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Suppose that R is a von Neumann algebra with center C

and unitary group U. By a center-valued trace on R we mean

a norm continuous linear mapping T from R into C such
that

(i) T(U*AU) = T(A) (A e R, U e U);

(ii) T(C) = C (C e C);

(iii) T(CA) = CT(A) (C e C, A e R);

(iv) T(A) is positive if A, in R, is positive.

It is relatively easy to prove that, if such a mapping T exists,
then T 1is unique and R is finite (in a sense explained in §5).
In fact, every finite von Neumann algebra has a center-valued
trace T, and T is ultraweakly continuous; but the question

of existence of T is much harder than that of uniqueness.

The existence of a trace was proved at first for a factor
(that is, a von Neumann algebra with center consisting of scalar
multiples of the identity). With R a finite factor, Murray
and von Neumann [8] constructed a "dimension function", defined
on the projections in R, and from this produced a scalar-
valued function T on R, which they called a "relative
trace”. They showed that +t has properties (i},...,(iv) above,
and that <(A+B) = t(A) + 1(B) whenever A,B are commuting

gself-adjoint operators in R. In [9] they established the
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unrestricted additivity of 1 (thus showing that 7t is a
trace in the sense defined above), by an intricate and indirect
argument. In view of this history, the basic difficulty in
this area of the subject is sometimes referred to as the problem
of "additivity of the trace". From a present-day point of view,
the nomenclature is perhaps a little misleading: the basic
problem is to prove the existence of a (linear) trace, rather
than to prove the linearity of an existing relative trace.

The rather involved argument used in [8, 9] was somewhat
simplified and extended by Dixmier [2] and Kadison [6, 7], so
as to apply to any finite von Neumann algebra. Recently,
F. J. Yeadon [14] found an entirely different proof, based on
results of Akemann [1] and Takesaki [13] concerning the predual
of an operator algebra, together with the Ryll-Nardzewski
fixed point theorem [12, 10]. In this proof, the argument which
establishes the existence of the trace yields at the same time
its ultraweak continuity. In contrast with the earlier proofs,
no use is made of {(any variant of) a dimension function; but
extensive use is made of properties of the predual which were
not required (at the time, not available) in the earlier proofs.

In these notes, we develop the theory of von Neumann
algebras, ab initio, up to the point where the existence of the
trace can be proved by Yeadon's method. The treatment is not
quite self-contained; the notes were designed as a supplement to

{111, and in §5 we quote without proof some results which are
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readily accessible from [3] or [11]. However, this is the
only case in which we state without proof results concerning
von Neumann algebras, which are needed for our later work. It
is assumed that the reader is familiar with Banach space
theory, with the spectral theorem for a bounded self-adjoint
Hilbert space operator, and with the functional calculus
associated with such an operator (continuous functions suffice,
for our purposes).

In §1 we prove some simple results concerning Banach
spaces. These are used, in §2, to establish the existence and
elementary properties of the predual of an ultraweakly closed
linear space of operators; the treatment in this section is
similar to that given in [3]. In §3 we discuss some of the
elementary properties of von Neumann algebras, and prove the
double commutant theorem. We show, in &4, that a norm continu-
ous linear functional on a von Neumann algebra is ultraweakly
continuous if and only if it is completely additive on projec-
tions. This was proved first by Takesaki [13] (in a slightly
different form); the treatment given in §4 is based on [5]. By
means of Takesaki's result, we derive a necessary and sufficient
condition (due to Akemann [1]) that a bounded subset in the
predual of a von Neumann algebra should be relatively weakly
compact. It is perhaps worth remarking that only the sufficiency
part of this theorem is required in our subsequent work. In

§5, we use Akemann's result just cited, and the Ryll-Nardzewski
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fixed point theorem, in an account of Yeadon's proof [14] of

the existence of the trace in a finite von Neumann algebra.

1. Auxiliary results on linear spaces

Lemma 1.1, If E is a real or complex vector space,
PysPys+«-sP, are gseminorms on E, f is a linear functional

on E and
[£(x)] = P1(x) + py(x) + ... + p_ (x)

for each x in E, then there exist linear functionals

fl’ fz”"’fn on E such that

£=f) v £, 4+ 004 f ], 1fj(x)} < pj(x)

when x e¢ E and 1 < 3 < n.

Proof. With E" the vector space of all n-tuples
(xl,xz,...,xn) of elements of E, we define a seminorm p <¢n
En, a subspace D of E' and a linear functional g on D

by

p(xl,xz,...,xn) = pl(xl) + pz(x2)+...+pn(xn),

D= {{XyXseue,%X) : X ¢ E},

f(x) (x ¢ E).

Z XX ysresX)

Since Jg(x,%,...,%x)] < p(XsX,...,%) for each element (X,X,...,%)
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of D, it follows from the Hahn-Banach theorem that g extends
to a linear functional h on E" for which [h(v)]| < p(v)

whenever v ¢ E®. We define a linear functional fj on E by
fj(x) = h{0y.0450, %,04...,0)

(where, on the right hand side, x appears in the jth. position).

Then, for each x in E,
Ifj(x)l = |h(0,...,0, %, 0,...,0)]
< p(0,...,0, %, 0,...,0) = pj(x),

and

f(x)

L

g(x,x, "o ,X) = h(X,X,. . ,x)

h(x,0,...,0) + h (0,x,0,...,0)%...+h{(0,...,0,%)

fl(x) + f2(x)+...+fn(x).

If E is a Banach space and F 1is a linear subspace of
the Banach dual space E®, we write o(E,F) for the weak
topology induced by F on E. Hence o(E,F) is the locally
convex topology defined by the family {pf : £ e F} of semi-

norms on E, where p.(x) = [f(x)] (x ¢ E).

Lemma 1.2. Suppose that El is the closed unit ball in a
Banach space E, F 1is a linear subspace of the Banach dual
space E*, T is the norm closure of F in E* and f is a

linear functional on E.
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(i) f 1is o(E,F) continuous on E if and only if f ¢ F.

(ii) f 1is o(E,F) continuous on E if and only if

1
f e F.
(iii) The topologies o(E,F) and o(E,F) coincide on E;.
(iv) If F is a norm closed subspace of E* and f is

o(E,F) continuous on Es then f 1is o(E,F) continuous on E.

Proof. Clearly f 1is o(E,F) continuous if f ¢ F.
Conversely, suppose that f is o(E,F) continuous. There
exist Eyse-es8, in F such that

If(x)| < pgl(x)+...+pgn(x) (x ¢ E).
By Lemma 1.1, there exist linear functionals fl,...,fn on E

such that f = f1+...+fn and

}fj(x)[ < P, (x) = lgj(x)} (x ¢ E).

