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Genus one fibrations

Kodaira (’63) classified all singular fibers in pencils of elliptic curves, and
showed that in such a pencil, each fiber is either an elliptic curve (72), a
rational curve (S?) with a node or a cusp, or a certain sum of rational curves

of self-intersections —2:
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Figure: Kodaira’s classification of genus one singularities
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Kodaira’s fibrations.

@ Later Harer-Kas-Kirby ('86) gave the monodromy factorizations of the
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Stimeyra Sakalli Topological Approach to Algebraic Genus Two Singular Fibers



Genus one fibrations

@ Later Harer-Kas-Kirby ('86) gave the monodromy factorizations of the
Kodaira’s fibrations.

@ By using them, lots of exotic 4-manifolds have been constructed. From
the factorizations of the monodromy of Lefschetz fibrations on starting
manifolds, one obtains configurations of curves, which are then used in
smooth or symplectic surgeries to obtain small exotic 4-manifolds.

Stimeyra Sakalli Topological Approach to Algebraic Genus Two Singular Fibers



Genus one fibrations

@ Later Harer-Kas-Kirby ('86) gave the monodromy factorizations of the
Kodaira’s fibrations.

@ By using them, lots of exotic 4-manifolds have been constructed. From
the factorizations of the monodromy of Lefschetz fibrations on starting
manifolds, one obtains configurations of curves, which are then used in
smooth or symplectic surgeries to obtain small exotic 4-manifolds.

Or, on the global monodromy factorizations, one can do monodromy
substitutions and obtain exotic 4-manifolds.
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Genus one fibrations

@ Later Harer-Kas-Kirby ('86) gave the monodromy factorizations of the
Kodaira’s fibrations.

@ By using them, lots of exotic 4-manifolds have been constructed. From
the factorizations of the monodromy of Lefschetz fibrations on starting
manifolds, one obtains configurations of curves, which are then used in
smooth or symplectic surgeries to obtain small exotic 4-manifolds.

Or, on the global monodromy factorizations, one can do monodromy
substitutions and obtain exotic 4-manifolds.

@ Our theorem establishes this dictionary in genus 2: We give one-to-one
correspondence between the genus 2 singular fibers and their
monodromy factorizations.
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Genus two fibrations
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Genus two fibrations

@ Namikawa-Ueno ('73) gave the classification of all singularities in genus
two fibrations, and showed that there are 120 types.

Stimeyra Sakalli Topological Approach to Algebraic Genus Two Singular Fibers



Genus two fibrations

@ Namikawa-Ueno ('73) gave the classification of all singularities in genus
two fibrations, and showed that there are 120 types.

@ These singularities are configurations of spheres and tori with certain
self intersections and multiplicities.
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Genus two fibrations

@ Namikawa-Ueno ('73) gave the classification of all singularities in genus
two fibrations, and showed that there are 120 types.

@ These singularities are configurations of spheres and tori with certain
self intersections and multiplicities.

@ To be precise, let 7 : X — D be a complex algebraic family of curves of
genus two over adisc D = {t € C, |{| < ¢}, where X is a minimal,
non-singular, complex analytic surface, and = is smooth over the
punctured disc D’ =D — {0}.
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Genus two fibrations

@ Namikawa-Ueno ('73) gave the classification of all singularities in genus
two fibrations, and showed that there are 120 types.

@ These singularities are configurations of spheres and tori with certain
self intersections and multiplicities.

@ To be precise, let 7 : X — D be a complex algebraic family of curves of
genus two over adisc D = {t € C, |{| < ¢}, where X is a minimal,
non-singular, complex analytic surface, and = is smooth over the
punctured disc D' = D — {0}. For every t € D’ the fiber 7—'(t) is a
compact non-singular curve (Riemann surface) of genus two, the
restriction of 7 to D’ is a smooth fiber bundle, and the central fiber is a
singular complex algebraic curve.

@ Such families of curves are called degenerating families of algebraic
curves.
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Genus two fibrations

@ Atomic singular fibers are defined as singular fibers that cannot be split
by any perturbation of the degenerating families into fibrations with
multiple (simpler) singular fibers.
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Genus two fibrations

@ Atomic singular fibers are defined as singular fibers that cannot be split
by any perturbation of the degenerating families into fibrations with
multiple (simpler) singular fibers. Xiao and M. Reid proposed the
problem of determining all the atomic singular fibers, and in the genus
two case it is studied by Xiao ('85), Horikawa ('88), Persson ('92) and
Arakawa-Ashikaga ('01, '04), and topologically by
Matsumoto-Montesinos ('04) and Ishizaka ('07).
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Genus two fibrations

@ Atomic singular fibers are defined as singular fibers that cannot be split
by any perturbation of the degenerating families into fibrations with
multiple (simpler) singular fibers. Xiao and M. Reid proposed the
problem of determining all the atomic singular fibers, and in the genus
two case it is studied by Xiao ('85), Horikawa ('88), Persson ('92) and
Arakawa-Ashikaga ('01, '04), and topologically by
Matsumoto-Montesinos ('04) and Ishizaka ('07).

