, 174
irreducible, 24
Kauffman bracket skein module,
178
length spectrum, 143
linking form, 183
nonorientable, 196
recognition, 150
recognition problem, 211
Rokhlin invariant, 181
s, 213
s, 213
spin, 176
support genus, 163
taut foliation, 141
triangulation, 134, 151, 152
Turaev—Viro invariant, 135
veering triangulation, 145
Witten—Reshetikhin—Turaev
invariant, 135, 180
2—invariant, 180
3-manifold bundle over circle, 194,
208
3-sphere recognition, 150
4-manifold
arithmetic, 292
as boundary of 5-manifold, 294
aspherical, 205, 293, 295, 297
Bauer—Furuta invariant, 242
completely decomposable, 297
connected sum, 282, 295
contractible, 237
definite, 184, 185, 193, 224, 247
Donaldson invariant, 174, 239, 268
equivariant intersection form, 230
Euler characteristic, 292
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fundamental group, 207, 230, 234,
276

Furuta—Ohta invariant, 243

genus function, 199, 225

geometrically simply connected,
288

Heegaard Floer invariant, 239

holomorphic Euler characteristic,
203

Horikawa surface, 267

hyperbolic, 104, 186, 205, 269,
292, 293, 295

indefinite, 184, 185, 193, 242, 298

intersection form, 184, 185, 202

irreducible, 203, 242

L-invariant, 286

Lipschitz, 298

non-splittable, 209

noncompact, 229, 239, 293, 295

open, 195, 229, 239

open book decomposition, 290

PSC, 295, 296

quadratic 2-type, 233, 234

reducible, 297

Seiberg—Witten invariant, 239,
242, 264, 266, 268, 269

signature, 202, 205, 235, 239, 290

simply connected, 288

skein lasagna module, 243

spin, 193, 202, 231, 239, 258, 293,
298

symplectic, 167

taut foliation, 292

trisection, 282—288

trisection genus, 287

with finite fundamental group,
230, 234, 249, 252

4-orbifold, 296
4-sphere recognition, 232

A-ideal, 32
A-polynomial, 32
absolute neighborhood retract, 304
absolutely exotic, 191, 195
adjunction inequality, 272
AJ conjecture, 32
Alexander
module of a 2-knot, 219
polynomial, 15, 30, 45

multi-variable, 16
of a 3-manifold, 17
of a complex plane algebraic
curve, 276
algebraic
concordance, 44
knot, 42
link, 38
algorithm, 53, 71, 73, 91, 110, 150,
155, 163, 171, 174, 211, 213,
232, 286
alternating
knot, 14, 26, 35, 54
link, 15, 17, 26, 169
amenable group, 226
AMU conjecture, 128
Andrews—Curtis conjecture, 20,
308-310
annular
Kauffman bracket, 34
Khovanov homology, 34
Anosov flow, 145
arc complex, 91
arithmetic
3-manifold, 100, 138, 156
4-manifold, 292
hyperbolic n-dimensional orbifold,
312
hyperbolic n-manifold, 311
lattice, 312
rational homology 3-sphere, 138
Artin group, 108, 109
right-angled, 108, 110
ASD Yang—Mills theory, 256
aspherical
2-complex, 309
3-manifold, 158
4-manifold, 205, 293, 295, 297
5-manifold, 306
n-manifold, 148
ribbon disk complement, 221
augmentation variety, 314

B3, 212

B4, 209, 210, 215, 250

B™, 302

barbell map, 244

basic class, 242, 266
Bauer—Furuta invariant, 242
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bending
conjecture, 148
measure, 148
Berge
conjecture, 18
knot, 18
big dot carving, 210
Bing sling, 74
Bogomolov—Miyaoka—Yau (BMY)
inequality, 264, 270
Borromean
knot, 29
rings, 60
boundary
link, 60
multi-twist, 102
braid
group, 89-91, 108, 114
index, 54
presentation, 38
quasipositive, 62
branched cover, 25, 26, 30, 62, 87,
125, 126, 169, 264, 291, 305
bridge number
of a 2-knot, 287
of a knot, 54
of a link, 27
Brieskorn sphere, 183, 213, 238, 280