3
If x e E and gj(x) = 0, then fj(x) = 03 so fj =0 if

gj = 0. If gj # 0, we can choose Xy in E such that

gj(xj) = 1. For each x in E,
gj(x - gj(x)xj) = gj(x) - gj(x)gj(xj) = 03

0= f.(x - g. .) = £ - f.(x.)g-(x). . T
80 J(x gj(x)xj) fj(x) fj(xj)gj(x) Thus fJ

fj(Xj)gj € F, and f = f1+...+fn e F.

(ii) If f ¢ T there is a sequence (f) of elements of F

such that ||f - £l » 0. The restriction fIEl is the uniform
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limit of the sequence (ntEl) of o(E,F) continuous functions,
so fIEl is o(E,F) continuous.
Conversely, suppose that f is o(E,F) continuous on El.

This implies that f is norm continuous on E and therefore

19
norm continuous on E. Given any positive ¢, the o(E,F)
continuity at 0 of fIE1 entails the existence of Bys-++s8n
in F with the following property: [f(x)| < ¢ whenever x ¢ E,

and p_ (x)+...+p_ (x) < 1. We claim that
& €n

(1.2.1) £ < gllx])l + 1£f}] [p_ )+...4p_ (x)] (x ¢ E).
g, &n

To prove this, it suffices (by homogeneity) to consider the case
in which |{x]l = 1; and (1.2.1) then follows easily by considering
separately two possibilities, pg (x)+...+pg (x) 21 and

1 n

+,..1 .
pgl(x) pgn(x) <1

From (1.2.1) and Lemma 1.1, f = f1 + f2 where the linear

functionals fl’ fz on E satisfy

|fl(x)| < gl x|, Ifz(x)l s || £ [pgl(x)+...+pgn(x)],
for all x in E. Thus ﬂflﬂ se, f, is o(E,F) continuous,
and thus f2 ¢ F, by (i). We have now proved that, if € > 0,
there exists f, in F with [|f - fzu < e; so fe6F.
(iii) This follows at once from (ii).

(iv) This is an immediate consequence of parts (i) and (ii}

of the lemma.
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*

Suppose that E and F are Banach spaces and ( s } is
a bounded bilinear functional on E x F. The equation ¢f(e) =
(e,f) defines a bounded linear functional ¢f on E, when
f e F; and the mapping f - ¢f from T into the dual space
E* is bounded and linear. If this last mapping is an isometric
isomorphism from F onto E*, we say that F can be identi-
fied (up to isometric isomorphism) with E* by means of the

bilinear functional ( . ).

Theorem 1.3. Suppose that B is a Banach space, B, 1is
a norm closed subspace of the dual space B#*, and B can be
identified (up to isometric isomorphism) with the dual space
of B, by means of the bilinear functional { , ) on By x B

defined by
(£,x) = £(x) (f € By, x e B).

If M is a o(B,B,) closed subspace of B and M, is the
subspace {f|M : f ¢ B,} of M¥*, then

(i) M, is a norm closed subspace of M#%;

(ii) given g in M, and (> 0), there exists f in

By such that g

flM and |I£]l < |lgll + &3
(iii) M can be identified (up to isometric isomorphism)
with the dual space of M, by means of the bilinear functional

N on M, x M defined by
() .

(g, y) = gy) (g eMy, yeM.
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Proof. With N = {f ¢ B, : f|[M = 0}, N is a norm closed

subspace of B,. Since M is o(B,B,) closed,
(1.3.1) M= {xe B: f(x) = 0 for each f in NI.

The linear mapping f -+ f|M carries By, onto M,, is norm
decreasing, has kernel N, and so induces a norm decreasing one

to one linear mapping
(1.3.2) £+ N+ flM

from the quotient Banach space B,/N onto M.

We assert that the mapping (1.3.2) is isometric. For this,
suppose f_ e By, and [[f  + N| = 1; that is, dist(f_, N) = 1.
By the Hahn Banach theorem there is a bounded linear functional
¢ on B, such that |[¢] = ¢(f)) =1 and ¢(f) = 0 for every
f in N. Since B can be identified with the dual space of
By, ¢ corresponds to an element x of B such that [/x| =
fo(x) =1 and f(x) = 0 for each f in N. By (1.3.1),

X ¢ M; so HfOIMH > £ (x) = 1. This proves our assertion that
the mapping (1.3.2) is isometric. Since B,/N is complete, it
follows that M, is complete, and is therefore a norm closed
subspace of M*. This proves (i).

Given g in My, g = f |M for some f_ in By, and
llgll = ”f°+NH = dist(f_, N). Given e(> 0) there exists f,
in N such that ”fo + flﬂ< llgl + €. Since fl]M =0, we
have |[f]l <llg]l+ ¢ and f|M = g, where f = £1+f, € By.

This proves (ii).
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For each x in M, the linear functional ¢x:g > g(x)

on M, is bounded, with
o ll = sup {lg(x)| : g ¢ My, flgll < 13-
By (ii),
o ll = sup {[£Gx)] : £« By, I£)l < 23 = [ix]]

{the last equality follows from the fact that x ¢ B and B

can be identified with the dual space of By). Thus the linear
mapping x -+ ¢x’ from M into the dual space of M,, is
isometric. Given any bounded linear functional ¢ on M., the
linear functional f =+ ¢(f|M) on B, is bounded, and vanishes
on N. Hence there is an element x of B such that ¢(f|M) =
f(x) for all f in B,, and £f(x) = 0 whenever f ¢ N. By
(1.3.1), x e M; so ¢(f|M) = (£|M(x) = ¢ (f|M) for all £ in

By. Thus ¢ = ¢x’ and (iii) is proved.

2. The linear space B(H)

Let #H be a Hilbert space and denote by B(H) the set of
all bounded linear operators from H into itself. 1In this
section we consider B(H) as a Banach space with the usual

operator norm

T = suplliTx|l : % e #, lix]l = 1} (T e B(H)).
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With x and y in H, the equation
w, (T = (Tx,y) (T e BCH))

defines a bounded linear functional Wy g on B(HY , with
be,y” = ||x]| l¥ll. The set of all finite linear combinations
of linear functionals By is a linear subspace B(H)_ of
the Banach dual space B(H)*. The norm closure of B(H)_ in
B(#)* will be denoted by B(H),.

The topology o(B(H), B(H)_ ) on B(H) is called the

weak operator topology, while o(B{H), B(H#),) 1is called the

ultraweak topology. Clearly the weak operator topology is

Hausdorff. It is coarser than the ultraweak topology, and this
in turn is coarser than the norm topology. The following

results is an immediate consequence of Lemma 1.2.