@ Namikawa-Ueno’s list of fibers are in 4 groups, only the first group
consists of fibers with finite order monodromies. In this sense they are
analogous to Kodaira’s fibers.

@ The first group has received the most attention in the literature; e.g.
Matsumoto ('96 and '04), Ishizaka ('04 and '07), Gong-Lu-Tan ('16),
Akhmedov-S. ('18).

@ Akhmedov-S. ('18): We worked with closed 4-manifolds that are the total
spaces of algebraic fibrations over S?, having 2 singular fibers. We
worked with two such pairs and constructed exotic 4-manifolds.
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Our work
@ Decomposing singularities into their atomic pieces (or deforming the

singular fibration into a Lefschetz fibration) is called Morsification by
Reid.
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@ In our work, we first construct the Namikawa-Ueno (N.-U.) fibers, then
we give explicit Morsifications of them, and give Dehn twist factorizations
of each.
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Our work

@ Decomposing singularities into their atomic pieces (or deforming the
singular fibration into a Lefschetz fibration) is called Morsification by
Reid.

@ In our work, we first construct the Namikawa-Ueno (N.-U.) fibers, then
we give explicit Morsifications of them, and give Dehn twist factorizations
of each.

@ Our result can be thought as analogous to Harer, Kas, and Kirby’s result
on Kodaira’s singular fibers. (But our method is different).

@ Algebraically, we resolve singularities and reconstruct N.-U. fibers.

@ Holomorphically, we do complex deformations of the singular fibrations
into Lefschetz fibrations, taking care to give explicit Dehn twists
factorizations. Due to such care, these deformations are actually
deformations of the underlying complex fibration on the resolution.
These deformations give decompositions of the singularities into their
atomic pieces.

@ Symplectically, we find the monodromy factorizations of the Lefschetz
fibrations.
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Our work

@ Our theorem is both a characterization of the symplectic fibrations that
underlie these algebraic families and also the symplectic structures of
the underlying algebraic surfaces which are accessed via the plumbing
diagrams that we construct in the resolutions of the singularities.
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@ Our theorem is both a characterization of the symplectic fibrations that
underlie these algebraic families and also the symplectic structures of
the underlying algebraic surfaces which are accessed via the plumbing
diagrams that we construct in the resolutions of the singularities.

@ We cover all fibers of Namikawa-Ueno with finite-order monodromies,
and we further generalize their list.
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the underlying algebraic surfaces which are accessed via the plumbing
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@ We cover all fibers of Namikawa-Ueno with finite-order monodromies,
and we further generalize their list.

@ We give a dictionary between symplectic curve configurations and
monodromy factorizations for all singularities of genus two fibrations.
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Our work

@ Our theorem is both a characterization of the symplectic fibrations that
underlie these algebraic families and also the symplectic structures of
the underlying algebraic surfaces which are accessed via the plumbing
diagrams that we construct in the resolutions of the singularities.

@ We cover all fibers of Namikawa-Ueno with finite-order monodromies,
and we further generalize their list.

@ We give a dictionary between symplectic curve configurations and
monodromy factorizations for all singularities of genus two fibrations.

@ Our methods and these discovered correspondences between curve
configurations and monodromy factorizations can be applied to arbitrary
Lefschetz fibrations/pencils.
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Our work

@ We work with polynomials f(x, y, t) in C® and V(f): their zero sets.
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@ We work with polynomials f(x, y, t) in C* and V/(f): their zero sets.

@ Each of these algebraic varieties V(f) has a fibration by algebraic curves
with one singular fiber, more complicated than a Lefschetz singularity,
and its generic fibers are X 1 or Xz 5.
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@ We work with polynomials f(x, y, t) in C* and V/(f): their zero sets.

@ Each of these algebraic varieties V(f) has a fibration by algebraic curves
with one singular fiber, more complicated than a Lefschetz singularity,
and its generic fibers are X 1 or Xz 5.

@ In general V(f) is a singular variety which we resolve. We call the
resolution space X;.
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Our work

@ We work with polynomials f(x, y, t) in C* and V/(f): their zero sets.

@ Each of these algebraic varieties V(f) has a fibration by algebraic curves
with one singular fiber, more complicated than a Lefschetz singularity,
and its generic fibers are X 1 or Xz 5.

@ In general V(f) is a singular variety which we resolve. We call the
resolution space X;.

@ The fibration lifts to X; and the singular fiber lifts to its resolution graph.
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Our work

Theorem (S., Van Horn-Morris, '23)

The resolution X; of a singular algebraic variety V(f) where f is
) y2—x>—th k=1,...,10,

i) y2—x®—tk k=1,...,6,

i) Y2 — x(x*+ 1), k=1,...,8,

iv) y2 —x(x®+t5), k=1,...,10,

admits an (algebraic) fibration by hyperelliptic curves where all curves are
smooth except when t = 0. The central fiber is shown in Figures below.
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Our work

Theorem (S., Van Horn-Morris, '23)

The resolution X; of a singular algebraic variety V(f) where f is

) y2—x>—th k=1,...,10,

i) y2—x®—tk k=1,...,6,

i) Y2 — x(x*+ 1), k=1,...,8,

iv) y2 —x(x®+t5), k=1,...,10,
admits an (algebraic) fibration by hyperelliptic curves where all curves are
smooth except when t = 0. The central fiber is shown in Figures below.

We construct these central fibers and from those, we also obtain N.-U. fibers.
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Our work
monodromies:

Next, we split the fibrations on X;’s into Lefschetz fibrations and give their
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Our work

Next, we split the fibrations on X;’s into Lefschetz fibrations and give their
monodromies:

Theorem (S., Van Horn-Morris, '23)

The genus 2 fibration on the resolution Xy of a singular algebraic variety V(f)
where f is

) y2—x*—tk, k=1,...,6,8,9,10,
iy y2—x®—tk k=1,2,4,5,86,
iy Y2 — x(x*+ 1), k=1,...,8,
iv) y2 —x(x*+ 1), k=1,...,10,
splits into a Lefschetz fibration described by one of the following positive

words in the mapping class group of the genus 2 surface with either 1 or 2
boundary components:

¢1 ) ¢2, ¢37 ¢45 ¢2‘3 ¢Za Iv ¢A> ¢B3 Qﬁa (b?v ¢§, ¢§7 ¢£215 ¢'§'a G%,
o11, g2l g3, ozl P3pa, pads, To
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Here
o ¢1

® P2 = TITIT2T3T4,

T1T2T3T4,

@ ¢5 = T5TE5 4T3 T2,
@ @7 = T5/ T5T4T3T2T
@ /is the hyperelliptic involution on the genus two surface with factorization

| = T1T2T3TaT5 T TaT3 T2 T,

for the surface with one boundary component,
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Here

@ (1 = T1T2T3Ta,
G2 = TIT1T2T3T4,
¢3 = T5T5/ T4T3T2,
¢7 = T5/ T5ST4T3T2TH

l'is the hyperelliptic involution on the genus two surface with factorization
| = T1T2T3TaT5 T TaT3 T2 T,

for the surface with one boundary component, and for the surface with two
boundary components we have,

@ ¢3 = T1T2T3T4Ts,

@ ¢4 = TITIT2T3T4TS,

@ (A = THT4T3Ta T2T5TI T4Th, s
@ (B = TaTa,T8T5T2TaTh, Thy,

and 7p stands for the boundary (multi-)twist on the surfaces X5 1 and X5 »
(whichever happens to be under consideration).
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@ Here, we consider factorizations in the mapping class group
MCG(X2,.) := Diff" (X2, 0%z, )/isotopy rel boundary,

where € = 1 or 2 is the number of boundary components of the generic
fiber.
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@ Here, we consider factorizations in the mapping class group
MCG(X2,.) := Diff" (X2, 0%z, )/isotopy rel boundary,
where € = 1 or 2 is the number of boundary components of the generic

fiber.

@ The Dehn twists 71, - - - , 75, 75/ are the standard generators of the
hyperelliptic subgroup of the mapping class group of the genus two
surface as shown below:
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@ The curves ay, by and b from ¢4 are:
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@ .. and the curves ao, b, and bj, from ¢ are:

/
bl
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@ .. and the curves ao, b, and bj, from ¢ are:

@ The monodromies ¢;, i = 1,2,3,4 are of orders 10, 8, 6, 5 respectively.
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Splitting Algebraic Singular Fibrations via Perturbation of Branch Covers
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Splitting Algebraic Singular Fibrations via Perturbation of Branch Covers

@ In the above work, we constructed all genus two singular fibers that have
monodromies with finite order. We built them in a different way than
given by Namikawa-Ueno (N.-U.), but from the same polynomials given

by N.-U.
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Splitting Algebraic Singular Fibrations via Perturbation of Branch Covers

@ In the above work, we constructed all genus two singular fibers that have
monodromies with finite order. We built them in a different way than
given by Namikawa-Ueno (N.-U.), but from the same polynomials given
by N.-U.

@ However, not all the singularities in the list of N.-U. are of the same type
(suspension type) and they cannot be resolved by using the same
methods.
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@ In the above work, we constructed all genus two singular fibers that have
monodromies with finite order. We built them in a different way than
given by Namikawa-Ueno (N.-U.), but from the same polynomials given
by N.-U.

@ However, not all the singularities in the list of N.-U. are of the same type
(suspension type) and they cannot be resolved by using the same
methods.

@ In our recent work with Van Horn-Morris we have worked on these
singularities. We constructed them from polynomials that are different
from the polynomials suggested by N.-U.
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@ In the above work, we constructed all genus two singular fibers that have
monodromies with finite order. We built them in a different way than
given by Namikawa-Ueno (N.-U.), but from the same polynomials given
by N.-U.

@ However, not all the singularities in the list of N.-U. are of the same type
(suspension type) and they cannot be resolved by using the same
methods.

@ In our recent work with Van Horn-Morris we have worked on these
singularities. We constructed them from polynomials that are different
from the polynomials suggested by N.-U. In this way we were able to
obtain the exact same fibers as given on their list.
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@ That is, for each singularity we obtain the same configuration as given by
N.-U., and the multiplicity, self-intersection and genus of each irreducible
component of our configurations also agree with those of N.-U. fibers.
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@ That is, for each singularity we obtain the same configuration as given by
N.-U., and the multiplicity, self-intersection and genus of each irreducible
component of our configurations also agree with those of N.-U. fibers.

@ Then we deformed these singularities into Lefschetz fibrations and found
their monodromy factorizations.
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@ That is, for each singularity we obtain the same configuration as given by
N.-U., and the multiplicity, self-intersection and genus of each irreducible
component of our configurations also agree with those of N.-U. fibers.

@ Then we deformed these singularities into Lefschetz fibrations and found
their monodromy factorizations.

@ Let us note that Matsumoto studied one of N.-U. fibers in their list
(different from what we studied in this work).
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component of our configurations also agree with those of N.-U. fibers.

@ Then we deformed these singularities into Lefschetz fibrations and found
their monodromy factorizations.

@ Let us note that Matsumoto studied one of N.-U. fibers in their list
(different from what we studied in this work). He constructed it from a
different polynomial.
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@ That is, for each singularity we obtain the same configuration as given by
N.-U., and the multiplicity, self-intersection and genus of each irreducible
component of our configurations also agree with those of N.-U. fibers.

@ Then we deformed these singularities into Lefschetz fibrations and found
their monodromy factorizations.

@ Let us note that Matsumoto studied one of N.-U. fibers in their list
(different from what we studied in this work). He constructed it from a
different polynomial. He recovered the same central fiber as given by
N.-U., but the total space is not biholomorphic to the total space of the
N.-U. fiber.
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@ That is, for each singularity we obtain the same configuration as given by
N.-U., and the multiplicity, self-intersection and genus of each irreducible
component of our configurations also agree with those of N.-U. fibers.

@ Then we deformed these singularities into Lefschetz fibrations and found
their monodromy factorizations.

@ Let us note that Matsumoto studied one of N.-U. fibers in their list
(different from what we studied in this work). He constructed it from a
different polynomial. He recovered the same central fiber as given by
N.-U., but the total space is not biholomorphic to the total space of the
N.-U. fiber. (Matsumoto’s technique is different than ours.)
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Theorem (S., Van Horn-Morris, '23)

The genus two fibration on the resolution X of a singular algebraic variety
V(f) where f is
" =x(x*-y?), k=1,...,8,

splits into a Lefschetz fibration described by one of the following positive
words in the mapping class group of the genus two surface with 2 boundary

components:

2
® Y1 = T4T3T2TI T/, ° y? = y7uf,

6 2

o % = (rmsremiTir ), ® Y7 =5,
® Y7 = T2T3T4TS Ty Toy, o Y] =92y,

4 8 3!
@ Y1 = Yyib1, @ Yy =1Tp,To,

where the labeling agrees with the labeling of the Dehn twist curves on the
surface ¥, » shown in the figure below and o, stand for the boundary
multitwists on the surface ¥ ».
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2]

Cyr

Cyr

2

Figure: The Dehn twists 7; are about the curves ¢; (or 9;) for
i=1,1,2,3,4,5,5 01, 0.
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We also give a new lift of the hyperelliptic involution to the mapping class
group of X 5:
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We also give a new lift of the hyperelliptic involution to the mapping class
group of X 5:

Proposition

The following relation holds in the mapping class group of the surface ¥ »
(roTaTaTs T TaTsTaT1 1) = T, Ta

and moreover, the mapping class element represented by
| = To1374T5TS T4T3T2T1 1/ IS ISOtOPIC tO the involution on X, » with four fixed
points whose quotient is the annulus.
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