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Geometry of Lagrangian Cobordism mayors

Thegoalof this pairof talks is to giveyousomeinsightinto Lagrangian
Cobordismandtheir symplecticgeometry not topology I

areaforman Σ

Briefly we'llbeworkingin symplecticmanifolds like Σ wedxidy Lagrangian
Submanifoldswhichare dimensional submanifolds w zerosymplecticarea ie

areof paramountimportance in symplecticgeometryandtopologyandEven in smooth topology

Part I Defineseveraltypesof Lagrangiancobordism formulatesomequestions
and sketchsomeexamplegeometricresults

Port II Describe amethod anovelFloerhomology forobtainingoneof
thoseresults jointworkw IpsitaData

PART I CONTEXTand QUESTIONS

LAGRANGIAN COBORDISMS

Wewillwork in Σ x Rxic or 2 11 R dependingon convention

Def Let L be 1 submanifoldsof ExR A general Lagrangiancobordism

between and Is
a opt on properlyembeddedLagrSubmanifold

Cartoonpicture ProjecttoCI keyexample embeddedpieces ofWhitney
immersion in R x I
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Thereare diagrammaticconstructions dueto Lin that looklikeReidemeistermoves
with area conditions as well as elementaryhandleattachments suchas

In a X
H



Two importantspecialcaseshavebeenstudiedextensively Recentextensivestudy
byBiranCorneaetal

Defn Let It be Lagrangian submanifoldsof Σ An Arnold Lagrangian
Cubordism Lis aCptoriproperlyembedded Lagrangiansubmanifoldof Exlel
that looks like X X e x l near x

Xt E 3 It near

Cartoonpicture constructions

ofHamisotopyof l
TraceofPolterovichsurgery
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Defer Let A be Legendrian submfldsof 1123 0 A SFT Lagrangian
cobordismLisacptori properlyembedded LagrangianSubmfld of
112 101 w x 0 that to be like 1 1 1 1Than oh Myfair RAR

Cartoonpicture als this 1st
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overd Constructions cylinderover 1

liftoflegisotopy
ticketing Traceof ambient Legendrian
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GEOMETRICQUESTIONS

GeometricquestionsaboutLagrangianCobordisms tendtobeofthe
followingform Especiallyareas

Howdomeasurements at theends restrict thegeometry
in the middle or
Howdomeasurementsat the endscompare

Shadows
The cartoonpicturesabovesuggest thefirst exampleofsuchaquestion

Forgivenends how large is the shadow TyL in I 141

Hereare somesampleresults NOT themostgeneralstatements
Justwanttobuildintuitiongiveaflavor



For general Lagercobordisms

This STraynor10 Suppose L c 1122 is adiskwith Cas 21 0

If 1 their.hnaEezAng
tool Generatingfamilies

For Arnold cobordisms Let out L bethe complementoftheunion
of unboundedcomponents of C IT L and the shadow of L be

S L AreaOut D
Wemaythen tryto define a distancebetweenLagrangians in Σ by

batodismefa.IE enshsco tit Easy
Im CorneaShelukkin5Solongas all Lagrangians are weaklymonotone Tool
d is indeed a metric possiblyw some butnot all d x LagoFloer

Themeasurements in the resultsaboveare unsurprisinglyforthesymplectic
0001099

world areas Moresurprisingly we canalsogetmeasurementsfor lengths
when werestrictto SET cobordisons

In STraynor 16 Let L bean SFT cobordism from I A 1

Then
technique LCH

Tha i
width Skipiftime is shortsayingonlythefirstsentence

Theshadowmeasurementsabove are relatedto afundamentalmeasurement
in symplecticgeometry the relative Gromovwidth Theclassical
Gromov width of a symplecticmanifold is

w M sup Ir B r C M w

TherelativeGromonwidthof aLagrangianLCM insiststhat the x Xn
plane in B r maps to L youcanalsoinsist that theembeddingmisses
anotherLagrangian

cull L sup EE Fe BG C M s.t ethek é 1 p
Thisishowtheyget

Them CorneaShelubbin 5 If his relativelyexact then Fiftyftp.ffngy noeSCL w diet



ForSFT cobordism therelativewidthsattheendsboundthelength
of a cobordism

Thin STraynor20 Undersometechnicalconditions

len L w 0,13 1 w 10,13 1

AreaandDirection

GeneralLagrangiancobordismshavean additionalpieceofgeometry theheight
of crossings at an end determines the rateofchangeof areas bounded
We have alreadyseen this in ourkeyexample
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Thisrestrictiononchangesin areas isglobal notmerely local

The S Trayner10Data23 If a Lagrcobordism L hasslices asabove
ther B A

Tool Handsonuseof
Tool Generating Jhotcurvesfamilies

In thesecondpartof thisseries we willdiscusshowto algebraicize
Datta's J holomorphiccurvesinto a novelFloertheory in arelatedsetting
and we will use it to solve a related localtoglobal problemin
comparinggeometryat theends of a pairof generalcobordism



PART II FLOERTHEORY for LAGRANGIANCOBORDISMS YYEIPI.es

SETTING

Thegoal fortoday's talk is tounderstand
this picture asmuch as we can Let's y ystart by introducing the objects

Semplecticmild Σ Effie weadd

Lagrangiansubmfids Lo L wt 0
oriented properlyembedded some
other technicalassumptionstopreventbabbling

Lagrangiancobordism link taking
relative AF y y

Slices Lit which are linksin ExR w Σ CEO
LF essentialSCC's

Technicalassumptions

SampleThem A At ie there is interesting w axe 4 0

Symplecticgeometryhere a increasedO

FLOERTHEORY for LAGRANGIAN COBORDISM LINKS

I won't givedetails but I'd liketoconveywhat'sdiffult interesting
and then outline the shapeof the theory

addsmallcollarsto
First we shrink the coordinatesat the ends so that Lt all have
coordinate0 and like the Arnoldsetting we can think of Lt as
lyingin Σ Wecall theserevisedobjectsLagrangiantanglelinks
and we'llabusenotation The endsof each tanglearestillembedded
but now LEMLF 0 thereare no interiorintersections

TheusualFloerstorywould now dothe following
Definea chain group ChoLil greetedby LonL andfiltered
by some action Criticalpointsofactionfunctional
Define a differential usingrigid Jhot disks in Ex I
flowlinesofactionfunctional Index1

a Technically
Index dion index 1 Jtamei.e.clJ isnondey

J joineard
contributes toda b NonemptycontractibleGet

automaticA inthiscasebcofand ftp.fhfdish dimension



Prove02 0 by lookingatboundariesofÉDʰmoulispacesof
J helldisbs which tendto be 2 level broken disks

a

Pairingbroken I flowlinesA a ctc 0

but thisdoesnotwork forLagrangiantangles Weget a
phenomenon like this ThisisData'sthesis

y
This tosaythe least is

g

1 C disconcerting

Weneed a new framework Theidea is to mimic Kronheimer Mrowba's
Morse theory formanifolds with boundary where Tf AboundaryA
similar phenomenon happens there

byheight
Theidea is to form threefiltered

fhi
complexes

Stable C flowlinesinMgoID
Unstable I Felinesin Mgoout

M annulus IR Boundary

Definepartsofthedifferentialusing
2 level flowlines as well as simple

flowlines in DM
w 8onlydepending

x onflowlines inOM

Wecan use thesame framework with the localgeometryof the Lagrangians
letting us identifystableand unstable intersections as follows



STABLEE UNSTABLEE

Y
J Riemannmappingthanletsus

computethiscombinatoriallyIt tho in the boundary
cf dasilvaRobbin Salamon

y Y K 8 Some8disksplus
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Thin Intheoriginalsetup fetteredchaincomplexes
5,0 Cd and cd relatedby a LES

Note FiltrationisbyACTION w
2 loweringactionbyco areas

HE HE HE oftheTnotcurves

APPLICATION

Goingbacktothe
motivatingexample Jai at

a

SowegetHC 0 whichyieldsan isomorphism HE HI Alittlebit of
storingat the algebratells us that the actionsof theintersectionpoints
arearrangedprecisely likethose for the Morsefunctionon theannulus
above
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at _sism forcedbyalgebra
Makeactiongodown

In particular At A
Drawanoriginal