cable knot, 20
cabling conjecture, 20
Cannon conjecture, 147, 158
Cantor group, 303
Cantor set, 122
Casson—Gordon

ribbon obstruction, 47

slice obstruction, 47
categorical entropy, 125
categorification, 39, 40, 45, 180
categorified wrapping conjecture, 34
Cautis’ link homology, 38
cellular set, 302
certificate complexity, 154
character variety, 32, 129
Chen—Yang volume conjecture, 134
Chern number, 264, 267, 270, 275
Chern—Simons invariant, 135, 177
circle action, 262

circle bundle over a 3-manifold, 194,
208
cobordism, 234-239
exact symplectic, 162
of links, 38
spin, 239
symplectic, 162
colored Jones polynomial, 32, 33
commensurability, 138, 143
complete hyperbolic metric, 104
complete metric with variable
negative curvature, 104
completely decomposable
4-manifold, 297
complex ball quotient, 265
computability, 73, 120, 213, 223, 286
computational complexity, 150, 153,
211
FNP, 153
NP, 153
concordance
of strings, 75
smooth, 41, 44, 55, 56
topological, 41, 56
conformal structure, 118
congruence
arithmetic link, 79
subgroup problem, 85
connected sum
of 3-manifolds, 24, 28
of 4-manifolds, 282, 295
of knots, 12, 13, 49, 69
of pairs, 304
of surfaces in a 4-manifold, 220
contact
form, 160, 164
homology, 314
manifold, 63, 65, 160-164, 278-280
virtually overtwisted, 160
structure, 160, 162, 163, 278
fillable, 161, 163, 167
overtwisted, 160
tight, 141, 160-163
universally tight, 141, 160
contactomorphism, 160, 280
Conway
mutation, 11, 13
polynomial, 15
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cork, 237
universal, 197, 201
cosmetic surgery, 21
conjecture, 21
cotangent bundle, 315
cover
congruence, 156
finite-sheeted, 136, 149, 152
infinite cyclic, 243
regular, 135, 136
universal, 144
@z, 193, 198, 236, 295
CP", 295
CP2#CP?, 223, 225
#m(CP24CP"), 193
CP*#"CP", 203
#* CP?, 193
crossing number, 11, 12, 54, 71-73
cubic graph, 31, 77
cubulation, 311
curve
complex, 85, 89, 91
complex algebraic, 273, 276
graph, 116
J-holomorphic, 102, 273, 275
pseudoholomorphic, 273, 275, 277
cusped hyperbolic 3-manifold, 132,
134
cut complex, 286
CW complex, 289

decidability, 114, 211
definite 4-manifold, 184, 185, 193,
224, 247
degree one map, 155, 175
Dehn
filling, 18, 21
chirally cosmetic, 21
purely cosmetic, 21
multitwist
on a surface, 88
surgery, 18-21, 24, 56, 161, 182
number, 24
slope, 20, 21, 24
twist
on a 3-manifold, 28, 258
on a 4-manifold, 256
on a surface, 84, 88, 101, 102
derived Morita equivalence, 314

determinant of a knot, 35
diffeomorphism, 191
exotic, 247, 256
of a 3-manifold, 28, 184, 185, 247
of a 4-manifold, 197, 251, 256, 257,
295
extendable, 222
of a surface, 124
diffeomorphism group
of a 4-manifold, 242, 244, 246,
248-250, 252-256, 259, 262
of a surface, 113
differential graded algebra, 313
Dirac operator, 176, 240, 299
disk
overtwisted, 160, 280
Donaldson
invariant, 174, 239, 268
simple type, 240
doubled-delta move, 14

n-invariant, 176
Eilenberg—Ganea conjecture, 310
elliptic return map, 160
embedded contact homology, 316
embedding
3-manifold in a 4-manifold, 49,
206, 209-213
in RS, 239
end-periodic cobordism group, 124
energy of a knot, 70
ENR, see Euclidean neighborhood
retract
«En, 205
Enriques surface (En), 205, 266
equilateral stuck unknots conjecture,
67
equisingular, 275, 278
equivariant
concordance, 50
group, 50
Dehn surgery number, 24
homology cobordism group, 185
equivariantly slice knot, 50
ergodicity, 120
FEuclidean neighborhood retract, 303
Euler characteristic
holomorphic, 203
of a 4-manifold, 205, 235, 287, 292
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of a homology theory, 40
of a surface, 92
exact symplectic cobordism, 162
exotic
diffeomorphism, 247, 256
R%, 200
smooth structure, 191-202, 223,
243, 258, 279
absolute, 195
surface, 213, 214
extending a group action, 59, 185,
262

fake projective plane, 265
fibered
3-manifold, 99, 136, 152
knot, 12, 14, 23, 55, 57, 125
link, 12, 78, 160
fillable contact structure, 161, 163
filling
Dehn, 18
Freedman, 59
Lagrangian, 64
Stein, 62, 263, 269, 278
symplectic, 160, 167
Fintushel-Stern knot surgery, 197,
272
Fintushel-Stern RP*, 261
first-order theory, 114
fixed point property, 302
flat connection, 111, 177, 243
flexible-rigid dichotomy, 280, 315
Floer
minimal knot, 29
Poincaré conjecture, 167
flow
Anosov, 145
lines, 144
pseudo-Anosov, 141, 145
quasi-geodesic, 141
quasigeodesic pseudo-Anosov, 145
Reeb, 164
FNP, 153
foliation, 143
co-orientable taut, 135, 166
minimal leaves, 143
taut, 141, 292
Fox’s trapezoidal conjecture, 15
Fox—Milnor condition, 45

Free-Set Z-Set Conjecture, 304
Freedman filling, 59
freely topologically slice, 60
freeness index, 77
Friedman—Witt diffeomorphism, 247
Fuchsian group, 148
Fukaya category
partially wrapped, 125
functoriality, 38, 40, 121
fundamental group
of a 3-manifold, 24, 135, 137, 138,
144, 146, 149, 154, 156-159,
166-168
of a 4-manifold, 207, 219, 221, 230,
234, 249, 252, 276, 287
of a Riemannian manifold, 313
of a surface, 106, 110
Furuta—Ohta invariant, 243

generalized Property R conjecture,
19, 52, 209
stable, 19
weak, 19
genus
function, 199, 224, 225
of a knot, 14, 29, 66
genus 2 mutation, 174
geodesic
current, 98
flow, 120
length, 92
simple closed, 142
geography
4-manifolds, 202, 203
symplectic 4-manifolds, 193, 264,
270
topological 4-manifolds, 233
geometric
boundary, 294
ideal triangulation, 134
geometrically simply connected, 288
Giroux
correspondence, 160
criterion, 281
torsion, 160, 162
Gluck twist, 191, 197-199
Goeritz group, 97
good
boundary link, 60

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



428

group, 207, 226, 231
Gordian
pair, 67
unknot, 67
Gromov hyperbolic group, 147
Gromov norm, 110, 111
Gromov—Witten invariant, 269
group
abelian with two or three
generators, 230
amenable, 226
Artin group, 108
boundary, 147, 148
braid group, 89-91, 108, 114
dihedral, 230
finite, 230
Fuchsian, 148
good, 207, 226, 231
Gromov hyperbolic, 147
hyperbolic, 124
Kleinian, 147
left-orderable, 135, 154, 166
linear, 86
of diffeomorphisms, 244, 246,
248-250, 252-256, 262
of homeomorphisms, 244, 248,
249, 252, 254, 256
PD3, 158
perfect, 159
presentation, 88, 90, 91, 309
profinite completion, 132, 137, 138
quasi-Fuchsian, 148
quaternionic, 230
right-angled Artin, 149
uniformly perfect, 259
weight, 159
wicket group, 90
group action, 59, 112, 113, 146, 185,
259, 260, 262, 305
exotic, 260

h-cobordism, 204

Haken 3-manifold, 135, 138, 156
Hamiltonian isotopy, 64

handle decomposition, 288
handle-ribbon knot, 52

hard unknot, 73
Hatcher—-Wagoner invariant, 255
Haydys—Witten equations, 36

Heegaard
genus, 155, 156
splitting, 155-157, 285
Heegaard Floer
homology, 173-175, 316
mixed invariant, 173
invariant
of a 4-manifold, 239
knot homology, 34
HF™, 165
HF, 29, 126, 170, 175
HFK, 28, 29, 45, 55, 125, 170
HFK™, 170
HF*, 126
HF\eq, 165, 170, 175
high surgery conjecture, 161
Hilbert’s tenth problem, 315
Hilbert—Smith Conjecture, 301, 303
holomorphic
Euler characteristic, 203
fibration, 102
holomorphicity, 102
homeomorphism
of a 4-manifold, 256
nonsmoothable, 258
of a surface, 112, 124
of the circle, 141
homeomorphism classification of
4-manifolds, 230
homeomorphism group
of a 4-manifold, 244, 248, 249, 252,
254, 256
of a manifold, 304
homeomorphism problem for
3-manifolds, 150, 211
HOMFLYPT
homology, 35, 39, 41
polynomial, 32, 35, 38
homological stability, 255
homology cobordism, 56, 238
homotopy
2-type, 219
4-ball, 198
homotopy equivalence, 204, 219, 234
homotopy group, 226, 248-250, 252,
254, 256, 262
homotopy-ribbon
disk, 55, 57
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knot, 47, 52, 55
Hopf
link, 64
pair, 19
Horikawa surface, 267
hyperbolic
3-manifold, 99, 100, 123, 131-150,
153, 156, 161, 176, 186
4-manifold, 104, 186, 205, 269,
292, 293, 295
group, 124
integer homology 4-sphere, 292
knot, 27, 30, 35, 76, 139, 141
meridian length, 139
link, 33
metric, 148
n-manifold, 294
1-cusped finite volume, 312
orbit, 160
rational homology 3-sphere, 135
surface, 93, 96-98
surface group, 110
volume, 33, 35, 99, 129, 132-137,
156
hyperbolization theorem, 97, 104
hyperkahler, 266, 267
hypersurface of contact type, 237,
279

immersed surface in a 4-manifold,
225
indefinite 4-manifold, 184, 185, 193,
242, 298
infection, 79
injectivity radius, 135
instanton Floer
homology, 167, 173, 174
L-space, 167
integer homology
3-sphere, 24, 59, 138, 159, 167,
181, 183, 206, 211
Seifert fibered, 159
4-ball; 58, 59, 183-185, 206, 237
4-sphere, 292
cobordism, 59
cobordism group, 181-183
intersection
form, 184, 185, 202
equivariant, 230

429

number, 92
irreducible

3-manifold, 24

4-manifold, 203, 242
is one enough?, 196, 216, 256
isotopy

Hamiltonian, 64, 127, 278

symplectic, 273, 275, 277, 281
iterated torus knot, 30, 50
Ivanov conjecture, 85

Jt 31

J°, 31

Jones
polynomial, 31, 34, 36

colored, 32, 33

slope conjecture, 33
unknot detection, 31

Jordan curve, 95

K3 surface, 193, 223, 236, 247, 266,
267, 272, 297
K3#K3#K3, 256
#PK3#9(S? x §?), 193
Kahler
form, 263, 267
surface, 264, 265, 267
Kapustin—-Witten equations, 36
Kashaev volume conjecture, 129
Kashaev—Murakami-Murakami
volume conjecture, 33
Kauffman bracket
skein algebra, 129
skein module, 178
Khovanov homology, 34-36, 39
odd symplectic, 39
reduced, 35
symplectic, 39
Khovanov—Rozansky homology, 35,
36, 38
Kinoshita conjecture, 220
kissing number, 93
Klein bottle, 220
Kleinian group, 147
Knaster problem, 96
knot, 11-81, 156, 161, 197, 210, 215,
297
2-bridge, 47
adequate, 12
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Alexander polynomial, 15, 30, 45

algebraic, 42

alternating, 14, 26, 35, 54

Borromean knot, 29

braid index, 54

bridge number, 27, 54

cable, 20

colored Jones polynomial, 32

connected sum, 12, 13, 69

contact homology, 315

Conway mutation, 11

Conway polynomial, 15

crossing number, 11, 12, 54

determinant, 35

diagram, 71-73, 75

doubly slice, 49

energy, 70

equivariantly slice, 50

fibered, 12, 14, 23, 55, 57, 125

Floer minimal, 29

genus, 14, 29, 66

genus in a 4-manifold, 199, 224

handle-ribbon, 52

HOMFLYPT polynomial, 38

homotopy-ribbon, 47, 52, 55

hyperbolic, 27, 30, 35, 76, 139, 141
meridian length, 139

hyperbolic volume, 35

in a 3-manifold, 23, 29, 55

iterated torus, 30, 50

Jones polynomial, 32

Khovanov homology, 35, 36, 39

Khovanov—Rozansky homology, 36

knot group, 18, 27, 156

L-space, 29, 30

Legendrian, 61, 63, 64, 314

Levine-Tristram signature, 47

meridional rank, 27

nonorientable 4-genus, 48

periodic, 50

positive, 14, 54, 75

quasipositive, 62

ribbon, 47, 51, 53

ropelength, 69

satellite, 11-13, 43

Seifert form, 14

Seifert surface, 14, 23

simple, 29

smooth concordance, 41, 55
smooth slice genus, 41, 46, 52, 66,
76
smoothly doubly slice, 49
smoothly shake slice, 56
smoothly slice, 41, 45, 46, 49, 50,
52, 53, 56-58, 200, 223
smoothly slice in a 4-manifold, 58,
210, 223
stable 4-genus, 43
strongly invertible, 20, 50
strongly negatively amphichiral,
41, 50
symmetric union, 53
taut, 23
topological concordance, 41, 59
topological shake genus, 56
topological slice genus, 41, 46, 47,
56, 76
topologically doubly slice, 49
topologically shake slice, 56
topologically slice, 41, 46, 47, 49,
50, 53, 56, 57, 200
torus, 30, 36, 47, 50
trace, 56
transverse, 61
trivial, 74
unknotting number, 11, 13, 14, 73
virtual, 76
knot surgery, 197, 297
knotted surface, 287
Kontsevich—Zorich conjecture, 106
KR-parity, 38

L-invariant, 286
L-space, 30, 135, 165-167
conjecture, 135, 166, 167
knot, 30, 50
strong, 169
L) _signature invariant, 46
L5 action, 207, 231
labeled oriented trees (LOT), 310
Lagrangian
cobordism, 61, 63
decomposable, 61, 63
exact, 63
filling, 64, 278
lamination, 144
large R*-homeomorph, 200
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leaf space, 144
Lefschetz
fibration, 101-104, 268, 270, 271
2-section, 104
multisection, 103, 104
section, 103
pencil, 101, 102, 266, 268, 271
achiral, 290
Legendrian
knot, 61, 63, 64, 314
link, 61, 63, 64
surgery, 162
length spectrum, 143
marked, 97
unmarked, 97
lens space, 18, 29, 208, 213, 238
Levine—Tristram signature, 47
link
2-bridge, 17
Alexander polynomial, 16
algebraic, 38
alternating, 15, 17, 26, 169
boundary, 60
braid presentation, 38
bridge number, 27
Cautis’ link homology, 38
cobordism, 38
colored Jones polynomial, 33
congruence arithmetic, 79
diagram, 38, 75
fibered, 12, 78, 160
freely topologically slice, 60
good boundary link, 60
homology theory, 40
hyperbolic, 33
hyperbolic volume, 33
in a 3-manifold, 34, 36, 79
annular Kauffman bracket, 34
annular Khovanov homology, 34
in integer homology 3-sphere, 16
infection, 79
Jones polynomial, 36
Khovanov homology, 36
Khovanov—Rozansky homology, 38
KR-parity, 38
Legendrian, 61, 63, 64
link group, 18, 27
link homology theory, 40

long link, 79
meridional rank, 27
odd symplectic Khovanov
homology, 39
physical, 67
positive, 15, 38
quasipositive, 66, 277
Reshetikhin—Turaev link invariant,
40
ropelength, 69
round handle slice, 228
Seifert surface, 65
smoothly slice, 52
strongly quasipositive, 65, 66
symplectic Khovanov homology, 39
topological concordance, 59
topologically slice, 60
torus, 17
transverse, 62, 65, 66, 277
wrapping number, 34
linking form, 183
Liouville vector field, 63, 263, 315
Lipschitz 4-manifold, 298
log concavity, 15
strong, 15
longitudinal knot surgery, 297

Mandelbrot set, 302
manifold
Lipschitz, 240, 298
quasiconformal, 240, 298
smooth, 191
mapping class, 100
periodic, 84
pseudo-Anosov, 84, 97, 108, 115,
125, 126, 128, 129
reducible, 84, 89, 92
mapping class group
of a 4-manifold, 222, 244, 256, 259,
313
of a punctured disk, 89
of a surface, 83-88, 92, 102, 106,
108, 109, 114, 115, 117, 120,
121, 124, 125, 127, 222
congruence subgroup, 85
pure, 120
mapping torus, 96, 100, 123, 126,
129, 295
Margulis constant, 146
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marked length spectrum rigidity, 97
meridian length, 139
meridional rank, 27, 287
conjecture, 27, 283, 287
Milnor conjecture, 313
monodromy, 160
factorization, 101, 102
orientable pseudo-Anosov, 136
monopole Floer
homology, 171, 173
L-space, 171
Montgomery—Yang problem, 302,
305
Morlet correspondence, 250
Morse function, 214, 285
multi-twist A, 274
multisection, 106
mutation
Conway mutation, 11, 13
genus 2, 174

n-manifold
hyperbolic, 294
nearby Lagrangian conjecture, 279
Nielsen realization problem, 259
Nielsen—Thurston classification, 84,
115
non-splittable 4-manifold, 209
noncompact 4-manifold, 195, 229,
239, 293, 295
nonorientable
3-manifold, 132, 196
5-manifold, 306
nonsmoothable homeomorphism, 258
NP, 153

0(4), 250
open 4-manifold, 195, 229, 239
open book decomposition, 160, 163
of a 4-manifold, 290
planar, 278
orbit
hyperbolic, 160
periodic, 164
oriented knot complement
conjecture, 21
overtwisted
contact structure, 160
disk, 160, 280

Pachner move, 151
pants complex, 99
patch number, 283
PD3-group, 158
PDn-group, 158
perfect group, 159
periodic
knot, 50
orbit, 164
physical isotopy, 67
m1-injective surface, 132
m1-negligible embedding, 223
Poincaré
conjecture, 19, 58, 155, 167, 191,
197, 198, 224
homology 3-sphere, 167, 310
return map, 160
positive
factorization, 102
knot, 14, 54, 75
link, 15, 38
Powell conjecture, 97
product 4-manifold, 194
profinite completion, 132
PSC 4-manifold, 295, 296
pseudo-Anosov flow, 141, 145
pseudo-isotopy, 247, 251, 255
Putman-Wieland conjecture, 85

quadratic 2-type, 233, 234
quasi-conformal

homeomorphism, 118

representative, 117
quasi-Fuchsian group, 148
quasi-geodesic flow, 141
quasipositive

braid, 62

knot, 62

link, 66

R-homology
3-sphere, 181
cobordism group, 181, 183
topological, 181, 183
R-link, 19
R?, 95, 121
R3, 155
R*, 164
large R*-homeomorph, 200
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RS, 239
R™, 302
Rasmussen’s s-invariant, 224
rational homology
3-sphere, 135, 138, 166, 167, 170,
171, 184-186, 279
cobordism group, 183
recognition problem, 232
3-manifold, 150, 211
3-sphere, 150
reducible 4-manifold, 297
Reeb
flow, 164
orbit, 160
elliptic, 160
vector field, 160
Reidemeister
graph, 71
moves, 72, 73
relatively exotic, 191
representation, 24, 40, 76, 129, 141,
144, 167, 168
faithful linear, 157
Reshetikhin—Turaev link invariant,
40
ribbon
concordance, 51, 54, 55
minimality, 54, 55
monotone, 54
disk, 57, 221
knot, 47, 51, 53
surface, 52, 214
Ricci curvature, 313
Riemannian metric of positive scalar
curvature, 295, 296
right-angled Artin group, 149
Rokhlin invariant, 181, 243
ropelength, 69
rotation number, 61
round handle, 236
problem, 228
slice, 228
RP?, 220, 261
«RP*, 205, 261
RP*, 205, 261

s-cobordism, 204
s-cobordism conjecture, 226, 228
4-dimensional, 234

S-equivalence, 14
S-map, 307
St x L(n,q), 208
St x S2.178
#"(St x §?), 19
St x §3, 208, 243
S2,103
S? x §2, 213, 236, 247, 295
#1(S?% x §?2), 193, 213
#7(S%% 5%, 213
S3, 97, 164, 178, 209
S4, 49, 191, 197, 209, 211-214, 216,
218, 220, 244, 246, 250, 260,
261, 283, 287
S5, 239
S™, 305
satellite
crossing number conjecture, 12
knot, 11-13, 43
operator, 11-13, 43
geometric winding number, 12
winding number, 11, 13
Schoenflies problem, 198, 209, 212,
299
Seiberg—Witten
equations, 243, 299
Floer homotopy L-space, 171
Floer homotopy type, 172
Floer spectrum, 165, 171
invariant, 173, 239, 242, 264, 266,
268, 269
simple type, 240
theory
parameterized, 240, 256
Seifert
form, 14, 44
surface, 14, 23, 65, 214
Seifert fibered homology 3-sphere,
159, 237
self-linking number, 61, 65, 66
signature of a 4-manifold, 202, 205,
235, 239, 263, 290
simple
closed geodesic, 142
homotopy equivalence, 204, 231
knot, 29
lifting degree, 92
loop conjecture, 157
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type
conjecture, 240
Donaldson, 240
Seiberg-Witten, 240
singularity, 78
complex normal surface, 316
skein
algebra, 39
HOMFLYPT, 39
Kauffman bracket, 129
50(2), 39
sl(N), 39
lasagna module, 243
module
Kauffman bracket, 178
slice genus
smooth, 41
topological, 41
slice-Bennequin inequality, 62

slice-ribbon conjecture, 20, 52, 55, 57

smooth
concordance, 41, 44, 55, 56
concordance group, 41-43
bipolar filtration, 46
solvable filtration, 46
double concordance, 49
group, 49
shake genus, 56
slice disk, 57
slice genus, 41, 46, 47, 52, 66, 76
structure, 191, 258, 260, 298
absolutely exotic, 191
exotic, 191-202, 223, 243, 258,
279
relatively exotic, 191
smoothing a surface, 216
smoothly
doubly slice knot, 49
shake slice knot, 56
slice knot, 45, 46, 49, 50, 52, 53,
56-58, 200, 223
slice link, 52
space
of embeddings, 250
of embeddings of a surface in a
4-manifold, 226
of homeomorphisms
of a 4-manifold, 229

of knots, 70
of links, 79
spin

3-manifold, 176
4-manifold, 193, 202, 231, 239,
258, 293, 298
cobordism, 239
structure, 176
square peg problem, 95
stabilization
of a 4-manifold, 196, 252—-256
of a Heegaard splitting, 156
of a Legendrian knot, 61
of a surface in a 4-manifold, 216
external, 216
internal, 216
standard internal, 216
of a trisection, 283
of an open book decomposition,
160
stable
4-genus, 43
commutator length, 110
homeomorphism, 231
isotopy, 251, 255
star partner, 205, 261
Stein
filling, 62, 263, 269, 278
manifold, 62, 269
strata of abelian differentials, 106
strong Fox conjecture, 15
strongly
invertible knot, 20, 50
negatively amphichiral knot, 41,
50
quasipositive link, 65, 66
structure set, 207, 231
SU(2) connection, 243
Sullivan minimal models, 315
support genus, 162, 163, 278
surface
area, 140
Chamanara, 120
complex, 105
convex, 280
finite type, 84-115, 125-129
hyperbolic, 93, 96-98
in a 3-manifold, 155, 157

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



5.4. SYMPLECTIC AND CONTACT TOPOLOGY 435

immersed, 140
m1-injective, 140
totally geodesic, 141
in a 4-manifold, 197-199, 210,
213-226, 257, 272, 273, 291
connected sum, 220
immersed, 225
infinite type, 84, 115-125
mi-injective, 132
ribbon, 214
Riemann, 106
singular, 275
skein algebra, 39
HOMFLYPT, 39
50(2), 39
sl(N), 39
symplectic, 264, 272, 273, 275,
278, 281
translation surface, 106, 120
surface bundle
over a 3-manifold, 111
over a circle, 23
over a surface, 101, 102, 104-106,
111, 194, 266, 270
surgery
conjecture, 226, 228
exact sequence, 207
of an embedded graph, 94
sutured manifold, 311
symmetric union, 53
symplectic
4-manifold, 167, 263
Calabi—Yau surface, 266
cobordism, 162
fake projective plane, 265
filling, 160, 167
Poincaré conjecture, 266
structure, 263, 282
symplectomorphism, 127, 267, 269,
279
systole, 93

table problem, 96
Tait coloring, 31
tangle, 90
taut
foliation, 141, 292
knot, 23
Teichmiiller space, 96, 99, 118

Thurston norm, 29
Thurston-Bennequin number, 61
Thurston-Bennequin number
maximal, 64
tight contact structure, 160-163
Top(4), 250
topological
concordance, 44, 56
concordance group, 41-43
bipolar filtration, 46
solvable filtration, 46
concordance in a homology
cobordism, 59
double concordance, 49
double concordance group, 49
entropy, 122
R-homology cobordism group,
181, 183
shake genus, 56
slice genus, 41, 46, 47, 56, 76
topologically
doubly slice knot, 49
slice knot, 41, 45, 46, 49, 50, 53,
56, 57, 200
slice link, 60
Torelli group
of a 4-manifold, 256
of a surface, 88
torus
knot, 30, 36, 47, 50
link, 17, 235
surgery, 218, 235, 236
totally geodesic boundary, 186
TQFT, 187
translation length, 99, 122
transverse
knot, 61
link, 62, 65, 66, 277
trefoil, 68
triangulability, 182, 306
triangulation, 151, 152, 232
geometric ideal, 134
veering, 145
trisection, 282288
complexity, 282
genus, 282, 287
non-diffeomorphic, 286
non-isotopic, 286
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of an exotic pair, 284
simplified, 284, 285
trivial knot, 74
Turaev—Viro invariant, 135
two summands conjecture, 20

unit sphere, 198
universal
branching
link, 291
surface, 291
cork, 197, 201
cover, 144
universally tight contact structure,
160
unknot, 73, 90, 214
detection, 31, 71
hard, 73
Reidemeister graph, 71
unknotting, 213, 214, 218
unknotting number, 11, 13, 14, 34,
73

veering triangulation, 145
virtual
slice genus, 76
triangulability, 306
virtually

overtwisted contact manifold, 160

special, 311
vol-det conjecture, 35
volume conjecture for surface
diffeomorphisms, 129

Wall realization, 207, 231
weak fillability, 162
Weeks manifold, 146
weight, 159
Weil-Peterson metric, 99
Weinstein
—Kirby diagram, 280
domain, 263
filling, 282
homotopy, 270, 315
manifold, 315
structure, 63, 280-282, 315
Whitehead
conjecture, 221, 308, 309
double, 43, 60
torsion, 204
wicket group, 90
Witten—Reshetikhin—Turaev
invariant, 135, 180
representation, 128
word length, 92
wrapping conjecture, 34

Z, 207

Z « 7, 226

Z x L, 207

Zg X ZQ, 207

Z/2-homology 4-ball, 58
2—invariant, 180

Zariski pair, 276, 277
Zeeman conjecture, 308, 310
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