Lemma 2.1, (i) B(H)_ 4is the set of all weak operator
continuous linear functionals on B(H).
(ii) B(H)y, is the set of all ultraweakly continuous linear
functionals on B(H).
(iii) A linear functional on B(H#H) is ultraweakly continuous
if and only if it is weak operator continuous on the unit ball
of  B(H).
(iv) The weak operator and ultraweak topologies coincide on

the unit ball of B(H).
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Lemma 2.2. B(#) can be identified (up to isometric
isomorphism) with the Banach dual space of B(H), by means
of the bilinear functional < s ) on B(H), x B(H) which

is defined by
(£, T) = £(T) (f ¢ BU,, T e BUD).

Proof. TFor a fixed T in B(H), the linear functional

¢p : £ > £f(T) on B(H), is bounded, with |l¢ | < rl.
Moreover,
Tl = supl|{Tx,¥)] : %,y e H, |Ix]| = llyll = 1}
= sup{lwx’y(T) : X,y € Hy lxl] = vl = 1}
= supl|oplu, Ixoy e s ix]l = |lyl = 1)
< Nogll »

since ”wx’y1§= 1 when |lx|| =llyll = 1. It follows that the
linear mapping T -+ ¢ is an isometric isomorphism from B(H)
into the Banach dual space of B(H),.

If ¢ 4is a bounded linear functional on B(H),, the
equation

L(x,y) = ¢( )

w
X,y
defines a sesqui-linear funetional L on H x H; and L is

bounded since

LGy s loll ey, ol = ol lixll Nyl
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Hence there is a T in B(H) such that L(x,y) = <Tx,y), for
each x and y in #H. The last equation can be written as
¢(wx’y) = wx,y(T) = ¢T(wx, ). Since finite linear combinations

y

of 's are everywhere dense in B(H),, it follows from

wxry
norm continuity and linearity of ¢ and ¢T that ¢ = ¢T‘
Hence the mapping T + ¢T carries B(H) onto the dual space

of B(H),.

Corollary 2.3, The unit ball of B(H) 1is compact in the

weak operator topology.

Proof. When B(#) is identified with the dual space of
B(H),, as in Lemma 2.2, the weak * topology on B(H) is the
ultraweak topology. It follows that the unit ball of B(H) is
ultraweakly compact, and hence weak operator compact by Lemma

2.1 (iv).

Theorem 2.4. Suppose that M is an ultraweakly closed
subspace of B(H#), M_ 1is the set of all weak operator continu-
ous linear functionals on M, and M, is the set of all
ultraweakly continuous linear functionals on M.

(i) {f|M : £ e B(H)_}.

{£]M : £ e BUH),).

~~
-
e
A
= =
*
n 1]

(iii) M_ and M, are subspaces of the Banach dual space M
and My is the norm closure of M.
(iv) If ge My and e > 0, there is an f in B(H),
such that g = f|M and ||f]] < Jigl] + =.
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(v) M can be identified (up to isometric isomorphism)
with the Banach dual space of M, by means of the bilinear

functional ( , ) on My x M which is defined by
(g T) = g(T) . (g e My, T e M.

(vi) If g is a linear functional on M, then g € M,
if and only if g 1is weak operator continuous on the unit ball

of M.

Proof. Parts (i) and (ii) follow from the Hahn-Banach
theorem, together with Lemma 2.1 (i),(ii). In view of (ii) and
Lemma 2.2, parts (iv) and (v) of the present theorem follow
immediately from Theorem 1.3, as does the fact that My, is a
norm closed subspace of M*. By (i) and (ii), the norm decreasing
linear mapping f > f|M carries B(H), onto My, and carries
B(H), onto M_. Since B(H)_, is norm dense in B(H),, it
follows that M_ is norm dense in M,. Since, also, M, is
closed, this proves (iii).

From (i) and (ii), the weak operator and ultraweak
topologies on M are o(M,M ) and o(M,M,) vrespectively.
Since My, is the norm closure of M_, part (vi) of the theorem

follows from Lemma 1.2(ji).

With the notation used in the statement of Theorem 2.4, we

call M, the predual of M,
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Remark 2.5, When M is a * subalgebra of B(#) and
contains the identity operater I, in addition to satisfying
the other hypotheses of Theorem 2.4, the conclusion of part
(iv) of that theorem can be strengthened; each g in M, has
the form f|M, with f in B(#), and [[f| = [lgll. For a
proof of this see, for example, [3: Exercice 10, p.68] or [11:

Lemma 7, p.1321.

The strong operator topology on B(H) 1is the locally

convex topology defined by the family {qx : xeH} of seminorms

on B(H), where
qx(T) = ITx]l (x e H, T e B(iH)).

It is clear that the strong operator topology is finer than

the weak operator topology, but coarser than the norm topology.

Lemma 2.6. A linear functional f on B(H) is weak
operator continuous if and only if it is strong operator con-
tinuous. A convex subset of B(H) is weak operator closed if

and only if it is strong operator closed.

Proof. It suffices to prove the first statement in the
lemma, since the second follows from the first by the Hahn-Banach
theoren.

If f is strong operator continuous, there exist (non-

zero) XyseeesXy in H such that
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JECM | < q, (TI+...+q, (T) (T ¢ B(H)).
1 n

By Lemma 1.1, f = f1+...+fn, where fl,...,fn are linear
functionals on B(H) and

lfj(T)l < qxj(T) = HijH (T ¢« BU)).

If S, T € B(H) and ij = ij, then
lfj(S) - fj(T)l = lfj(S-T)l < ”(S—T)xjH = 03

so fj(S) = fj(T). Moreover, each vector in B(H) has the form
ij, for some T in B(H). It follows that the mapping
¢. : Tx, =~ fj(T) is well-defined, and is a linear functional on

J J
H#. Furthermore, ¢j is bounded, since

l¢j<ij>! = lfj(T)l < HijH~

Hence there is a vector yj in H such that ¢j(x) = (x,yj>

for each x in #H; and

£(T)

n - on

n - n
£y (ij, yj> =17 mx"yj(T).

Thus f = ZIw This shows that strong operator continuity

X2V
3773
of f implies weak operator continuity; and the reverse impli-~

cation is apparent.

Remark 2.7. With M a subspace of B(H#H) and f a linear

functional on M, it follows from Lemma 2.6 and the Hahn~Banach
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theorem that f 1is weak operator continuous if and only if it

is strong operator continuous.

3. The ®* algebra B(H)

Let H be a Hilbert space. In this section we review
some of the properties of B{(H) as an associative linear algebra

with (the usual) involution *, defined by
(Tx,y) = (x,T*) (T e B(H); %,y e H).

The mapping T - T* is continuous in any one of the norm,
ultraweak or weak operator topologies. For a fixed T, in
B(H), the mappings T -+ T, T and T » TT, are continuous in
each of the topologies just mentioned, and also in the strong
operator topology. The mapping (S, T) - ST is continuous,
from B(H) x B(H) +to B(H) in the norm topology, and from
B(H)l xB(H) to B(H) in the strong operator topology,

where B(H)l is the unit ball of B(H). The proofs are all
elementary, and ave left as an exercise for the reader.

By a * algebra over H we mean a subalgebra R of B(H),

such that T% ¢ R whenever T € R. The weak operator closure
R~ of a * algebra R coincides with the strong operator
closure, and is itself a * algebra, by virtue of Lemma 2.6 and
the continuity properties set out in the preceding paragraph.
We shall see later (Corollary 3.3) that R~ is also the ultra-

weak closure of R,
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A von Neumann algebra over H 1is a weak operator closed

® algebra R over H which contains the identity operator I
on H. It is apparent that such an algebra R contains the

self-adjoint and skew-adjoint parts
ST + T#), Fi(T* - T)

of each of its elements T. With A a self-adjoint element
of R, the spectral projections of A 1lie in R, since they
are weak operator limits of polynomials in A. Moreover, A
is the norm limit of certain finite linear combinations of its
spectral projections, by the spectral theorem. From this it
follows that a von Neumann algebra R is the norm closed
linear span of the projections it contains.

Suppose A is a self-adjoint element of a von Neumann
algebra R and f is a complex-valued continuous function on
the spectrum sp(A) of A. The operator f(A), corresponding
to f in the functional calculus for A, is the norm limit of
a sequence of polynomials in A; so f(A) ¢ R. This implies,
in particular, that R contains the positive and negative parts
of each of its self-adjoint elements.

We assert that each element T in a von Neumann algebra
R is a finite linear combination of unitary operators in R.

To prove this, it suffices to consider the case in which T = T%®

and ||T|| £ 1. The spectrum sp(T) is then a subset of the
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compact interval [-1,1], and we can define a continuous complex~

valued function f on sp(T) by f(t) = t+i/(l~t2). Since
t = S0 + T, £ = O = 1

for each t 1in sp(T), it follows that the operator U = £(T)

satisfies

UeR, T:= %(U+U*), UU% = URY = I.

Although stated here for von Neumann algebras, the results of
this and the preceding paragraph apply also to a norm closed #
algebra over H which contains the identity operator.

With F a subset of B(H), we define

F* = {T* : T ¢ F},

F! {S € B(H) : ST = TS for each T in F u F#*};
and we call F' the commutant of F. It is clear that F' is
a von Neumann algebra. If X is a closed subspace of H and
E is the projection from H onto X, it is not difficult to
verify that E e F' if and only if T(X) ¢ X for each T in
Fu F¥,

We now state and prove von Neumann's "double commutant

theorem"; we write R" in place of (R'")',

Theorem 3.1. If R is a ® algebra over H and contains
the identity operator I on H, then R" is the strong

operator closure of R,



329

Proof. It is apparent that R ¢ R" and that R" is
strong operator closed; so it suffices to prove that each
element A of R" 1lies in the strong operator closure of R.
Each strong operator neighborhood No of A contains a set

N of the form

(3.1.1) N = {S e B(H) : HSx.-ijH < e (3 =1,...,0)},

]

where € 1is a fixed positive real number and KysesesX, are

fixed elements of H. It suffices to prove that R meets N.
We consider first the case in which n =z 1. With x in

#, +the norm closure Rx of the linear subspace Rx ="{Tx:TeR}

is invariant under each operator in R, and contains x. Hence

the projection E from H onto Rx is in R', Ex = x, and

S0

Ax = AEx = EAx ¢ Rx.

It follows that there is an element T in R such that
ITx - Axl| < e.

Let Ho be the Hilbert direct sum of n copies of H;
that is, Ho is the Hilbert space of all n-tuples (yl,...,yn)

of elements of H, with the inner product defined by
_ <N
((yl,...,yn), (zl,...,zn)> = Iy <yj, zj>.

There is a natural isomorphism between the * algebra B(Ho) and

the #* algebra of all n x n matrices with entries in B(H).
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With S in B(H), let S be the operator in B(Ho) whose
matrix has S in each diagonal position, and zeros elsewhere.

One verifies without difficulty that the set

R°={T:T5R}

is a * algebra over Ho and contains the identity operator on
Ho. Routine matrix calculations show that Ré consists of
those operators on Ho whose matrices have all their entries
in R', and that A « Rg. Let % be the element (xl,...,xn)
of Ho, where X)seeesX, are the vectors occuring in the
definition (3.1.1) of N. The argument used in the preceding
paragraph now applies, with ‘Ro in place of R, to show that
there is an element T, of R, such that It % - Ax|| < e.

For some T in R, we have To = T, and

n 2 2
z) Hij - ij” H((TwA)xl,...,(T—A)xn)H

|Fx - Ax)2 < €2.

Thus T € R n N; and R meets N, as required.

We next state the "Kaplansky denisty theorem”, but omit
the proof, which can be found, for example, in [3 : pp.u3,uu]
or [11 : pp.2u4=-286].

Theorem 3.2, Suppose that A and B are * algebras over

H, such that A ¢ B and A is strong operator dense in B.
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Let As and Bs denote the sets of all self-adjoint elements,
of A and B respectively. Then Ay is strong operator
dense in Bl’ and (As)l is strong operator dense in (Bs)l’
where in each case the suffix 1 is used to denote the closed

unit ball in the appropriate space of operators.

Corollary 3.3. A * algebra A over H has the same

closure in each of the ultraweak, weak operator and strong

operator topologies.

Proof. The closure A~ of A in the weak operator
topology coincides with the strong operator closure (and the
same comment applies to the unit ball Al of A) by Lemma 2.6.
It is clear that the ultraweak closure of A is a subset of A".
To prove the reverse inclusion, suppose that A ¢ A~ and
Al £ 1. By Theorem 3.2, A 1lies in the strong (equivalently,
weak) operator closure of Al' Since the weak operator and
ultraweak topologies coincide on the unit ball of §(H), A is
in the ultraweak closure of Al’ and so lies in the ultraweak

closure of A.

We remark that neither Theorem 3.2, nor the part of Corol-
lary 3.3 which depends on it, will be used in these notes. We

have included these results only for completeness.

A linear functional f on a von Neumann algebra R 1is

described as hermitian if f£(T) is real whenever T = T®* ¢ R,
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Each linear functional g on R has the form g * igz, with
g and g, hermitian; it suffices to take g, = %(g+g*) and

g, = %i(g*-g), where
g*(T) = g(T%) (T ¢ R).

Lemma 3.4. Suppose that w 1is a hermitian bounded linear
functional on a von Neumann algebra R, and n is a real
number.

(i) If w(A) > n for some positive operator A in the
unit ball of R, then w{(E) > n for some projection E in R.

(ii) 1If |w(F)| = n, for every projection F in R,

then [lw|] = un.

Proof. (i) By the spectral theorem there exists an ortho-

gonal family {El,...,En} of projections in R, and Ayseeeshy

in the interval ([0, 11, such that
-1
i

a - ):Aiju < Jlo] ™ (wa) - m.

Thus
n n
w(A) - jzlkjw(Ej) < w(A) = n, jglkjw(Ej) > 0.
Renumbering if necessary, we can arrange that
w(Ej) >0 (1 s 3 sm and m(Bj) S0 (m< 3 sn).

With E the projection E +...+Em, we have

1

() = ¢ T
W = jglw(El) 2 ,5

n
As ) 2 I A.w(E.) > n.
s£1 Jw(Bj) 2 Jw( 3) n

3:
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(ii) 1f |w(F)] = n, for every projection F in R, it
follows from part (i) (applied to both w and -w) that
lw{A)| ¢ n for every positive operator A in the unit ball
Rl of R. Each A in Rl has the form A,-A, + 1(A3—A4),
with Al,...,A“ positive elements of Rl. Thus

n
jwa)] s i {w(Aj)l S 4n

A linear functional f on a von Neumann algebra R is
described as positive if f(A) 2 0 for each positive operator
A in R. A positive linear functional f on R is hermitian,
since each self-adjoint element of R can be expressed as the
difference of two positive operators in R. Moreover, we have

the Cauchy-Schwarz inequality
|£(T#S)|% < £(S*S) £(T*#T) (S, T € R),
which results from the fact that the equation
(s, T) = £(T*s)
defines a positive semi-~definite inner product < . ) on R,

Lemma 3.5. A norm continuous linear functional w on a
von Neumann algebra R is positive if and only if w(E) 2 0

for each projection E in R.

Proof. A projection is a positive operator; and, by the

spectral theorem, each positive operator in R can be
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approximated in the norm topology by a finite linear combination
I AjEj of projections in R, with each lj a positive real
number.

4. Complete additivity and ultraweak continuity

A norm continuous linear functional « on a von Neumann

algebra R 1s completely additive if

w (ZE&) =z w(Ea),

for every orthogonal family (Ea) of projections in R. Since
the sum EEQ converges in the ultraweak topology, it is
apparent that ultraweak continuity of w implies complete addi-
tivity. Our first objective in this section is to prove the
reverse implication (Theorem 4.5). By means of this result we
derive, in Theorem 4.7, a characterization of those subsets

in the predual R, which are relatively compact in the topology

o(R,, R).

Lemma 4.1. If w is a hermitian and completely additive
norm continuous linear functional on a von Neumann algebra R,
and E is a projection in R, then R contains a subprojection
F of E such that w(F) 2= w(E) and the restriction w]|FRF

is a positive linear functional on the von Neumann algebra FRF.

Proof. Let (E ) be a maximal orthogonal family of sub-

projections of E in R, such that w(Ea) < 0 for each a.
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With F = E - IE,, maximality of (Eu) implies that w(G) 2 0
for each projection G in FRF. Thus w|FRF is a positive

iinear functional. By complete additivity of w,
w(F) = w(E) - w(ZEa) = w(E) - Ew(Eu) z w(E).

Lemma 4.2. Suppose that a norm continuous linear functional
w on a von Neumann algebra R is both positive and completely
additive, and E 1is a non-zeroc projection in R. Then there
is a non-zero subprojection T of E in R, and a vector x,

such that
Jw(R)] s ||Rx|| (R ¢ RF).
Proof. If y is a vector such that ||Ey|? > w(E), we have
(o, = @) (E) =|lEyI® - w(E) > 0.

Since by - w is hermitian, completely additive and norm
continuous, it follows from Lemma 4,1 that R contains a sub-
projection F of E with (my-m)}FRF a positive linear func-

tional and
(my - w)(F) = (wy - w)(E) > 0.

The last inequality shows that F # 0. With R in RF, we

have R®™R ¢ FRF, and so

05 (uy, - w)(R¥R) = IRy - w(R*R).
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The Cauchy-Schwarz inequality now gives
[w(R) |2 £ w(I) w(R*R) s w(D|Ry|?.

This proves the lemma, with x an appropriate scalar multiple

of vy.

Lemma 4.3. If a norm continuous linear functional ® on
a von Neumann algebra R is both positive and completely addi-

tive, then w is ultraweakly continuous.

Proof. Let (Fj) be a maximal orthogonal family of

jed
non-zero projections in R with the following property: there

is a vector x5 in R such that |w(R)| = HijH whenever

R e RFj. If ZFj £ I, it follows from Lemma 4.2 that there is

a vector x and a non-zerc subprojection F of I - EFj in

R, such that Jw(R)] s ||Rx|| whevever R ¢ RF. This projection

F can be added to the family (Fj)’ contradicting maximality.
ZjeJ Fj = I.

We want to prove that w ¢ Ry. Since R, is norm closed

Hence

in R*, it suffices to show that, given any positive €, there
is an w; in R, satisfying |o - le < €. By complete
additivity of w, ZjeJm(Fj) converges to w(I); so thene is

a finite subset K of J such that

w( F.) = I m(Pj) < ezﬂw!rl,

A
jed\K 3 jed\K

. _ 2 ~1 =
With E = ZjeJ\K Fj, we have w(E) < £ wl and E+ZjeKFj = I.
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Thus w = wy + Wy where

w,.(R) = I w(RF.), w,(R) = w(RE) (R ¢ R).
1 . 3 2
jeK
Since |w(R)| = 25 ek HRijjH, w, is strong operator continuous;
80 W, € Rys by Lemma 2.6. Furthermore, by the Cauchy-Schwarz

inequality,

| w( CER#*)*E) | 2
w(ER*RE) w(E)
loll IRIP w(E) = e |IR|12.

lo,(R) |2 = |u(RE)|?

'3y

n

Hence "mzlis e; that is, [lo - ol s e.

Lemma 4.4. Suppose that a, b, ¢ are real numbers such
that a, b, ab ~ c2 are non-negative, and that E, T e B(H)
with E a projection and ||T|| < 1. Then the operator

aE + b(I-E) + clET(I-E) + (I-E)T*E] is positive.
Proof. With x in H we have

a(Ex,x + b<(I-E)x,x) + c(ET(I—E)x,x} + o{(I-E)T*Ex,x)
= a J|Ex|® + b|(I-E)x||® + 2c Re(T(I-E)x Ex)
a JlEx|P? + bllcz-E)x|® - 2 || cz-Edx]| |Ex]| > o0,

2 2

since the quadratic form as + bt° - Zkbt is positive semi-

definite.

Theorem 4.5. A norm continucus linear functional on a
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von Neumann algebra R is ultraweakly continuous if and only

if it is completely additive.

Proof. It is apparent that ultraweak continuity implies
complete additivity. In proving the converse implication we
may suppose that w is hermitian, since the hermitian and skew
hermitian parts of a completely additive linear functional are
again completely additive.

With © hermitian and completely additive, and |w|l < 1,

let
(%.5.1) u = sup{w(A) : A = A* ¢ R, 0 s A < I},

so that 0 <y s |lu|| < 1. Given e such that 0 < e < /y,

there is a positive operator E in the unit ball of R such

1
that w(El} > W - e. By Lemma 3.4(i), we may suppose that E,
is a projection; and by Lemma 4.1 we may suppose also that
w[ElREl is a positive linear functional. Since leIREl is
also completely additive, it is ultraweakly continuous by

Lemma 4.3. With E2 =1 - El, w 1is the sum of the four linear

functionals w (j,k = 1,2 ) defined by w., . (R) = w(E.RE,);
sk ik

isk
and wy; 4 € Ry+ Note also that, if F is any projection in
3

E,RE,,

by (4.5.1),

then w(F) < ¢3 for El + F is a projection in R and,

U o= w(El+F) = w(El) + w(F) > u - ¢ + w(F).

We show next that le Jl and Jle, 4|l are small. For this,
b 3
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suppose that T 1lies in the unit ball of R and define S

in R by
- 1/2 1/2 *
S = (l—e)E1 + eE2 + € (l-e) (ElTE2 + E2T El)’
so that
- i/2 1/2 *
I-8 = eEl + (l-e)E2 - € (l-€) (ElTE2 + E2T El)'

By Lemma 4.4, both 8§ and I-S8 are positive operators; so

0 <SS =< I. By (4.5.1),

¥z w(S)

1/2 1/2

(l—e)m(El) + ew(Ez) + ¢ (1-€)
1/2(1_€)1/2

®
m(ElTE + E,T El)

2 2
Re m(ElTEZ).

iv

(1-e)(u-€) - € + 2¢

Since py <1 and 0 < € < %, a little manipulation gives

1/2 ~1/2

Re ml,2(T) = Re m(ElTEz) s %(u+2)g (1-¢) < 3/e.

These inequalities are valid for each T in the unit ball of

so "“1,2“ < 3/e, and similarly Hmz’lﬂ < 3/e. Thus
(3.5.2) Jjlw - wy q - “’2,2” = ”"’1,2 + “’2,1" < 6/e.

We show next that
(4.5.3) there is an w_ in R, satisfying ”m2’2+mon < he+6ve.

(o]

This suffices to complete the proof of the theorem; for R,

W
norm closed in R , and it follows from (4.5.2) and (#.5.3) that
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(for any preassigned positive €) there is an element w,
(= wyp - w,) of R, satisfying luw - wyll s e + 12/e. It
remains to prove (4.5.3).

The restriction v = —wIEZRB2 is a completely additive
linear functional on E,RE,, such that vl £ 1 and v(F) > -¢
for each projection F in 52232. By applying to v the
argument used above for w, we deduce the existence of projec-
tions Fl and F2 in E2RE2, with sum E2, satisfying the
following conditions: if a linear functional vj,k on EQRE2

is defined (for j,k = 1,2) by vj,k(S) = v(FjSFk) (S ¢ E2RE2),

then vy, is ultraweakly continuous,
b

(4.5.4) v - v - v2’2“ < 6/e,

1,1

and V(F) < ¢ for each projection F in FZRFZ. This last
inequality, together with our earlier result in the opposite
direction, shows that |v(F)| < ¢ for each projection F in

F,RF,. By Lemma 3.4 (ii), uvleRFzﬂ < 4e; whence

1v2,2(s>l = lv(FZSFz)I s 4el|F,SE|| < ue ||s]|

whenever S ¢ E,RE,, and so Hv2 o Il s 4e. This, with (4.5.4),
b4

gives
v -~ vl,l” < 4g + B/e.

With W defined by wo(R) (E2RE2) when R ¢ R, we have

V1,1

W, € R, and
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| Cw

+ m2’2>(R)l !vl,l(EzREz) + w(E,RE,)|

o

1]

[(ul’l - V)(E,RE,)|

”\’1’1 - V" HE2R32“
(4e + 6ve)||R]|]s

in

1A

for each R in R. This proves (4.5.3).

Theorem 4.6. If @ dis a norm continuous linear functional
on a von Neumann algebra R, and the restriction w|A is
ultraweakly continuous for each maximal abelian * subalgebra A

of R, then w is ultraweakly continuous.

Proof. With (Ea) an orthogenal family of projections in
R, there is a maximal abelian %* subalgebra A of R which
contains each E,- Since ZEa is ultraweakly convergent and
wlA is ultraweakly continuous, we have (I Ea) = zm(Ea).
This shows that ®© is completely additive, and so ultraweakly

continuous by Theorem #.5.

Theorem 4.7. A bounded set K in the predual R, of a
von Neumann algebra R is relatively compact in R,, for the
topology o(Ry, R), if and only if the following condition is
satisfied:

(%) if (En) is an orthogonal sequence of projections in R,

then m(En) + 0, uniformly for «w in K.

Proof. Suppose first that the condition (#*) is satisfied.
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Since K is a bounded subset of Ry(c R*), its c(R*, R)
closure Ky in R* is C(R*, R) compact. To prove that K
is 0o(R,, R) relatively compact in R, it suffices to show
that Kl ¢ Rys for then K ¢ Kl € Ry, and Kl is o(Rg, R
compact since o(R,, R) is the restriction to R, of the
topology U(R*, R).

With (Ej)jEJ an orthogonal family of projections in R,
with sum E,
(4.7.1)  w(E;) = w(b) (w ¢ K),

jed ]
since K ¢ R,. If the convergence of the sum in (4.7.1) is not
uniform, for w in X, we can choose Wy sWosers in K, dis~
joint finite subsets Jl’J2"" of J, and a positive 6§,
such that
| z wn(}:j)l 2 6 (n = 1,250.0).
JeJn

With F defined as EjeJnEj’ (Fn) is an orthogonal sequence
of projections in R and |w (F )| 2 8§ for each n, contra-
dicting (*). Thus the sum in (4.7.1) converges uniformly, for
w in K.

With o in Kl’ there is a net (wa) of elements of
K which converges to w in the topology OCR*, R). Since
wa(E) + w(E) and wa(Ej) - w(Ej) for each j, while

L w (E.) = w (E)
jed e 3 G
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for each a, it results from the uniformity of convergence
just established that

I w(E:,) = w(E).

jed J

This proves that ® is completely additive. By Theorem 4.5,
w e Ry; 80 K = Ry, as required.

Conversely, suppose that K is o0(Ry, R) relatively
compact in Ry, but that the condition (*) is not satisfied. We
shall in due course obtain a contradiction, so completing the
procf of the theoren.

Since (*) fails, we can find a positive &, an orthogonal
sequence (En) of projections in R, and a sequence (w ) in

K, such that
(4.7.2) lo (B D] 2 48 (n=1,2,...).

Since 0(R,, R) is the weak topology on the Banach space Ry,
the Eberlein-Smulian theorem (see, for example [4 : p.u3gl)
implies that (mn) has a subsequence which is o(R,, R) conver-
gent to an element w of R,. Passing to this subsequence (and
the corresponding subsequence of (Bn)), we may suppose that
(w ) 1is o(Ry, R) convergent to w. Since w e Ry and (E))
converges ultraweakly to 0, we have w(En) + 0. By deleting

a finite number of terms from the sequences (En), (wn), we can

assume that lw(En)l s 6 (n = 1,2,...).

With T, = 0, - w, we have
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(4.7.3) T, € Rao |tn(En)| 238 (n=1,2,...),

and (Tn) is d(R,, R) convergent to zero. For any bounded
sequence (An) of scalars and any 1t in R,, the series
b AnEn converges ultraweakly to an element T of R, whence

z AnT(Bn) converges (to 1(T)). It follows that
-]
(4.7.4) 2Z [TE)D] <= (T e Ry).

We construct a strictly increasing sequence (n(j)) of

positive integers with the following properties:

k=1

(4.7.5) |j§1 Tn(k)(En(j))l <8 (k= 2,3,...),

(4.7.6) z T (ED| <8 (k= 1,2,...).
j=n<k+1)l nao &3 ’

We start the process by taking n(l) = 1. Suppose now that
p>1, and n(l),...,n{p-1) have been constructed in such a
way that (4.7.5) holds when 2 < k < p-~1 and (4.7.6) holds
when 1 s k £ p-2 (these conditions are satisfied, vacuously,
in the case p = 2, with n(l) = 1). Since (rn) is o(Rg, R)
convergent to zero, and the series ern(p_l)(Ej)f converges,

the inequalities
psl ®
[jgl T(En(j))l < 8, jgn "n(p-l)‘Ej)’ <8
are both satisfied for all sufficiently large n. Thus (4.7.5)
holds when k = p, and (4,7.6) holds when k = p-l1, provided

we take n(p) (> n(p~1l)) sufficiently large. By this inductive
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process we construct a sequence (n(j)) with the stated

properties. From (4.7.6),

o
(4.7.7) z

seba TG0 Gyl <8 Go= 12,000,

With F the projection 21 En(j) in R,
-]
Tn(k)(F) - jEl Tn(k)(En(j)) (k = 1,2,..-),
since Th(k) € Rg. It now follows from (4.7.3), (4.7.5) and
(4,7.7) that {Tn(k)(F)f 26 (k= 1,2,...), contradicting our
assertion that (1) is 0(Ry, R) convergent to zero. This

completes the proof of the theorem.

5. The center-valued trace

In this section we prove the existence and main properties
of the center-valued trace in a finite von Neumann algebra
(Theorem 5.4 (ii)). Before embarking on the series of lemmas
which leads up to the proof of this result, we review certain
properties of von Neumann algebras which will be required.

With E and F projections in a von Neumann algebra R,
we write E ~ F, and say that E is equivalent to F, if
there is an element V in R (necessarily a partial isometry)
such that V%V = E, VV% = F, It is readily verified that ~
is indeed an equivalence relation, and that QE ~ QF if E ~ F

and Q 1is a central projection in R, We write E <L F if
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E ~ El < F, for some projection El in R; and E< F means
that E< F but E,F are inequivalent. It can be shown that,
if both EXF and F<E, then E ~ F; so that < induces
a partial order on the equivalence classes of projections. The
"comparison theorem" asserts that, if E, F are projections in
R, then there exist central projections P, Q and R in R,
such that P + Q + R = I, with the following property: if G
is a non-zero central projection in R, then GE ~ GF if
G <P, GEXGF if 6= Q, and GF~<GE if G < R. One
verifies easily that the relations ~ and < are completely
additive, in the following sense: if (Ea) and (Pa) are
orthogonal families of projections in R, indexed by the same
set, and Ea ~ Pa (respectively, Ea‘f Pa) for each «a, then
ZBa ~ EPa (respectively, ZBa‘f ZFa)' These results can be
found, for example, in [3 : pp.213-218] or [11 : pp.35-u0].
With (Eu) a family of projections in B(H), there is a
smallest projection \/Ea which dominates each Ea’ and a
largest projection A:Ea dominated by each Ea' The range of
an is the closed subspace generated by L’Ea(H), while A E,
has a range Y]Ea(H). It is an immediate consequence of the
double commutant theorem that a von Neumann algebra R which
contains each E, contains also V’Ea and A Ea' With E and
F projections in R, one c¢can show that EvvF-F~E-EATF
(see, for example, [3 : Corollaire 1, p.216] or [11 : p.uul).

A von Neumann algebra R is said to be finite if no
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projection in R, except I, is equivalent to I. It follows
easily from the comparison theorem that, if E, El’ F, Fl are

projections in a finite von Neumann algebra R, and E, s E,

1
F,sF, EXF and F; SE, then E-E SF-F.

If R is a von Neumann algebra with unitary group U, and
A ¢ R, we denote by KR(A) the norm closed convex hull of the
set {U*AU : U ¢ U}. It is known that KR(A) meets the center

of R (see, for example, [3 : pp.251-253] or [11 : pp.92-981).

Lemma 5.1. If E, F and Eqs Ez,... are projections in

a finite von Neumann algebra R, such that E,_<XF, E_<E

k k k+1

(= 1,2,...) and VE_= E, then EXF.

Proof. We construct inductively an orthogonal sequence

Fl’ Fz,... of subprojections of F such that

El ~ Fl s E -E ~ F (k > ).

k k-1 k

Since El < F, we can choose a suitable Fl’ so the process
starts. Suppose now that Fl""’Pr have been constructed, with

the required properties. Since E_ s Er < F and

r +1

Er = E, + (E2-El)+"'+(Er_Er—l) ~ F1+F

1 +...+Fr < F,

2

we have E - Ezs <F - (F1+F2+"‘+Fr)’ by the finiteness of

r+l
R. Hence there is a subprojection Pr+1 of F - (F1+F2+...+Fr),
such that Er+l - Er ~ Fr+l; and the inductive construction of

the sequence (Fk) proceeds. Finally,
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- -]
E=E +L (B -F ) ~FF sF.
If R 1is a von Neumann algebra with unitary group U and
predual R,, we can associate with U in U an isometric

linear mapping LU’ from R, onto R,, by defining
(Lum)(A) = w(U*AU) (w e Ry, Ac R, Ue W),

When w ¢ R,, we shall denote by Qw the norm closed convex

hull in R, of the set K = {Lyw : U e U}.

Lemma 5.2. If (En) is an orthogonal sequence of projec~
tions in a finite von Neumann algebra R, and @ ¢ R,, then

T(En) + 0, uniformly for Tt in Q.

Proof. It suffices to prove that T(En) + 0 uniformly for
T in Kw' We suppose this is not the case, and in due course
obtain a contradiction. There is a positive 6, a subsequence
(Fn) of (En), and a sequence (Tn) in Kw’ such that
ITn(Fn)I 2 8 for each n. With U, a unitary in R such that

= 3 3 %
T LUnw, and Gn the projection UnPnUn, we have

(5.2.1) G, € R, & ~F, lwte D] = 6.

We define
Pm’n = V{Gn’ Gn+l"”’Gm} (1 sn<m,
P, =Vie; :32n}=Vip _:meznl,
P = A{Pn :n = 1}.
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Then Pn,n < Pn+1,n < Pn+2,n £ ..., and we assert that
(5.2.2) Pm’n-j F +F 4t +F (mzn).
Since Pn,n = Gn ~ Fn, (5.2.2) is satisfied when m = n. If

r 2 n, and (5.2.2) has been proved when m = r, we have

G - P ~ 6

r+1¥Fr,n r,n r+1 " Sp+1AFp,n 5 €

r+1 F

r+l?

and addition yields

G F +F + ... + F

r+IVPr,n SE n+l r+l"*

Since G (5.2.2) holds also when m = p+l.

r+fVPr,n = Pr+l,n’

o
From (5.2.2), Pm,n < Zn Pj (m 2 n). By Lemma 5.1,

o - . - o«
P 3 I, Fj. Finiteness of R now entails I - X Fj SI-P

I -P; and a further application of Lemma 5.1 gives

I=V{I-2§Fj:nzl}'jl—?.

Thus P = 0. Since Pl 2 P2 z P3 -2 Pn > Gn and
AP : n =1} =0, it follows that both (P.) and (6))
converge strongly (hence, also, ultraweakly) to 0. Since

w e Ry, w(Gn) + 0, contradieting (5.2.,1).

Lemma 5.3. If R is a finite von Neumann algebra and

we Ry, then Q  is o(Ry, R) compact.
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Proof. Since o(R,, R) 1is the weak topology on the
Banach space R, the norm closed convex set Qw is also
0(Rys R) closed. It is o(R,, R) relatively compact in

Ras Dby Lemma 5.2 and Theorem 4.7.

Theorem 5.4. Suppose that R is a finite von Neumann
algebra with center C and unitary group U.

(i) Each w in C, extends uniquely to an element T
of R* such that tT(U*AU) = 1(A) whenever A ¢ R and U e U;
moreover, T € Ry, |/t = llw]l, and <t is positive if w is
positive.

(ii) There is a unique norm continuous linear mapping T
from R into C such that T(A) = T(U*AU) and T(C) = C
whenever A e¢ R, Ue U, C e C. Moreover, T is norm decreasing
and ultraweakly continuous, T(CA) = CT(A) whenever A ¢ R and

Ce C, and T(A) is positive whenever A is positive.

Proof. It is convenient to leave aside for the moment
the questions of existence, and to deal first with uniqueness
and some of the additional stated properties of <t and T.
With w a given element of C,, suppose that T e R*, T]C =
w, and T(UMAU) = 1(A) whenever A ¢ R and U ¢ U. Given
A in R, choose an element C in KR(A) n C; so that
llcl < [Jall, and € is positive if A 1is positive. It is clear

that 1t is constant on KR(A), 80

TCA) = T(C) = w(C), |t(A)] s llall ik s Nol Al
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and t(A) 2 0 if w and A are positive. This shows that =
is uniquely determined, that ||1|| = [Ju]] (whence |lt] = |lw]l,
since w = T|C), and that 1T is positive if w is positive.
A similar argument shows that T, if it exists, is unique,
norm decreasing and positive. Furthermore, if Co is a
unitary element of €, the norm continuous linear mapping

To : R > C, defined by To(A) z CgT(COA), satisfies
TO(U*AU) z TO(A) and TO(C) = C whenever A e R, U e U,

C ¢ C. By the uniqueness just esteblished, T0 = T; so
T(COA) = COT(A). This has been proved with A in R and C

o
unitary in C; by linearity, it remains valid for all Co in
cC.

We turn now to the questions of existence and ultraweak
continuity. With o in C,, there exists p in R, such
that olC = w, by Theorem 2.4 (iv). We now use the notation
introduced before the statement of Lemma 5.2. The isometric
linear mappings LU : Ry » R, are o(Ry, R) continuous, and
leave invariant the o(R,, R) compact convex set Qp in R,.
Since o(R,, R) is the weak topology on the Banach space R,,
the Ryll-Nardzewski fixed point theorem [12, 10] asserts the

existence of an element 1 of Qp such that LUT = 1 for

each U in U. Hence T ¢ R, and

Tt (U*AU) = (LU1)(A) = 1(A) (A e R, Ue WD.
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With ¢ in C,
(LUp)(C) = p(U%CU) = p(C) = w(C)

for each U in U, Since 1 1is the norm limit of a sequence
of convex combinations of LUp's, we have 7T(C) = a(C); so
w = t]|C. This proves the existence and ultraweak continuity of
7, and so completes the proof of part (i) of the theorem.

For each « in C(,, we denote by Sw the unique element
t of R, ocecuring in (i). Thus 8 is a bounded linear
operator from C, into R,. Since R and ¢ can be identified
with the Banach dual spaces of R, and (, respectively, the
adjoint operator S#* corresponds to a bounded linear operator
T from R into (€, such that (T(A)) = (Sw)(A) whenever
we C, and A ¢ R. Since the adjoint operator s* is weak
® continuous, T is ultraweakly continuous. From the proper-

ties of Sw (= 1) stated in part (i), we have

w(T(U*AU)) = (Sw)(U*AU) = (Sw)(A) = w(T(A)),
w({T(C)) = (Sw)(C) = w(C)

whenever weCy, A e R, Ue U and C e C. Thus T(UAU) =

T(A) and T(C) = C. This completes the proof of the theorem.

The mapping T described in Theorem 5.4 (ii) is called

the center-valued trace on R.




[2] .

(5] s.

[6] =®.

[7] =
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