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Abstract

This work (Part (I)) together with its companion (Part (IT)) develops a new framework for
stochastic functional Kolmogorov equations, which are nonlinear stochastic differential equa-
tions depending on the current as well as the past states. Because of the complexity of the
results, it seems to be instructive to divide our contributions to two parts. In contrast to the
existing literature, our effort is to advance the knowledge by allowing delay and past depen-
dence, yielding essential utility to a wide range of applications. A long-standing question of
fundamental importance pertaining to biology and ecology is: What are the minimal necessary
and sufficient conditions for long-term persistence and extinction (or for long-term coexistence
of interacting species) of a population? Regardless of the particular applications encountered,
persistence and extinction are properties shared by Kolmogorov systems. While there are many
excellent treaties of stochastic-differential-equation-based Kolmogorov equations, the work on
stochastic Kolmogorov equations with past dependence is still scarce. Our aim here is to answer
the aforementioned basic question. This work, Part (I), is devoted to characterization of per-
sistence, whereas its companion, Part (II), is devoted to extinction. The main techniques used
in this paper include the newly developed functional It6 formula and asymptotic coupling and
Harris-like theory for infinite dimensional systems specialized to functional equations. General
theorems for stochastic functional Kolmogorov equations are developed first. Then a number of
applications are examined to obtain new results substantially covering, improving, and extend-
ing the existing literature. Furthermore, these conditions reduce to that of Kolmogorov systems
when there is no past dependence.
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1 Introduction

This work develops a novel framework of systems of stochastic functional Kolmogorov equations.
Our main motivation stems from a wide variety of applications in ecology and biology. A long-
standing question of fundamental importance pertaining to biology and ecology is: What are the
minimal (necessary and sufficient) conditions for long-term persistence and extinction (or for long-
term coexistence of interacting species) of a population? It turns out that persistence and extinction
are phenomena go far beyond biological and ecological systems. In fact, such long-term properties
are shared by all processes of Kolmogorov type. We focus on the issues for such systems that involve
stochastic disturbances and past dependence in the dynamics. The problems are substantially more
difficult compared to systems without delay or past dependence because one has to treat infinite
dimensional processes.

An n-dimensional deterministic Kolmogorov system is an autonomous system of equations to
depict the dynamics of n interacting populations, which takes the form

#i(t) = () fiz1 (), ..., 2n(t)), i=1,...,n, (1.1)

where f;(-) are functions satisfying suitable conditions. Realizing that fluctuations of the envi-
ronment make the dynamics of populations inherently stochastic, much effort has been placed on
the study of stochastic Kolmogorov equations. As an example, consider a simple 2-dimensional
Kolmogorov equations with stochastic effects:

{dw(t) = x(t) fi(x(t), y(8))dt + x(t)g1 (2(t), y(t))dBi(t)

dy(t) = 50 fa (e (0), 90t + 9(0)ga(a(t), 9(1))dBal). (12

where Bj(t) and Bs(t) are two Brownian motions (independent or not). The formulation readily
generalizes to n-dimensional stochastic Kolmogorov equations, which are used extensively in the
modeling and analysis of ecological and biological systems such as Lotka-Volterra predator-prey
models, Lotka-Volterra competitive model, replicator dynamic systems, stochastic epidemic models,
and stochastic chemostat models, among others. The study of such systems has encompassed the



central issues of persistence and extinction as well as the existence of invariant measures. Apart from
ecological and biological systems, numerous problems arising in mathematical physics, statistical
mechanics, and many related fields, use Kolmogorov nonlinear stochastic differential equations. We
mention a simple one-dimensional generalized Ginzburg-Landau equation

dz(t) = 2(t)[a(t) — b(t)z" ()] + z(t)o(z(t))dB(t), =(0) = 2o > 0, (1.3)

k > 2 is a positive integer, B(t) is a real-valued Brownian motion. Such equations have been used in
the theory of bistable systems, chemical turbulence, phase transitions in non-equilibrium systems,
nonlinear, optics with dissipation, thermodynamics, and hydrodynamic systems, etc.

Because of its prevalence in applications, Kolmogorov systems have attracted much attention
in the past decades; substantial progress has been made. To proceed, let us briefly recall some
of the developments to date. Some of the early mathematical formulations were introduced by
Verhulst [60] for logistic models, by Lotka and Volterra [38, 61] for Lotka-Volterra systems, and
by Kermack and McKendrick [28, 29] for infectious diseases modeling using ordinary differential
equations in the last century. The study on mathematical models has stimulated subsequent work
with attention devoted to analyzing and predicting the behavior of the populations in a longtime
horizon. Subsequently, not only deterministic systems, but also stochastic systems have been
studied. Resurgent effort has been devoted to finding the corresponding classification by means
of threshold levels. Fast forward, Imhof studied long-run behavior of the stochastic replicator
dynamics in [27], whereas Hofbauer and Imhof concentrated on time averages, recurrence, and
transience for stochastic replicator dynamics in [26]. By now, Kolmogorov stochastic population
systems (using stochastic differential equations or difference equations) together with their longtime
behavior have been relatively well understood; see [5, 51, 53] for Kolmogorov stochastic systems
in compact domains and [4, 24| for certain general Kolmogorov systems in non-compact domains.
Variants of Kolmogorov systems such as epidemic models [12, 15, 58], tumor-immune system [59]
and chemostat models [43] etc. have also been studied. In contrast to numerous papers that used
Lyapunov function methods to analyze the underlying systems with limited success, Benaim [4],
Benaim and Lobry [5], Benaim and Strickler [6], Chesson and Ellner [9], Evans, Henning, and
Schreiber [19], and Schreiber and Benaim [53] initiated the study by examining the corresponding
boundary behavior and considered the stochastic rate of growth; see also Du, Nguyen, and Yin
[16]. For the most recent development and substantial progress, we refer to Benaim [4], Henning
and Nguyen [24], Schreiber and Benaim [53], and references therein.

Our study in this work is to consider a class of n-dimensional stochastic functional Kolmogorov
systems; our effort is to substantially advance the existing literature by allowing delay and past
dependence, which in turn, provides essential utility to a wide range of applications. Why is it
important to consider systems with delays as well as stochastic functional Kolmogorov systems?
Mainly, the delays or past dependence are unavoidable in natural phenomena and dynamical sys-
tems; the framework of stochastic functional differential equations is more realistic, more effective,
and more general for the population dynamics in real life than a stochastic differential equation
counterpart. In population dynamics, some delay mechanisms studied in the literature include age
structure, feeding times, replenishment or regeneration time for resources [13]. Although there are
many excellent treatises of Kolmogorov stochastic differential equations, the work on Kolmogorov
stochastic differential equations with delay is relatively scarce. A few exceptions are the study on
stochastic delay Lotka-Volterra competitive models [2, 34|, the work on stochastic delay Lotka-
Volterra predator-prey models [22, 31, 32, 33, 64], the treatment of stochastic delay epidemic SIR
models [8, 35, 36, 37, 39], and the study on stochastic delay chemostat models [54, 55, 65]. Nev-
ertheless, other than the specific models and applications treated, there has not been a unified
framework and a systematic treatment for Kolmogorov stochastic functional differential systems



yet. Moreover, most of the existing results involving delay are not as sharp as desired. Our effort
in this paper takes up the aforementioned issues.

It should be noted that from Kolmogorov stochastic differential equation-type models to that
of stochastic functional differential equation models requires a big leap. There are certain essential
difficulties. While the solutions of stochastic differential equations are Markovian processes, the
solutions of stochastic differential equations with delay is non-Markov. Then one uses the so-called
segment processes for the delay equations. However, such segment processes live in an infinite
dimensional space. Many of the known results in the usual stochastic differential equation setup
are no longer applicable. Because Kolmogorov systems are highly nonlinear, analyzing such systems
with delay becomes even more difficult. New methods and techniques need to be developed to carry
out the analysis. This brings us to the current work.

In this paper, we first set up the problem in a unified form, introduce the methodology to
characterize the longtime behavior of the underlying system, to establish general results for the
persistence, and to demonstrate the utility in a number of applications arising in ecology and biol-
ogy. Our goal is to obtain sharp results under mild and verifiable conditions, which is useful for a
wide variety of stochastic functional Kolmogorov systems. In view of the progress and challenges,
this work combines the techniques of functional analysis (in particular, the functional It6 formula)
in [10, 11], stochastic differential equations (SDEs) in infinite dimension, as well as the methods
of asymptotic couplings [23], to develop a new framework for treating functional Kolmogorov sys-
tems. It will substantially generalize the methods in [4, 24]. Our results will cover, improve, and
outperform the aforementioned existing results for Kolmogorov systems with and without delays.
It should be mentioned that in the case of replicator dynamics, it seems to be no investigation of
delayed stochastic systems to date to the best of our knowledge.

Although the models with functional stochastic differential equations are more realistic and more
general, the analysis of such systems become far more difficult. Perhaps, part of the difficulties
in studying stochastic delay systems is that there had been virtually no bona fide operators and
functional It6 formulas except some general setup in a Banach space such as [42] before 2009.
In [17], Dupire generalized the Itd formula to a functional setting by using pathwise functional
derivatives. The Ito formula developed has substantially eased the difficulties and encouraged
subsequent development with a wide range of applications. His work was developed further by
Cont and Fournié [10, 11]. Using the newly developed functional It6 formula enables us to analyze
effectively the segment processes in the stochastic functional Kolmogorov equations.

Because of the non-Markovian property of the solution processes due to delay and the use of
memory segment functions, one needs to analyze the corresponding stochastic equations in an in-
finite dimensional space. Handling occupation measures in an infinite dimensional space to obtain
the tightness and characterize its limit is more challenging, so is to prove the uniqueness of the
invariant measure. The associated Markov semigroups are often not strong Feller, even in some
simple cases. Because of the absence of the strong Feller property, Doob’s method to prove unique-
ness of the invariant measure is no longer applicable; see [50]. There are some recent works on
asymptotic analysis for functional stochastic differential equations; for example, see [3] and refer-
ences therein. Most notably, in [23], Hairer, Mattingly, and Scheutzow developed a necessary and
sufficient condition for uniqueness of the invariant measure using asymptotic couplings, provided
sufficient conditions for weak convergence to the invariant measure, and obtained a Harris-like the-
ory for general infinite-dimensional spaces. By using ideas from this abstract theory and our subtle
estimates for certain coupled systems, we are able to prove the uniqueness of invariant measure for
the Kolmogorov systems. To characterize the longtime behavior of the underlying system under
natural conditions and to develop a systematic method for this kind problem, we use the intuition
from dynamical system theory, in which we need to examine the corresponding problem on the



boundary and reveal the behavior of the process when it is close to the boundary. Nevertheless, the
behavior of solutions near the boundary for functional Kolmogorov systems requires more delicate
analysis than that for systems without delay. Even if the current state is close to the boundary, its
history may not be.

The rest of the paper is organized as follows. Section 2 presents the formulation of our problem
as well as mathematical definitions and terminologies; and proceeds to state our main results of the
persistence of the stochastic functional Kolmogorov systems. Section 3 examines basic properties of
Kolmogorov equations with delays, including well-posedness of the system, positivity of solutions.
Also obtained are the tightness of families of occupation measures and the convergence to the
corresponding invariant measures. To obtain the desired theory, a number of key auxiliary results
are provided. Then the conditions for persistence of Kolmogorov systems are given in Section
4. Finally, Section 5 provides several applications involving Kolmogorov dynamical systems and
detailed account on how to use our results on stochastic functional Kolmogorov equations to treat
each of the application examples.

2 Main Results

To help the reading, we first provide a glossary of symbols and notation to be used in this paper.

r a fixed positive number
|| Euclidean norm
C([a; b]; R™) set of R™-valued continuous functions defined on [a; b]
¢ = C([~r; 0];R")
90:(9017---790n) ecC
X = (Z1,...,%n) = ¢(0) e R"
el = sup{l(t)] : t € [~r, 0]}
Xy = Xy(s) == {X(t+s): —r < s <0} (segment function)
Xt = Xi(s) ={Xi(t+s): —r <s <0}
Cy ={p=(01,---,n) €EC:9i(s) >0Vs € [-r0,i=1,...,n}
oC ={e=(o1,-..,9n) €C:| il =0 for some i =1,...,n}
il ={p el :pi(s)>0,Vse[-r0},i=1,...,n} #C+ \ 9Cy
Il =l + 5D < prco RS, for some 0 < a < 1
c space of Hélder continuous functions endowed with the norm ||-||,
r n X n matrix
r’ transpose of '
B(t) = (By(t),...,Bn(t))7, a vector of independent standard Brownian motions
E(t) = (Er(t),...,En(t) T :=TTB()
)y = (04j)nxn =TT
M set of ergodic invariant probability measures of X; supported on 9C4+
Conv(M) convex hull of M
0 the zero constant function in C
oF the Dirac measure concentrated at 0
14 the indicator function of set A
D. r ={pelsi:|el| <Rz >ecVijx:=¢0)},e,R>0
D space of Cadlag functions mapping [—r, 0] to R™
Ag, A1, As,v0,7, M constants satisfying Assumption 2.1
c,h(-),p vector, function and probability measure satisfying Assumption 2.1



K , b1, by constants satisfying Assumption 2.2

hi(+), p1 function and probability measure satisfying Assumption 2.2

Dy, dy constants satisfying Assumption 2.4

I a subset of {1,...,n}

Ic ={1,...,n}\ I

cl ={peli:|pil =0ifi eI

che = {peCy:|pil| =0ifieI°and p;i(s) >0 for all s € [-r,0] if i € I}
act ={e=(o1,-.-,n) €C:|pil =0if i € I¢ and ||¢;|| = 0 for some i € I}
M Mo om! sets of ergodic measures on CL, Ci’o, 8C{r respectively

I, the subset of {1,...,n} such that W(CJI:’O) =l,reM

v, Po, A constants satisfying the condition in Lemma 3.1

p=(p1,---,pn) vector satisfying the condition in Lemma 3.1

Volsp) = (1 e ) Ty f exp {Aa 2, ulds) [ = n(p(u))du |
Vo(ep) = (1 + CTX) exp {AQ fET w(ds) fso eV(“—S)h(cp(u))du}

Cv.m ={p €Ct: Ay f_or w(ds) fso eV(U*S)h(cp(u))du < Ap and |x| < M}
H,y constant satisfying (3.29) and (3.36)

p* K" vector and constant satisfying (4.1)

n* constant satisfying vo(n* — 1) — Ag > 0

D1 constant satisfying condition (3.4) and p; > po

H{, Ry, e constants determined in (4.12), (4.15) and (4.16), respectively

T*, 5 constants determined in Lemma 4.3

Cy () = {p € CS NCyr and [p;(0)] < § for some i}

Consider a stochastic delay Kolmogorov system

(2.1)

Xo=¢ €y,

{dXAt) = Xi(t) fi(Xe)dt + Xi(t)g:(Xe)dEi(t), i=1,...,n,

and denoted by X(t) its solution. For convenience, we usually suppress the superscript “¢” and
use Py, and K¢ to denote the probability and expectation given the initial value ¢, respectively. We
also assume that the initial value is non-random. Denoted by {F;}+>¢ the filtration satisfying the
usual conditions and assume that the n-dimensional Brownian motion B(¢) is adapted to {F;}+>0.
Note that a segment process is also referred to as a memory segment function. Throughout the
rest of the paper, we assume the following assumptions hold.

Assumption 2.1. The coefficients of (2.1) satisfy

(1) diag(gi(e),---,gn())I TTdiag(gi (%), - .-
matrix for any ¢ € C;.

9n()) = (9i(¥)9i(¥)0ij)nxn is a positive definite

(2) fi(+),9i(*) : C+ — R are Lipschitz continuous in each bounded set of Cy for any i = 1,...,n.

(3) There exist ¢ = (c1,...,¢,) € R™ with ¢; > 0,Vi, and 7,7 > 0, 49 > 0, A1 > Ay > 0,
M > 0, a continuous function h : R™ — R and a probability measure p concentrated on



[—7, 0] such that for any ¢ € C4

Yoiaxifile) 1 sz:1 0ijcicizix;igi(p)g; (¢ ( )
1+c'x 2 (1—|—CTX) +7bz |f1 ‘+gz( )

. (2.2)

< Aolxj<nry — Y0 — Arh(x) + A2/ h(p(s))u(ds),
-
where x := ¢(0). We assume without loss of generality that h : R” — [1,00), otherwise, we
can always change v9 and A1, As to fulfill this requirement.

Assumption 2.2. One of following assumptions holds:

(a) There is a constant K such that for any ¢ € C4, x = »(0)

n n _ 0
S 1@+ Yo gt) < B[htx) + [ hlels)utds)] (23)
i=1 i=1

-

(b) There exist by, by > 0, a function h; : R™ — [1, 00|, and a probability measure p; on [—r, 0]
such that for any ¢ € C4, x = ¢(0)

n 0
buha (x <Z|fz DI+ Y i) <ba[m+ [ mlplopm@s)]  (24)
i=1 -r

Remark 1. Let us comment on the above assumptions.

e The above assumptions (and additional assumptions provided later) are not restrictive, and
are easily verifiable. Such conditions are widely used in popular models in the literature; see
Section 5.

e Parts (2) and (3) of Assumption 2.1 guarantee the existence and uniqueness of a strong
solution to (2.1). We need part (1) of Assumption 2.1 to ensure that the solution to (2.1) is a
non-degenerate diffusion. Moreover, as will be seen later that (3) implies the tightness of the
family of transition probabilities associated with the solution to (2.1). One difficulty stems
from the positive term A, ffr h(¢(s))u(ds) on the right-hand side of (2.2), which cannot be
relaxed in practice.

e Assumption 2.2 plays an important role in guaranteeing the m-uniform integrability of the
function >, (|fi(-)] + ¢g2(+)), for any invariant measure 7. It will become clear in Lemma 3.4
and Lemma 3.5 as well as the remaining parts of the paper.

As was alluded to, persistence and extinction are concepts of vital importance in biology and
ecology. It turns out that such concepts are features shared by all stochastic functional Kolmogorov
systems. While the termination of a species in biology is referred to as extinction, the moment of
extinction is generally considered to be the death of the last individual of the species. In contrast
to extinction, we have the persistence of a species. To proceed, similar to [24, 52, 53], we define
persistence and extinction as follows.

Definition 2.1. Let X(¢) = (X1(t),..., X, (t)) " be the solution of (2.1). The process X is strongly
stochastically persistent if for any € > 0, there exists an R > 0 such that for any ¢ € C}

lim inf Py, (R <|IXi(t)| <R} >1—cforalli=1,...,n. (2.5)
— 00



Definition 2.2. With X(¢) given in Definition 2.1, for ¢ € C$ and some i € {1,...,n}, we say X;
goes extinct with probability pg > 0 if

Py { lim Xi(t) =0} = pg.

t—o00

Let M be the set of ergodic invariant probability measures of X; supported on the boundary
dCy. Note that if we let 6" be the Dirac measure concentrated at 0, then §* € M so that M # ().
For a subset M C M, denote by Conv(M) the convex hull of M, that is, the set of probability
measures 7 of the form 7(-) =3 _=p,v(-) withp, >0and 3 _=p, =1

Assumption 2.3. For any m € Conv(M), we have

‘max {\i(m)} >0,

i=1,...,n

where

s = [ (7te) - L n(a) (26)

Theorem 2.1. Assume that Assumptions 2.1, 2.2, and 2.3 hold. For any € > 0, there exists a
positive number R, = R.(¢) such that for all ¢ € C,

im i LX) < >1-— i=1,...,n.
htrggfIP’(b{R* <IXi@®)| <R} >1—€forali=1,....n

It is well-recognized that the nondegeneracy of the diffusion is not sufficient to imply the strong
Feller property as well as the uniqueness of an invariant probability measure of stochastic delay
systems. The following assumption is needed to obtain the uniqueness of an invariant probability
measure.

Assumption 2.4. The following conditions hold:

(i) There are some constants Dy, dy > 0 such that for any (1), (?) Ce,ied{l,...,n},

do
File®) — fi((p@))‘ <Dy ’Xu) _ X(z)‘ ‘1 x4 5@

0 (2.7)
00 [ [e) — 0200)| [1+ 00(6) + 60| tats),

-

where x(M) := 1) (0),x® := ©(2)(0).
(ii) The conditions in (i) above holds with f;(-) replaced by g;(-) and g2(-).
(ili) The inverse of matrix (¢;(¢)g;(%)0ij)nxn is uniformly bounded in CS.

Proposition 2.1. Under Assumptions 2.1 and 2.4, the solution of equation (2.1) has at most one
invariant probability measure on CY .

Theorem 2.2. Under Assumptions 2.1, 2.2, 2.3, and 2.4, system (2.1) has a unique invariant
measure concentrated on CY .

Remark 2. Assumption 2.3 means that all invariant measures on the boundary are repellers (because
the maximum Lyapunov exponent of an invariant measure is positive), which guarantees that the
solution in the interior cannot stay long near the boundary. As a result, the species coexist.



3 Preliminaries and Key Technical Results

3.1 Existence, uniqueness, positivity, and key estimates of the solutions

To begin, we state the functional It6 formula for our processes; see [11] for more details. Let D
be the space of cadlag functions ¢ : [—r,0] — R™. For ¢ € D, with s > 0 and y € R", we define
horizontal and vertical perturbations as

et +s) if t e [-r, —s],
onllt) = {cp(()) if s € [—s, 0],

and

©(0) +yif t =0,

respectively. The horizontal and vertical partial derivatives of V' : D — R at ¢ are defined as

) {cp(t) if t € [—r,0),

OV () = lim V(p,) 8— V(sO)’
and ser

respectively, if the limits exist. In (3.1), ey is the standard unit vector in R™ whose k-th component
is 1 and all other components are 0. Let F be the family of functions V(-) : D — R satisfying that

e V is continuous, that is, for any € > 0, ¢ € D there is a 6 > 0 such that |V (p) — V(¢')| < e
as long as [[¢ — ