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We introduce a new model of stochastic choice that assigns each
choice option a utility, along with a salience parameter reflecting
economic frictions. We characterize our model behaviorally and
investigate its comparative statics properties. We show that the
model generates intuitive closed-form solutions in equilibrium set-
tings where firms can choose price, quality, and advertising. In addi-
tion, we show that the model allows for flexible substitution patterns
and changes in market shares across choice sets. We demonstrate
that our model can be easily identified and can outperform alterna-
tives in demand prediction. (JEL D11, D21, D43, M37)

This paper introduces a simple and tractable yet flexible model of probabilistic
discrete choice, which we call the weighted linear (WL) model of discrete choice.
In our model, each choice option is described by two parameters: One reflects the
underlying quality or utility of an item, while the second captures the ease of choos-
ing an item as a result of prominence, or what has been termed salience in the cog-
nitive science and marketing literatures.

The WL model adds a single parameter to describe each option compared to the
widely used Luce model (also called the multinomial logit model). Although many
models generalize the Luce model, we will demonstrate that our model has sev-
eral advantages over the alternatives in environments where products exhibit asym-
metries, especially when responding to changes in the choice set. Our formulation
allows the WL model to sidestep some of the “counterintuitive implications” of
commonly used models that Berry and Pakes (2007) highlight (see also Benkard
and Bajari 2001). For example, many of these models predict that a superior product
will obtain zero market share in the limit as a very large number of inferior products
are introduced. The WL produces intuitive market share responses to the introduc-
tion of new products and can account for flexible cross-price substitution effects as
well as the relationship between markups and advertising under oligopolistic com-
petition. In addition, the WL performs well when conducting demand estimations
and counterfactual predictions relative to alternative formulations of random choice.
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Section I introduces the WL model. The model ranks outcomes by two orderings:
a utility function u, which captures “how good” an item is, and a salience function,
m, which captures “how salient” an item is. The probability of choosing x from S is

equal to
! m(x)

alS) =
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Comparative Probability Transfer

Here, ii,,(S) is the average utility of outcomes in S weighted using m; that is,
i (S) — ZyESm(y)u(y)
" Yyesm(y)
nents: a base probability plus a comparative probability transfer. The first, the base
probability, reflects how easy it is to think of x compared to the rest of the choice set
and mirrors Luce’s choice rule (Luce 1959). The comparative probability transfer, in
line with Fechernian stochastic choice (Fechner 1860), reflects the difference in util-
ity between the item and a weighted average of other items in the choice set, where
the weights depend on the salience of the items. The salience of x then scales this
difference. Thus, unlike Luce and many of its existing generalizations, we move the
main source of choice stochasticity from utility to salience. For example, when all out-
comes have the same utility, the comparative probability transfer term above vanishes,
and ties in utility are broken by salience; while in the limit when all items become very

salient, choice becomes deterministic (and the highest-utility item is chosen).

We link our model to an object-specific notion of salience based on promi-
nence that is in line with intuitions in cognitive science on visual salience (e.g.,
Milosavljevic et al. 2012; Towal, Mormann, and Koch 2013; Janiszewski, Kuo, and
Tavassoli 2013; Weingarten and Hutchinson 2017; Dai, Cone, and Moher 2020),
and in marketing on brand salience (e.g., Hoyer and Brown 1990) that has also been
tied to advertising (Sutherland and Galloway 1981; Moran 1990; Yi 1990; Miller
and Berry 1998)." Consistent with these approaches, and Bordalo, Gennaioli, and
Shleifer’s (2022) definition, we think of salience as capturing a “bottom-up” mental
process, one that affects choice in an automatic and involuntary fashion. We review
some stylized facts from these literatures in Section I and how they accord with
our approach. Although recent models in cognitive science have been developed to
explain attention and visual salience as well as choice, our model, which abstracts
away from the choice process, has the advantage of being quite tractable, even for
large choice sets, as well as matching many stylized facts.

At the same time, our approach is the stochastic choice equivalent of a linear demand
system, where market shares are linear in net utility differences between items, which
is widely used in economics.’ In our model, demand for a product reflects (i) a base
component independent of the utility of the item and (ii) a component that reflects the
difference in utility between the item and the average item scaled by some number

. The probability of choosing x is the sum of two compo-

'Bordalo, Gennaioli, and Shleifer (2022) describes salient stimuli as those that attract attention through an
involuntary mental process, and are typically driven by contrast, surprise, or prominence. There is a recent body of
work in economics on context and attribute-based salience driven by contrast and surprise (e.g., Bordalo, Gennaioli,
and Shleifer 2013), which embodies a distinct approach to ours.

2The approach of linear demand systems has been used extensively in applied settings (early references include
Shubik and Levitan 1980; Dixit and Stiglitz 1977; Spence 1976; and Singh and Vives 1984).
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that captures how easy it is to consider alternative products (i.e., a kind of friction)
in the market (as the number gets bigger, the best items eventually attract the entire
market). In other words, our model merges the ideas of Luce (1959) and of linear
demand systems using salience. In particular, our model yields both the standard
multinomial logit model and the “simple” version of linear demand systems (with
all firms symmetric in salience) as special cases.

The WL model has straightforward behavioral foundations. Section II demon-
strates that three simple axioms summarize all behavioral implications of the WL
model. Structurally, the behavioral content of the model is characterized by a novel
type of acyclicity condition. These axioms connect the (unobserved) components of
the model to observed choice behavior. We show that identification can be achieved
by observing choices on relatively few choice sets.

Section III compares the WL to the additive perturbed utility (APU) approach
of Fudenberg, Iijima, and Strzalecki (2015b) and the random utility model (RUM).
Although logically distinct from the APU, our model has a nontrivial intersection
with it. Both models nest the multinomial logit model and the simple linear demand
approach described above. Our model, in turn, is nested in the well-known class
of RUMs (characterized by Falmagne 1978). This means our model shares a com-
mon interpretation with most existing models of random choice as representing the
choice frequencies of a population of heterogeneous but otherwise standard ratio-
nal agents. Drawing on the population interpretation of our model, we introduce a
measure we term “rank polarization.” We define it as the sum of the proportion of
consumers who rank an option as their first (best) option and as their last (worst)
option among all the options, capturing how extreme are the preferences for a given
item. Rank polarization subsequently plays a role in interpreting the WL model’s
ability to explain empirical patterns and to predict market shares.

Section IV demonstrates the explanatory power of the WL model, showcasing its
ability to accommodate several empirical regularities and highlighting the potential
benefits relative to the multinomial logit as well as a wider class of discrete choice
models. First, we examine substitution patterns in our model, including those derived
from utility, salience, and price changes. We show how our model can allow for
richer patterns of cross-price substitution relative to the logit approach. We show that
in line with intuitions, items with higher salience induce higher cross-price elastici-
ties. Second, we show that our model can accommodate natural shifts in market share
when new products are introduced and that these shifts are tied to rank polarization.
We show that items that are rank polarized have more similar market shares across
choice sets of different sizes and that higher utility means that an item will lose
relatively less market share when new products are introduced. In fact, high-utility
items can even maintain nonnegligible market share when an infinite number of new
products are introduced, unlike many other models of discrete choice.

Section V provides an application to oligopolistic competition with advertising.
We extend the model to allow for firms to compete by influencing utility via setting
price and salience via advertising (in line with evidence from marketing that shows
brand salience is influenced by advertising). We show that the model can tractably
capture these kinds of oligopolistic competition, delivering closed-form solutions,
and that the model generates relationships between markups, the number of firms,
and advertising consistent with intuitions and existing evidence.
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Section VI highlights the predictive power of the WL model. We compare the
performance of the WL model to some of the most well-known models in discrete
choice estimation, namely classic logit, nested logit and (covariance) probit. To
assess the strengths of each model in a variety of situations, we use simulated data.
We estimate each model in 14,850,000 simulated datasets, covering the entire range
of demand systems that come from a population of heterogeneous rational agents
(i.e., the entire range of demand systems generated by RUMs). We compare the
out-of-sample predictions of these models using several standard metrics, and we
organize the results by the level of rank polarization (extremeness) of tastes in each
simulation. Rank polarization turns out to be an important measure to track the
predictive performance of the WL model versus the alternatives. The logit model
becomes heavily disadvantaged once rank polarization moves away from the knife-
edge case of 0.5. Nested logit improves predictions over logit somewhat, but WL
and probit clearly outperform both logit and nested logit. We show probit makes
slightly better predictions than WL for larger choice sets, WL has slightly better
predictions than probit for intermediate-sized sets, and the picture is mixed for pre-
dictions in smaller choice sets. Hence, while the WL does not clearly dominate the
probit model, and performs slightly worse in some cases, it could prove a better
model to use given its smaller number of parameters, closed-form choice probabili-
ties, computational simplicity, and easy interpretation.

Finally, Section VII concludes. The Supplemental Appendixes include proofs and
discuss other relevant ideas, such as behavioral properties of the extension of our
model, which allows for zero choice probabilities.

1. Model

We begin by describing our model in an abstract environment, and in later sec-
tions apply it to particular settings. Let X be a finite set of alternatives. Let X be
the set of all probability measures on X. That is, p( . |X) € Ximplies p(x\X ) >0
and erxp(x|X) = 1. Let D denote the set of nonempty subsets of X. For every
S € D, denote by S the elements in X that naturally induce probability measures
on §; that is, p(-[S) € S means p(x|S) € X and p(x|S) = 0 whenever x ¢ S.
p(x|S) denotes the choice probability (market share) of x in S. We also denote the
sum of choice probabilities in 7 C S as p(T|S). Similarly, for any real function,
fon X, f(S) denotes the sum of f(x) for all x € S. We will denote binary choices
as p(x,y) instead of p(x| {x, y}) A stochastic choice (sometimes called a stochas-
tic choice rule or stochastic choice function) is a family { p( -|S ) } Sep’ where each
p(-1S) € S.

In our stochastic choice model, each alternative x is represented by two values:
its utility u(x) and its salience m(x). Utility captures the value of each option, while
salience captures how accessible or prominent the object is to the decision-maker
(we elaborate in detail the interpretation of our salience parameter in Section IA).
For any set S, we let

D s (x)m(x)

i (S) = n(S)
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denote the weighted utility average of options in S with respect to m.

DEFINITION 1: A stochastic choice p is consistent with a weighted linear model on
D if there exist functions u:X — Randm:X — R, such that, foreach S € D,

m(x)

(1) p(x[S) = ) + m(x) [u(x) — @,(S)]-

We also say (u,m)representsp, or (u,m) is a WL representation of p.

A pair (u,m) must generate nonnegative choice probabilities in (1) to be a WL
representation. A simple restriction on (u, m) is necessary and sufficient.

PROPOSITION 1: (u,m) is a WL representation for some p if and only if, for all
x € X

In Section 1B, we show that the expression i,,(X) — 1/m(X) above has a natural
interpretation as the shadow price in the problem of maximizing the decision-mak-
er’s expected utility subject to a quadratic penalty of paying attention to make choice
less random. Proposition 1 shows that a pair of functions (u,m) generates a stochas-
tic choice according to the WL model if and only if the smallest utility among the
options in the grand set X is larger than this shadow price.

Like most generalizations of the Luce model, we introduce additional parameters
—in our case, a single additional value for each option—which we call salience.
The first term of equation (1) reflects the fact that each item has a base probabil-
ity of attracting consumers in a way proportional to its salience. The second term
reflects the fact that products gain or lose consumers in proportion to the difference
between their utility u(x) and the salience-weighted average utility in the market
it,,(S): More salient items attract more attention, and so their utility benefits (or
drawbacks) are more easily noticed, and so shift choice more. These two terms
allow us to naturally combine two well-known approaches that capture nondeter-
ministic choice: the Luce model and models of linear demand.

To see this, first consider the case where the utility function is constant but
salience differs across alternatives. If u(x) = u(y) for all x,y, the second term in
the representation disappears, and the choice probabilities are solely driven by m:

m(x)

m(S)

plxls) =

Clearly, this is the classical model of (Luce 1959) but with a key conceptual dif-
ference: Here, randomness in choice is driven by salience, while in the Luce model,
it is driven by utility. Thus, in our model, we obtain Luce’s choice probabilities when
utility is constant, and the ties in utility are broken by salience. In fact, this is the
only way to obtain Luce choice probabilities in our framework: It is straightforward
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to verify that p is a WL where u(x) = u(y) for all x,y € X if and only if it has a
Luce representation.

Now consider the other extreme case, where salience remains constant: m(x) =
m for all x. In this case, the first term is simply 1/|S|; each alternative attracts atten-
tion uniformly. Then, the weighted utility average becomes the ordinary average,
i, (S) = u(S), and we have

p(x]S) = ﬁ + mfu(x) — a(S))].

This is equivalent to the basic linear demand system that features prominently in
many models of monopolistic competition, where market shares are assumed to be
linear in the net utility of a product.”! To see this more clearly, without loss, we define
u(x) = i — p(x). If we call p(x) the price of x, then we can define demands as
p(x|S) = 1/IS| + nﬁ[ﬁ(S) - p(x)]. Salience can be interpreted as reflecting how
easily consumers are able to notice the item, including its utility relative to the aver-
age utility: If all items are very salient, then utility differences are easily noticed and
have a large impact on choice, while if items are not very salient, utility differences
have a small impact on choice.

As mentioned, a key conceptual difference between our model and the Luce
model, as well as many of its generalizations, is that in the WL model stochasticity
is driven by salience rather than utility (one exception is the similar approach of
Fudenberg, lijima, and Strzalecki 2015b). Salience drives stochasticity in two ways.
First, the overall level of salience in the market determines how close choices will
approximate utility maximization. If all items have low salience, any given item
struggles to draw attention, and agents are constrained to choose among only the
few items that do come to mind (which may have low utility). In other words, when
overall salience in the market is low, the importance of utility also diminishes, as the
second term in (1) vanishes. Conversely, as the salience of items grows (that is, if we
multiply the salience of all items by some large scalar), choice probabilities become
more concentrated on high-utility items, as the second term in (1) starts to dominate.
This is because agents can more easily conceive of all alternatives and choose the
one with highest utility. In fact, extending the model using the microfoundation of
Section IB to allow zero choice probabilities, one can show that in the limit, as the
salience of all items scales to infinity, we would observe a convergence to determin-
istic choice of the highest-utility item.

While the total salience in the market drives the amount of stochasticity in choice,
the relative salience of different items determines the shape of the stochasticity.
This is most clearly seen in the two cases where choices are determined mostly by
salience rather than utility: first, when all items have the same utility or are close to

30ur model is distinct from the nested logit where alternatives within a nest must satisfy Luce’s ITA, although
the idea of nests can be introduced in our framework. Kovach and Tserenjigmid (2022) provides several character-
izations for the nested logit and its generalizations.

“#Linear probability models are popular for their tractability in discrete choice estimation (e.g., Section 4.2 in
Ben-Akiva and Lerman 1985) and appear in solution concepts with boundedly rational players in noncoopera-
tive games (Rosenthal 1989; Voorneveld 2006). Early examples are Shubik and Levitan (1980); Dixit and Stiglitz
(1977); Spence (1976); and Singh and Vives (1984), while Choné and Linnemer (2020) provides a survey.
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indifference and second, as we have seen, when the overall salience in the market is
low. In both cases, choice probabilities are driven by the first term in (1), and relative
salience determines choice: If one option is twice as salient as another, it is chosen
twice as often.

In interpreting the parameters, thinking about the relative impact of utility and
salience on choice, and linking the WL model to empirical evidence (such as that
discussed in Section IA), it is useful to think about what happens to demand (i.e.,
the probability of being chosen) for a given object as both u and m change. First, we
note that increasing either u(x) or m(x) results in an increase in the choice proba-
bility p(x|S). For both of these changes, there is a direct effect of the change in the
parameter, as well as an indirect effect, which emerges because of the change in
ii,y(S). Given that p(x[S) > 0, algebra shows that

Op(x|S)  m(x)m(S\{x}) " op(x[S)  m(S\{x}) )
Ou(x) a m(S) d Om(x) - m(x)m(S) P( ’S)

Viewed as a function of u, for a given S € D, p(x|S ) is linear. This implies that
by reducing u(x), it is possible for x to be chosen with probability arbitrarily close to
zero. Similarly, increasing u(x) enough will eventually lead to all other items being
chosen with zero probability. It is also easy to see from this that m(x) and u(x) are
complements: Increases in utility have a larger impact on highly salient items, and
vice versa.

Unlike utility u, the effect of salience m on choice probabilities is nonlinear. If
u(x) > i,(S), then the probability of x being chosen will go to one as m increases.
If not, the probability of x being chosen converges to an upper bound strictly below
one. In contrast, as m(x) decreases, the probability of x being chosen falls to zero (in
line with the idea, discussed in Section IA, that “unseen is unsold”).

Holding the initial choice probability constant, the effect of a change in salience
on choice is larger when m(S ) is larger, e.g., when the choice set is large. As the
choice set expands, the impact of a marginal change in the utility of x on its mar-
ket share approaches m(x), while the impact of a marginal change in its salience
approaches p(x|S) /m(x). A more subtle consequence of the asymmetry between u
and m is that larger sets tend to benefit larger utility items, as follows.

PROPOSITION 2: u(x) > u(y) and p(x|S) > p(y|S) implies p(x|SUT) >
p(y[SUT).

It is easy to find examples where a lower-utility product enjoys a higher mar-
ket share in a smaller set (u(x) > u(y) while p(x|S) < p(y[S)), but enlarging
the product variety favors the higher-utility product (p(x|S U T) > p(y|S U T)).5
However, Proposition 2 shows this can never happen the other way around.

5 For instance, when u(x) = 2andu(y) = 1whilem(x) = 1/10and m(y) = 2/10, the market share of y
is 50 percent larger than x’s in a binary comparison. But once the set is expanded to include z with u(z) = 1 and
m(z) = 6/5,y’s market share becomes 25 percent smaller than x’s.
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A. Interpreting Salience

A novel feature of our approach is the importance of salience or market presence
in determining choice probabilities. Salience, as a term, has been widely applied
across disciplines to mean a variety of related concepts. Bordalo, Gennaioli, and
Shleifer (2022) summarizes salience as capturing an involuntary process of attract-
ing attention through contrast, surprise, or prominence. Moreover, some work
focuses on the salience of objects, others on the salience of attributes. For example,
Bordalo, Gennaioli, and Shleifer (2013) develops a model where certain aspects
of an item are more or less salient depending on the choice set (and so depends on
contrast). In a distinct line of work, Chetty, Looney, and Kroft (2009) and related
papers consider what happens when one aspect of a good may be less salient (e.g.,
the posttax price, relative to the pretax price).

Our model takes a complementary approach, where salience is an inherent feature
of the object itself, rather than being derived from comparisons to other objects via,
for example, contrast effects (although the weight of salience in determining choice is
determined by the context in our model), and can be entirely independent of utility. We
think that this corresponds most clearly to a notion of prominence and relates to exist-
ing work on visual salience (in cognitive science) or brand salience (e.g., in market-
ing). Of course, work in both those fields also relates salience to other context-related
factors, like contrast. We assume that the salience of an object is treated as given by
the decision-maker, although it may be manipulable by others, through, for example,
advertising. We now turn to discuss how our particular model relates to stylized evi-
dence on the importance of salience in both cognitive science and marketing literature.

First, we focus on the relatively recent literature examining visual salience. The
initial stylized fact that our model captures is fairly intuitive: Extensive evidence
indicates that choice probabilities increase in salience. The best evidence comes from
work on visual salience. Although the evidence in economics is relatively small (Li
and Camerer 2022; Reutskaja et al. 2011), there is extensive documentation in cog-
nitive science (e.g., Bialkova and van Trijp 2011; Milosavljevic et al. 2012; Orquin
and Loose 2013; Orquin and Lagerkvist 2015; Peschel, Orquin, and Loose 2019;
Bhatnagar and Orquin 2022). Moreover, the evidence indicates that salience is com-
bined with subjective value (i.e., utility) in order to determine choice (Navalpakkam
et al. 2012; Towal, Mormann, and Koch 2013). Milosavljevic et al. (2012) find that
the effects of salience on choice are particularly strong when preferences are weak,
and salience can be as influential as preferences in determining choice probabilities,
although other studies find subjective valuations matter more (Towal, Mormann,
and Koch 2013).

Second, studies have found that increasing salience has a stronger effect for
high-utility items (Krajbich, Armel, and Rangel 2010; Smith and Krajbich 2019).
In other words, subjective value (i.e., utility) and salience are complements, exactly
what occurs in the WL model.

Third, in the WL model (although we focus on situations where all choice proba-
bilities are positive), it is the case that when utility differences are large enough, the
choice is determined by utility (so long as all items have positive salience). This is in
line with findings in Li and Camerer (2022), where if the value difference between
items is large enough, salience seems to have a negligible impact on choice.
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Fourth, the WL model predicts that as salience increases, choice probabilities
increase, but that a relatively unattractive item will never be always chosen just
because of a high m. It is the case that in the literature increased salience does not
lead to an item always being chosen, e.g., Li and Camerer (2022) (although there
is more limited evidence on this phenomenon relative to other patterns we discuss).

Fifth, again though we focus on strictly positive probabilities, clearly as the
salience of an item goes to zero, the probability that it is chosen goes to zero. This
captures the adage in marketing that “unseen is unsold” (see Chandon et al. 2009 for
a recent discussion of this).

Last, the WL model makes predictions about what happens to the impact of
u and m as the choice set size changes (e.g., Proposition 2). Unfortunately, most
work studying the relationship between visual salience and choice has focused
on binary choices, although a few have focused on choice sets of sizes 3 and 4
(Towal, Mormann, and Koch 2013; Krajbich and Rangel 2011; Gluth, Spektor, and
Rieskamp 2018). The one study we know of looking at relatively larger choice set
sizes, Thomas, Molter, and Krajbich (2021), looks at choice sets of size 9 to 36 and
finds little role for salience in choice probabilities, in contrast to the work on binary
choice sets, and in line with what our model predicts. Although not explicitly testing
visual salience, Reutskaja et al. (2011) considers choice sets of sizes 4, 9, and 16
and finds that item location matters more for choice probabilities going from 4 to 9;
its importance then falls going from 9 to 16.

The literature on brand salience in marketing often leverages field data (with both
the benefit of external validity and the cost of identification). Broadly speaking,
this field’s findings about the impact of salience accord with, and oftentimes are
directly related to, the findings on visual salience in cognitive science. The salience
of a good or brand has been conceptualized as measuring the prominence of a
brand in memory (Wedel and Pieters 2000; Romaniuk and Sharp 2003; Nedungadi
1990; Zhang et al. 2021), visual, perceptual, or cognitive awareness (Wedel and
Pieters 2000; Van der Lans, Pieters, and Wedel 2008; Janiszewski, Kuo, and Tavassoli
2013;Weingarten and Hutchinson 2017; Dai, Cone, and Moher 2020); how often it
enters into consideration sets; or how loyal customers are to it (Romaniuk and Sharp
2004; Ehrenberg, Barnard, and Scriven 1997). Extensive work has shown that, as in
our model, higher salience implies a higher chance of being chosen (Sutherland and
Galloway 1981; Ehrenberg, Barnard, and Scriven 1997; Romaniuk and Sharp 2003;
Vieceli and Shaw 2010). Not only that, but salience (as measured through aware-
ness) can impact choice even in the face of utility differences such as quality and
price (Macdonald and Sharp 2000; Hoyer and Brown 1990).

The marketing literature also suggests that firms can directly alter the salience of
their brands via advertising (Sutherland and Galloway 1981; Moran 1990; Yi 1990;
Miller and Berry 1998; Yang et al. 2024). We specifically explore the implications of
this in Section IV, where we consider an equilibrium setting where firms can choose
both the price and salience (via advertising) of their products.

Of course, this is not to imply that our model captures all important details about
salience or even visual salience. Clearly, our model abstracts away from attribute-based
notions of salience, as in Bordalo, Gennaioli, and Shleifer (2013) and the following lit-
erature. Moreover, our model is silent about important interactions between salience,
directed attention, and time that models such as the attentional drift-diffusion model
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capture (Krajbich 2019; Krajbich, Armel, and Rangel 2010). More generally, many
models of salience in cognitive science explicitly take into account choice process
data, which our model neglects. Although this means our model is less rich, it means
it is far more tractable for solving out for choice probabilities.

The cognitive science literature has developed a set of models that are meant to
explain how salience and choice interact (e.g., the attention drift-diffusion model,
Krajbich, Armel, and Rangel 2010). These models are process focused and describe
not only the choice probabilities but the process by which those probabilities are
reached. However, they have primarily been applied to binary and trinary (Krajbich
and Rangel 2011) choice sets and are difficult to solve in closed form. In contrast,
our model, while neglecting to capture the process of choice, attends to many of the
same stylized facts and could be seen as a simple reduced-form alternative that can
be used to understand salience.

B. Microfoundation

We now show that our model can be microfounded as the solution to a simple
utility maximization problem subject to the cost of paying attention. In particular,
the decision-maker chooses the probability with which each option is realized, as
in other recent models of deliberate randomization. Motivated by the “stochastic
choice as optimization” paradigm of Machina (1985) and Cerreia-Vioglio et al.
(2019), we suppose that for any set S, probabilities reflect the solution to maximiz-
ing expected utility less quadratic cost:

(2) P(S) = a;(gsr;lg(% u(x)p(x[S) — 2ml(x)p (x|S)2 :

The objective function in (2) describes individuals who want to maximize utility
but find it costly to pay attention to the utility of the options. We can understand the
cost of paying attention as follows. First, suppose every option is equally salient;
that is, for all x, we have m (x) = m for some fixed m > 0. Then, we may write the
cost in (2) as a quadratic penalty for deviating from purely random choice,

1y 1 2 (1.
P~ ()
that is, the cost of not paying attention at all is zero, in which case every option
is chosen with the same probability, namely, 1/|S|. Paying attention to maximize
utility is costly, and the cost is quadratic. The salience level m modulates the cost of
paying attention: It is easier or less costly to pay attention when all the options are
more salient.

Our key assumption is that salience is always positive: m(x) > 0 for all x. When
the options vary in their salience, it is easier to pay attention to more salient options.
That is, less salient options have steeper cost:

e~ (3] = S
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where the right-hand side of this equality is the cost in the optimization problem in
(2), except for the presence of the constant term K that does not matter for optimi-
zation and can safely be omitted.

We will focus on situations where the solution to (2) features only positive prob-
abilities. Then, the first-order conditions to (2) are

u(x) — Lp(x|S) = A(S) forallx € S,

m(x)

where A(S) is the Lagrange multiplier of the constraint that the probabilities add up
to 1. Summing across the elements of S and a bit of algebra imply

Yyesm(y)u(y) — L

A(S) =

B = )

Plugging back into FOC, we get p(x[S) = m/(x) [u (x) — A(S)], which yields the
WL choice probabilities in (1) after a simple rearranging of the terms. Hence, the
market shares in the WL model (1) can be obtained from the optimizing behavior of
a single representative agent who faces a cost of paying attention, where the cost of
paying attention to an item is modulated by its salience.

This microfoundation sheds light on the asymmetric role played by utility and
salience in our model. The marginal benefit of increasing the market share of an
option is constant and equal to its utility parameter. The marginal cost is scaled
by salience, but, unlike the marginal benefit, it is also proportional to the option’s
current market share. This explains the different comparative statics on u and m.
For example, as we have seen, it is always possible to increase the market share of
an item by raising its utility; however, raising the salience of a low-utility item will
never lead the item to dominate the market.

Finally, this microfoundation allows us to reinterpret the parameter restrictions in
Proposition 1. This result shows that all choice probabilities are positive if and only
if u(x) > i, (X) — 1/m(X). Given that it,,(X) — 1/m(X) = A(X), the restric-
tion requires utility of all items to be larger than the shadow price (of relaxing the
constraint that probabilities sum to 1) in the grand choice set X. In Supplemental
Appendix B, we use the microfoundation in (2) to obtain an extended version of our
model allowing for options to be chosen with zero probability.

II. Characterization, Uniqueness, and Identification

We now discuss the behavioral implications of our model.” The first behavioral
postulate is the often-invoked notion of positivity. Positivity says that every alterna-
tive is chosen with a positive probability.”

SReaders interested in applying the model may safely skip ahead to Section III.
7 As discussed, this assumption cannot be rejected by any finite data set, but we relax it in the Supplemental
Appendix.
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AXIOM I: [Positivity) p(x|S) > Oforeveryx € Sand S € D.

The next behavioral postulate is a well-known property in the stochastic choice
literature. It states that when the competition gets fiercer among alternatives, choice
probabilities strictly decrease.

AXIOM 2: [Strict Regularity) p(y|S) < p(y|S\{x})f0reveryx € SandS € D.

To state our next axiom, we define d(x|S,T) := p(x[S) — p(x|T), where S # T

and x € § N T. The quantity d (x\S, T) is simply the change in the probability of
choosing x as the choice set T changes to S.

AXIOM 3: [Product Rule for Differences (PRD)| For any x,y,z and S;,T; € D,
d(x’SbTl)d(}’|52,T2)d(Z’S3aT3) = d(z\Sl,Tl)d(x]Sz,Tz)d(y\S3,T3)
whenever the expressions are well defined.

In terms of interpretation, the property states that this product of probability dif-
ferences depends only on the collection of elements with respect to which differ-
ences are taken. It does not, however, depend on how these elements are assigned to
the given choice sets.

The Luce model satisfies Axiom 3. In addition, the Luce model satisfies a product
rule? for choice probabilities:

p(x181)p(¥1S2)p(2lS3) = p(xIS3)p(21S2) p(¥]S1)

whenever x,y € S1,y,z € S,and x,z € S3. The left-hand side is the probability of
arevealed preference choice cycle in the direction x — y — gz, and the right-hand
side is the probability of a choice cycle in the opposite direction.

It is easy to show that, if Axiom 3 holds in the full domain, then the axiom implies
that an analogous condition holds for products of differences of length n, for any
n > 3. Conversely, taking y = z, Axiom 3 implies a strictly weaker condition of
length n = 2. When all differences are positive, this becomes

d()C|Sl,T1) _ d(]C|Sz, Tz)
d(y|Sl’T1) d(y|SZ’T2)’

which is a version of Luce’s independence of irrelevant alternatives (IIA) for dif-
ferences. It says the ratio between differences for two options x,y only depends on
x and y; it does not depend on which other alternatives were present initially in the

8See, for example, Ahumada and Ulkii (2018); Echenique and Saito (2019); and Horan (2021).
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set with x and y nor on which other alternatives were added or removed when the
set changed.

We now state our characterization. This result does not require that we observe
choices from the full domain, only the menus with sizes 2 and 3.

THEOREM 1: Suppose D contains all menus with sizes 2 and 3. Then a stochastic
choice function p has a WL representation on D if and only if it satisfies Axioms 1-3.

The idea of the proof for sufficiency is as follows. We first define the salience of
each alternative by using the ratio of differences d(x[S,T) /d(y|S.T), where S and T
are menus with sizes 2 and 3. Then, instead of directly constructing the utility func-
tion, we define the “shadow values” for an optimization problem, for each set in the
domain. This step helps us to define the utility function. We then show that the data
can be represented by the WL model.

Theorem 1 provides two simple tests for our model. While Axiom 2 is innoc-
uous, Axiom 3 is based on a principle similar in spirit to Luce’s IIA. In our
axiom, the ratio of relative levels is important rather than the absolute levels, as
in Luce’s ITA.

A. Uniqueness

Our model enjoys strong uniqueness properties. If (u,m) represents p, then
(au + b, m/a) also represents p for a > 0 and b. We also show that if (u,m) and
(u/,m/) represent the same choice data, they are equivalent up to the same class
of transformations. The utility function is unique up to an affine transformation,
whereas the salience function is unique up to a scale transformation. The scale
parameter of utility is the inverse of the scale parameter of salience.

THEOREM 2 (Uniqueness): Let (u,m) be a WL representation of p. Then (u’,m’)
is a WL representation of p if and only ifw' = au + band m’ = m/a fora > 0.

B. Identification and Out-of-Sample Prediction

We examine what can be inferred about the primitives of the model based on
observed choices. This is important for understanding the underlying model and its
predicted behavior, as well as for making out-of-sample predictions. We consider
an analyst who observes stochastic choice data. The analyst posits that the data are
generated by the weighted linear model. The analyst would like to answer what are
the utility and the salience parameters for each alternative. We show in this section
how this question can be answered within the framework of our model. Moreover,
we would like to illustrate that we can make out-of-sample predictions (outside D)
given that our representation is unique.” This illustration will also help the reader to
understand the Proof of Theorem 1 better.

9 The parameters of the models are derived from the domain D.
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Consider four alternatives X = {x, Y,2, t}, and suppose that D consists of all sets
containing at most three elements. Imagine the choice probabilities from binary and
ternary sets satisfy the following conditions:

* Choices from pairs are equiprobable: For all a,b € X, p(a,b) = 0.50.

 For any triple, if y, z,  are members of the triple, then they are chosen with equal
probabilities.

* x is chosen with probability 0.30 from any triple.

These are our choice data on D. Since X ¢ D, choices from the entire set X are
not observed. Our goal is (i) to identify u, m values for each and (ii) to predict choice
probabilities from X.

When two alternatives, a and b, are both chosen with positive probability from
two sets, and the probability that they are chosen differs in both sets, then it becomes
easy to identify the ratio of their salience parameters: m(a)/m(b) = rsr(a,b),
where both S and 7T include @ and b. For example, we have

mx) _ pll{ry}) - plal{ryz}) 4

m(y) — p(yl{xy}) — p(6{xyz}) ¥

So, by symmetry among y,z,7, we may conclude directly that m(y) = m(z) =
m(t) = (3/4)m(x). We may normalize up to scale, so let us suppose that m(x)
= 4andthatm(y) = m(z) = m(t) = 3.Oncemisidentified up to scale, we can
use the equality

u(a) — u(b) = plals) _ p(blS)
m(a) m(b)
to identify u. Since we may normalize u up to translation, this allows us to choose
u(x) = 0. In so doing, it becomes apparent that u(y) = u(z) = u(t) = 1/24.
This is the full identification of our model. With these identifications in hand,
we may directly conclude that p(x|{x,y,z,7}) = 5/26, whereas p(y[{x.,y,z1})
= p(zl{xy.z1}) = p(rl{x.y.2.1}) = 7/26, thus affording an out-of-sample
prediction.

Even outside of this particular situation, our approach allows for a very trans-
parent identification of the two parameters. The key function introduced above,
rsr(x,y), identifies m up to a scale factor: rgz(x,y) = m(x)/m(y). Given our
identified m’s, we can then identify the ranking of u’s by defining u(x) — u(y)
= LP(X,S) _ Lp(ﬂg)'

m(x) m(y)

Our identification result is based on choice set variations observed in the data. In
the Supplemental Appendix, we discuss how our model can be easily identified in
choice settings with a fixed choice set (no choice set variation) but with observable
attributes of outcomes. In particular, we can show that one can identify the parame-
ters via solving a set of simple linear equations. This identification will improve the
applicability of our model in different environments.
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III. Relation to APU and RUM
A. Relation to APU

Our formulation as a solution to maximizing expected utility minus costs in
(2) brings to mind the additive perturbed utility model (Fudenberg, Iijima, and
Strzalecki 2015b). APU is a random choice model for which

p(x|S) = ar%emax E:S[u(x)p(x) — k(p(x))],
xe
where k is some strictly convex and smooth function. Although this formulation is

similar to our approach, the distinction is twofold:'"

* In APU, the cost of probability is independent of the alternative in question;
that is, k depends only on the probability of choosing each x but does not vary
across alternatives.

* In APU, the cost function k need not be quadratic.

In terms of the generated choice behavior, APU and WL have a nontrivial inter-
section. For example, taking k to be quadratic in the APU is equivalent to assuming
a constant salience function m in the WL. That is exactly the situation where we
recover simple linear demands.

Another example of intersection is that APU and WL both nest the classic logit
model. We note, however, that logit arises in two very different ways. APU becomes
logit when the cost k(p) is equal to a multiple of plog p, and the choice probability
of each option x is proportional to the exponential of its utility ") In contrast, we
saw that the WL produces logit choice probabilities if and only if utility is constant
and ties are broken by salience, whereby the choice probability of each option x is
proportional to its salience m(x).

Despite having a nontrivial intersection, the APU and WL models are logically
independent. In Supplemental Appendix D, we show that WL allows more flexible
patterns of choice in binary comparisons. APU, like logit, satisfies a strong form of
transitivity of binary comparisons, while the WL relaxes it to a moderate form of
transitivity. On the other hand, Fudenberg, Iijima, and Strzalecki (2015b) show the
APU can violate the Block-Marschak inequalities that characterize the random util-
ity model (Barbera and Pattanaik 1986; Falmagne 1978). We now show that the WL
is a RUM; hence, despite being the solution to the individual maximization problem
(2), perhaps surprisingly, the WL also represents the choices of a heterogeneous
population of standard rational individuals. In that sense, our model provides some
additional flexibility without sacrificing the rationality assumed in the predominant
paradigm of applied discrete choice estimation.

191n their working paper, Fudenberg, Tijima, and Strzalecki (2015a) weaken the first condition and consider the
more general model,

p(x\S) = argmax Z[u(x)p(x) — k(p(x),x)],

PES  xes

which nests our approach. Unlike our model, this model does not have a closed-form solution.
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B. Relation to RUM

The most well-known generalization of the Luce model is the random utility
model. In order to define the class of RUMs, first, let R be the set of all possi-
ble linear orders (rankings) on X and 7 be a probability distribution over rankings.
7r(>—) represents the probability of > being realized as the preference. Given
a set of available alternatives A, the probability of an alternative x being chosen
is determined by the probability of a ranking for which x is at the top of A. Let
R(a,A) be the set of rankings of X, which rank a at the top of A; that is, R(a,A) =
{> € R:a » bforallb € A\a}. The RUM stochastic choice associated with 7
is p, defined by

pr(alA) = Y m(>=).

Our model is a RUM. Thus, although it is more general than Luce, it still fits
within the most classic paradigm of random choice.

PROPOSITION 3: If p has a WL representation, then it is a RUM.

Let (um) be a WL representation of p. We now show how to construct a RUM
representation for this p. First, we normalize u by subtracting A (X), the shadow
price for the grand set. Theorem 2 implies that (it,m) is also a WL representation of
p, where i = u — A(X). With this normalization, we have p(x|X) = i(x)m(x)
for each x, and therefore, ) oy [ﬁ (x)m(x)] = 1.

Next, to each ranking of alternatives, with the n alternatives enumerated as
Xy > Xp >---> Xx,, our RUM representation assigns the following probability:

) m(x,) m(x3) m(x,)
R Te (Y T FE QN Oy A

This construction mimics the construction of Theorem III.6 in Block and Marschak
(1959). It is then standard to show that p = p.!"!

Rank Polarization.—Equation (3) shows that the WL model is a special (restricted)
case of RUM. However, we now show the WL retains enough flexibility to allow a
full range of variation in the extremeness of tastes in the RUM model. For a given
RUM r, define the rank polarization of each option x € X, denoted by P(x,7), as
the sum of the proportion of consumers who rank option x as their first (best) option
and as their last (worst) option among all the options. Formally,

P(x,m) := m{> € R:x = y forall y # x}

+ m{> € R:y = x forall y # x}.

"' This representation is not unique in general. See Turansick (2022) for details.
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Since Block and Marschak (1959), we know that the full distribution 7 from a
RUM model cannot be identified from choice behavior. However, the probability
that an option x is ranked in the k-th position is identified. In particular, whenever
p = pyis a RUM, rank polarization is uniquely recovered from choice as follows:

P(x,m) = p(x[X) + > (—1)|A\{x}|p(x|A).

A:x€A

In particular, while the RUM representation is not unique, we must have P(x,7) =
P(x, 7r/) whenever p, = p,.. Hence, for a given RUM p, the rank polarization mea-
sure is well defined; we may write P(x, p) instead of P(x,7) whenever p belongs
to RUM.

By construction, the rank polarization of x may take any value in the range

(4) p(x]X) < P(x,w) <1,

where p(x|X ) is the market share of option x in X. For example, when p(x\X ) =1/2,
one-half of the population ranks x as its first (best) option; and P(x, 7r) can vary from
1/2 to 1 according to how much probability 7 assigns to rankings where x is the
worst (last) option. Equation (3) demonstrates that, by varying the trade-off between
the utility u(x) and the salience m(x) of an option x, the WL model can generate the
full range of rank polarization in (4). This flexibility allows the WL to accommo-
date several empirical regularities (Section IV) and to perform surprisingly well in
out-of-sample prediction (Section VI), despite having fewer parameters than other
commonly used models.

Number of Parameters.—The RUM is the reigning paradigm for discrete choice
estimation in applied work. However, in its most general formulation, the RUM can
sometimes prove too unruly for practical use. With n alternatives, there are n! pos-
sible rankings (or types) in a population. A probability distribution over types thus
has n! — 1 free parameters, and these cannot be identified from stochastic choice.
In fact, the RUM is overparameterized, in that n! — 1 is larger than the effective
number of market shares that need to be explained in a random choice rule (as
shown by the comparison of “RUM” and “Data” in Figure||1)). In applications, prac-
titioners often employ special cases of RUM that (i) facilitate identification, (ii)
provide more tractable and interpretable functional forms, and (iii) provide sharper
out-of-sample predictions.

Figure 1 compares the number of free parameters in the WL model to some of the
best-known special cases of RUM in the literature. Each one of these special cases
of RUM attempts to provide a good balance between generality and practical use. In
comparing the number of parameters of each model, it is important to keep in mind
that, due to nonlinearities in the mapping from parameters to market shares, having
additional parameters does not necessarily mean that a model yields useful additional
flexibility. The classic logit model is the most extreme example of tractability and
simplicity, with n — 1 free parameters. More general models like nested logit and
covariance probit provide more flexibility at the expense of having more parameters,
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FIGURE 1. COMPARING THE WL TO OTHER SPECIAL CASES OF RUM: NUMBER OF FREE PARAMETERS As A FUNCTION
OF THE NUMBER OF CHOICE ALTERNATIVES.

being less tractable, requiring more data for identification, and producing less sharp
predictions out of sample.

Compared to some of these alternatives, the WL model is closer in terms of sim-
plicity and tractability to the classic logit model. In particular, WL, like logit, has a
closed-form formula for choice probabilities, and its number of parameters increases
linearly with the number of alternatives. In the next section, we show the WL adds
enough flexibility to accommodate a wide range of relevant empirical phenomena;
in Section VI, we also show it performs extremely well in out-of-sample prediction.

C. Relation to Other Models

Finally, we discuss the relationship with other models. First, we consider the
rational inattention model (RI) of Matejka and McKay (2015), which makes an
important connection between the optimal choice of information and stochastic
choice. While their state-dependent choice probabilities resemble the Luce for-
mula, RI violates RUM. Moreover, as opposed to WL, RI does not have closed-form
expression for state-independent choice probabilities and requires much richer data.
The intersection between WL and RI is nonempty, however, as both models nest the
classic logit model: RI becomes the classic logit in the special case of a symmetric
prior, and WL nests logit in the special case of constant utility, as we have shown in
Section 1.

Cattaneo et al. (2020) characterizes a class of stochastic choice rules referred to
as the random attention model (RAM). RAM attributes randomness in choice to
attention for fixed preferences. As in RI, RAM model is more general than RUM,
and it is not uniquely identified. Two parametric models on limited attention are
introduced by Manzini and Mariotti (2014) and Brady and Rehbeck (2016). It is
routine to show that WL is distinct from these two models.
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Finally, the model of Ellis and Masatlioglu (2022) provides a characterization for
a general class of deterministic models of categorization. This model generalizes the
salience model of Bordalo, Gennaioli, and Shleifer (2013). These models are based
on observable attributes and are deterministic. As far as we are aware, there is no
stochastic version of such models.

IV. Explaining Empirical Patterns

We now turn to demonstrating the explanatory power of our model for stylized
empirical facts about random choice and market demand. We highlight the explana-
tory power of our model relative to not just the multinomial logit approach but also
many other widely used discrete choice models.

A. Substitution Patterns

A key question confronting models of market demand is their predictions regard-
ing cross-outcome substitution patterns. We next turn to describing substitution pat-
terns in our model, looking at both utility (including price) and salience changes.

Consider what happens to the demand for product x in the choice set S as the
utility of another available product y increases. Not unexpectedly, the demand for x
will decrease. Moreover, it decreases in a linear fashion, that is, in proportion to the
ratio of m (x)m (y) and m (S) In other words, the more salient either x or y, the more
impactful is a change in u(y) on p(x\S). This should not be surprising; changes
in the utility of more salient items impact the demand for other items more, and a
salient item (which is often thought about with other objects) also is impacted more
by shifts in the value of competing items. Moreover, we have symmetry as

Op(x[S)  Dp(yIS)  m(x)m(y)

ou(y) — Ou(x) m(S) °

analogous to the Slutsky substitution patterns.!'” We do not have symmetric responses
for cross-m changes:

dp(x[S) m(x)
)~ om0

Again, this should be relatively intuitive. The effect of changing y’s salience should
depend on the choice probability of y, ,o(y|S) , since items chosen with higher prob-
ability benefit more from increased salience.

These comparative statics extend in a straightforward manner to analyze the sub-
stitution patterns arising from changes in an attribute of an option x, such as price,
that enter utility or salience. It is well-known that, in the multinomial logit model,

2positive semidefiniteness follows as well because this matrix of substitution patterns is obviously diagonally
dominant, with positive diagonal elements.
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the cross-price elasticity of item x for item y does not depend on x, a condition that
is at odds with both intuition and reality: We would expect cross-price effects to be
much more variable. Like other alternative models (such as nested logit), our model
allows for more flexible patterns than logit.

To see this, suppose that price enters utility linearly, u(x) = i(x) — p(x), and
let m(x), ﬂ(x), and the set of products, S, be fixed. Then, the cross-price elasticity
of x for y is

_ m(x) p(y)m©y)
T p(als)  m(S)

€x

Thus, the WL model allows for any given pair of items x and y to have a distinct
cross-price elasticity, captured in a simple and easy-to-use formula. The cross-price
elasticities of x to y are increasing in the price of y as well as the salience of both x
and y but decreasing in the existing market share of x.

That said, our model still imposes restrictions on relationships between pairs
of cross-price elasticities. In particular, the ratio of €, to €, is equal to the ratio
p(y)m(y)/ [p(z)m(z)] and so is independent of x. We believe there is a natural
interpretation of this condition. Suppose y is more salient than z. In this case, when
the price of y shifts, it is more noticeable (than if the price of z shifts) and so causes
greater changes in the demand for x. Of course, because y is more salient than z, it
also means that changes in the price of y will also impact the demand for w more
than z. Thus, increased saliency leads to an increase in cross-price substitution pat-
terns. Similarly, the ratio of €, to ¢_, is independent of y (with a similar interpre-
tation). Moreover, the ratio of elasticities is independent of choice sets (S); in other
words, the relative impact of y on x compared to z on x does not depend on the
availability of other products.

We can use existing approaches to allow for additional flexibility in our substi-
tution patterns. Random coefficients models, such as mixed logit, generate more
realistic patterns of substitution than logit by incorporating additional information
provided by a vector of observable characteristics for each object x = (x;...,x,).

They usually specify a convenient utility function, such as u(x) = eﬁl", where (3
are randomly distributed coefficients. This formulation yields “local” substitution
patterns, in the sense that changes in an attribute x; of an object x will impact more
intensely the market share of objects that are “close” to x in the space of observable
characteristics. Given its tractable closed-form expression for choice probabilities,
the WL model can be deployed in a setting with observable attributes and random
coefficients in the same way, with the added flexibility of including a salience func-
tion, in addition to utility. The identification of the WL model with attributes is
straightforward (see Supplemental Appendix C).

B. Market Share Persistence

In Section III, we defined rank polarization P(x, ) as the sum of the proportions
of consumer types that rank x as their first (best) and last (worst) option in the



1246 THE AMERICAN ECONOMIC REVIEW APRIL 2025

RUM model 7. Rank polarization has a clear empirical counterpart: Higher rank
polarization for an option x translates into more persistence in the size of the market
share for x as the set of options changes.

To see this, consider a set with three options X = {x, y, z}, and let p be the
behavior of a population of consumers described by a RUM 7. Then, the rank polar-
ization for x can be obtained from market share data by

Plom) = 1= [p(xy) = p(xl{xy.z})] = [p(x2) = p(xl{xy.2})]

The first term in brackets is the change in x’s market share when z is removed from
X; it is precisely the proportion of consumers who rank z > x > y. Likewise,
the second term in brackets is the proportion of consumers who rank y > x > z.
Hence, when the market share for x is persistent across sets, the terms in brackets are
close to zero, and the rank polarization P(x,7) is close to one. Thus, the equation
above shows the polarization of tastes for x is directly related to the size of the mar-
ket share that x gains (loses) when other options are removed (introduced).

Now consider a population where one-half of the consumers rank option x first,
and the other half ranks x last. This implies that x is always chosen one-half of the
time from any doubleton, e.g., p(x,y) = 1/2. However, since nobody in the popu-
lation ranks option x between y and z, it retains the same market share throughout;
that 1s,

e

p(x.y) = p(xl{xy.2}) = p(xz2) =

This kind of market share persistence is illustrated in the famous “red bus, blue bus”
example (Debreu 1960). Two distinct products, x (a car) and y (a blue bus), receive
equal market share in a binary comparison. Introducing option z (a red bus) that
closely resembles y does not alter the likelihood of choosing x.

Logit and other models based on a single-dimensional utility measure cannot
generate nor approximate persistent market share behavior. In the case of both logit
and the APU model, for example, the binary choices p(x,y) = p(y,z) = 1/2
immediately imply that each option must be chosen with probability 1/3 from the
large set. These models’ difficulty in accommodating persistent market shares is
pervasive and also holds with a larger number of options.

The WL can accommodate market share persistence not only in the example
above but also in larger choice sets. Let X be any finite set of options and fix any
value of p(x,X), the market share of x in the grand set X. Let (u,m) be a WL
representation of p. By Theorem 2, we may subtract a constant from the utility
function u, if necessary, so that A(X) = Oand p(x,X) = u(x)m(x). We adjust x
so that it has, in the limit, the same market share for all choice sets. We multiply
the initial utility u(x) by a scaling factor k > 1 and divide the initial salience
m(x) by the same factor. Equation (3) shows that in the RUM representation the
probability that x is ranked first (best) remains constant, while the probability that
x is last (worst) increases. As k — 0o, p(x|S) converges to u(x)m(x) in every set
S as desired.
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C. Introduction of New Products

Benkard and Bajari (2001) note that almost all discrete choice models in markets
with large numbers of items predict that demand for any one item must converge to
zero.' This includes the counterintuitive prediction that introducing a large number
of inferior products will drive a superior product’s market share to zero. In contrast,
we now show that the WL model allows for nonnegligible market shares even as the
number of products grows infinitely large. In particular, the WL model accommo-
dates the notion of dominant and inferior products.

Suppose the initial set of options S contains a superior product x and an inferior
product y, with u(x) > u(y). Now let the set 7, = {yy,...,y,} consist of n repli-
cas'4 of the inferior y, and consider what happens when the replicas in 7, enter the
market. As the number n of replicas grows large, the market share of the superior x
converges to

Jim p(x[SUT,) = m(x) [u(x) — u(y)] > 0.

This is easy to see from the WL formula: The first term in (1) vanishes when its
denominator increases without bound, while in the second term, the weighted aver-
age utility ir,, in the market converges to u(y) as the number of replicas grows large.

V. Application: Markups and Advertising

We now embed the WL model into an equilibrium model of price setting and
advertising and show it can naturally generate intuitive results around markups,
advertising, and the relationship between them (see Rosen 1974 for a seminal paper
looking at price setting and demand when products have multidimensional attri-
butes). As discussed in Section I, evidence from marketing is typically interpreted
to mean that firms can directly alter the salience of their brands via advertising
(Sutherland and Galloway 1981; Moran 1990; Yi 1990; Miller and Berry 1998). We
show that the WL model yields tractable closed-form equilibrium solutions, which
match stylized facts from the literature.

We assume each firm i offers a single item and that the item has an underlying
exogenous quality #;. The firms can compete by setting prices, p;, and the total utility
a consumer gets from item i is then u; = #; — p;. However, we also allow the firms
to compete on another margin: They can adjust the salience of items. In line with our
interpretation of m, we suppose that increasing m; reduces the mental friction required
to purchase i. This can occur because, e.g., advertising raises the salience of an item.'
The flexibility embodied in our model via m allows us to easily capture these novel

13 They show this is true (focusing on the case of where there is an outside good present) in the models where,
in addition to mild technical conditions, the support of the error terms is continuous and unbounded above. This
not only nests the multinomial logit approach but almost all other widely used approaches, such as nested logit and
random coefficients.

14We use the term “replica” to mean that each y; has the same salience and utility as y. This implies y; is a replica
of y in the behavioral sense of Faro (2023).

15 As Bagwell (2007) points out, advertising has been seen by economists as having three approaches: persua-
sive, informative, and complementary. Our model is closest in spirit with the informative approach to advertising,
where advertising helps raise “awareness” of a product.
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considerations, like competition on salience, outside of the typical one-parameter
random utility models.'®

In order to endogenize entry in the market, we allow for n firms (we refer to the
set of firms as N). We normalize the size of the market to 1. All firms face a marginal
cost of production k. We will think of m; as being proportional to the amount of
advertising so that higher m; corresponds to more advertising. We will assume that
the cost of advertising m; is 7(’"5) — gm?, where g is the marginal cost of increas-
ing Cil.dvertlsmg. ‘ . (- py) -

iven these assumptions, and letting A =

for the firm is 2 my

1
, the profit function

(Pi - k) [mi(ﬂi —Pi— A)] - gmlz - h”?-

We will focus on symmetric equilibria and so will suppose that exogenous vari-
ables are the same across all firms (i.e., that k and # are the same for all firms) and
that all firms play the same strategies (so that p; = p and m; = m for all i in equi-
librium). We initially suppose that n firms exist in the market but will later consider
what happens when there is entry and exit. We also suppose k is small enough so that
an equilibrium with positive firms profits exists for a fixed n."”

To solve, we take the first-order conditions for p; m;(i#; —p; — A) +
M(p; — k)m; [—1 - Ap(N)] = 0,and m;, (p; — k) [(12, - pi—A) -
m,-Am] + 2gm; = 0. Given the symmetry assumption, A = & — p — 1/mn and
A, = —1/n, A, = —1/ (mznz). Substituting back into the first-order conditions,

P
we obtain the following proposition.'®

PROPOSITION 4: With n firms, the symmetric equilibrium has the following solu-
1

tion: p; = k + mi(n — 1)’ e (anQ) 1/3°

Our model has several interesting, and empirically relevant, implications. First,
suppose that the number of firms, n, is exogenous. As n gets large, markups p; — k
must go to zero, which is in contrast to the equilibrium in the multinomial logit
model.'” Thus, the WL captures the intuition that in markets with a large number of
firms, no firm has market power.

Second, we can also use the results to understanl% firm entry. Suppose that firms
face a fixed cost of entry f. Then firm profits are zg(niﬂ.

223 (n — 1)n*?
tising grows (i.e., g increases), we see a larger number of firms (n increases). The
increase in g and n jointly cause m; to fall for all firms; implying that advertising
falls. Because m; falls and n increases, it is not immediately obvious what happens to

markups. But algebra (using the fact m; depends on n and g, and that the zero profit

As the cost of adver-

161n fact, our model can also be extended to allow for endogenous choice of quality, ii as well, while still being
able to generate closed-form solutions for the equilibrium.

17 Therefore, in a symmetric equilibrium all products will be purchased with positive probability.

18 The equilibrium p; also characterizes the solution where m; is exogenous.

19 As Benkard and Bajari (2001) point out, this issue applies more generally to GEV and random coefficients
logit models, although Probit models can avoid these implications.
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condition allows us to write g as a function of m) shows that m;(n — 1) is falling in
the equilibrium number of firms, implying price and markups increase.

Therefore, in equilibrium, we observe price and markups being positively cor-
related with the equilibrium number of firms n but negatively correlated with the
degree of advertising (m;). Intuitively, high advertising costs mean firms cannot use
advertising as effectively to gain market share by increasing their salience. This
in turn means that firms compete less with each other on price. This means profits
increase, and more firms enter.

This result, a correlation between low prices and high levels of advertising, is
reminiscent of results that emerge in completely different contexts in Robert and
Stahl (1993) and Bagwell and Ramey (1994) (who find that advertising is greater
when prices are lower) and which have been extensively investigated in the liter-
ature (see Bagwell 2007 for a relatively recent survey). Our result is also in line
with the empirical evidence in Syverson (2019), which indicates that reductions in
market frictions (i.e., increases in m;) prompt customers to shift toward larger, low-
er-cost sellers, creating higher market concentration but lower markups.

The microfoundations of our model also allow us to understand the degree to which
advertising changes welfare (as in a large literature beginning with Butters 1977).
In our setting, advertising, by reducing the mental frictions involved in thinking
about, and purchasing, a particular item, can generate consumer surplus (related
mechanisms are developed in other papers, e.g., by Grossman and Shapiro 1984 in
a horizontally differentiated market). Moreover, in equilibrium, because increases
in advertising are associated with reductions in advertising costs, they are also cor-
related with reductions in markups, generating an additional channel of welfare
gains. Thus, our model can directly link the amount of advertising in the market
to consumer surplus via changes both in price and the mental costs associated with
choice.

VI. Predicting Choice

In this section, we compare the predictions of the WL model to the predictions
of three discrete choice workhorse models in the literature: the classic multinomial
logit, the nested logit, and the covariance probit. These well-known models are
described in any standard discrete choice estimation textbook (e.g., Train 2009),
and we review them in detail in Supplemental Appendix F.

We estimate each model in 14,850,000 synthetic datasets aimed at covering the
entire range of choice behavior generated by the RUM family. This is a natural
domain to consider since RUM is often the de facto assumed paradigm in discrete
choice estimation. Every model we use for estimation and prediction, including our
own, is a special (restricted) case of RUM. Supplemental Appendix E contains a
detailed description of our simulated data and the maximum likelihood estimation.

Our simulation setup has n = 4 choice alternatives, which yields a domain with
binary, ternary, and quaternary choice problems, namely,

(i)  six binary choice problems {1,2}, {1,3}, {1,4}, {2,3}, {2,4}, and {3,4};
(ii)  four ternary choice problems {1,2,3}, {1,2,4}, {1, 3,4}, and {2,3,4}; and
(ili) one quaternary choice problem {1,2,3,4}.
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For each simulated demand system, we compute the market shares in (i)—(iii)
above, and we perform three leave-one-out prediction exercises:

* Binary Choice Prediction: Fit each model to the market shares observed in (ii)
and (iii), and use the estimated model to predict the market shares in (i).

* Ternary Choice Prediction: Fit each model to the market shares observed in
(i) and (iii); use the estimated model to predict market shares in (ii).

* Quaternary Choice Prediction: Fit each model to the market shares observed
in (i) and (ii), and use the estimated model to predict market shares in (iii).

We sort the space of RUM data-generating processes by the level of rank polar-
ization of two alternatives, which we label i and j throughout. For each fixed level
of rank polarization P(i,7) and P(j,7), we compare the obtained empirical distri-
butions of market share prediction errors across the models. We use two metrics
to compare the market share prediction errors of each model. First, Figure 2 pres-
ents an ordinal comparison, showing the proportion of simulated datasets in which
the WL model makes a smaller prediction error than each alternative model. Next,
Figure 3 shows the median absolute prediction error for each model. In Supplemental
Appendix G, we include additional comparisons using the root mean square error
and the mean absolute error.

First, consider the direct comparison of WL and logit in the top row of Figure 2.
The three panels are mostly blue, which means the WL model’s market share pre-
diction is closer to the true data-generating process than logit’s prediction in more
than 50 percent of the simulations with a given level of rank polarization. The WL’s
advantage over logit is most notable when rank polarization is either very high or
very low, indicated by the darker blue color toward the corners of each panel. WL
makes a better quaternary choice prediction in close to every simulation where both
options i,j have high rank polarization and when both options have low rank polar-
ization, shown by dark blue in the top-right panel of Figure 2. On the other hand,
the WL’s advantage tends to disappear toward the center of each panel, where the
white color indicates a toss-up between logit and WL. A notable case where WL
does worse than logit is for binary choice predictions in a small area close to the
knife-edge case P(i,m) = P(j,m) = 0.5, indicated by the light yellow color in the
top-left panel in Figure 2.

Figure 3 sheds further light into this comparison by plotting the mean absolute pre-
diction errors for each model. The second row of Figure 3 shows that logit’s median
prediction errors increase significantly as rank polarization levels move away from
0.5. The large areas of red color indicate levels of rank polarization where logit’s
median prediction error surpasses 10 percentage points of market share.

Nested logit performs better than logit against the WL but not by a significant
amount, and the blue color still predominates in the middle row of Figure 2. The
improvement of nested logit over logit is most visible for quaternary predictions
in the middle-right panel of Figure 2, and when the rank polarization of one option
is fixed close to 0.5, while the other option has a rank polarization level of 0.5 or
higher. The third row of Figure 3 shows the nested logit model has significantly
smaller median absolute prediction errors than logit in those regions, though still
larger than WL’s. In particular, nested logit still exhibits areas of red color where the
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FIGURE 2. LEAVE-ONE-OUT PREDICTION COMPARISON BETWEEN THE WL MODEL AND LOGIT, NESTED LOGIT, AND PROBIT

Notes: The axes display the fixed level of rank polarization for two different options. The color scale represents the
proportion of the simulated demand systems in which the WL model makes a closer market share prediction than
the competing model.

median prediction error is larger than 10 percentage points of market share across
the three prediction exercises.

Finally, consider the comparison between WL and probit in the bottom row of
Figure 2. Probit is more likely to make a better prediction than WL across quarter-
nary choice predictions, indicated by the yellow color in the bottom-right panel. On
the other hand, WL is more likely to make a better prediction than probit across ter-
nary predictions, indicated by the blue color in the bottom-middle panel of Figure 2.
Binary choice predictions turn in favor mostly of probit, except toward the middle
of the bottom-left panel where polarization levels are close to 0.5 and also for very
high or very low polarization levels.
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Despite the large presence of yellow in the bottom row of Figure 2, Figure 3
shows that the difference in mean absolute prediction errors between WL and probit
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is small. The top row of Figure 3 shows WL has small prediction errors across ter-
nary and quaternary predictions (dark blue in top-middle and top-right panels) and
slightly larger prediction errors for binary choice prediction (green color in top-left
panel), while probit has the lowest prediction errors for quaternary choice (darker
blue in the bottom-right panel) while slightly higher errors for binary and ternary
choice prediction (green color in the bottom-left and bottom-middle panels).

One advantage of using the WL over probit is its close-form choice probabili-
ties and ease of computation. Estimating the parameters for WL, logit, and nested
logit took roughly a week on a (vintage 2023) desktop computer. Estimating the
covariance probit, however, took several weeks running in parallel in Washington
University’s RIS cluster computer and Amazon’s Elastic Cloud Computing cluster.
For Mathematica replication code, see Chambers et al. (2025).

In summary, Figures 2 and 3 show that the classic logit model becomes heavily
disadvantaged once rank polarization moves away from 0.5. Nested logit improves
prediction over logit somewhat, but the WL and the probit model clearly perform in
a class of their own. While the WL does not clearly dominate the probit model, and
performs slightly worse in some cases, it could prove a better model to use given its
smaller number of parameters, closed-form choice probabilities, much lower com-
putational burden, and easy interpretation.

VII. Conclusion

This paper has introduced a new model of stochastic choice: the weighted lin-
ear model of discrete choice. It represents a generalization of the classic model of
Luce, and, as such, provides more explanatory power. The choice probabilities of
any given product depend on two dimensions, the utility of an item and the salience
of an item. The model sits at the intersection of the classic models of random utility
and models of deliberate stochastic choice.

The weighted linear approach is closely related to well-known models in which
demand is linear in the utility differences between products. The importance of
salience for choice has been recognized by researchers (not just in economics but
also in marketing, cognitive science, and psychology). Our model presents one way
of incorporating such considerations. At the same time, it is quite tractable. The
model lends itself naturally to describing consumers who experience some friction
in being able to choose the best item (whether they be physical or attentional fric-
tions). When used in models of strategic firm interactions, it can generate intuitive
closed-form solutions that shed light on advertising, quality choice, and the number
of firms serving a market.

Our hope is that our model can be useful to better understand market interactions
between firms and consumers. In particular, the fact that our model allows for intui-
tive empirical patterns, such as flexible patterns of cross-price substitution patterns,
or the existence of dominant market shares in large markets, can lead to new insights
in many markets where these kinds of behavior need to be captured. We also think
that empirical work geared toward understanding which kind of product attributes
affect utility versus salience (e.g., does advertising increase the perceived utility of
an item versus changing the cost of choosing it) could help shed useful insights into
the structure of consumer choice.
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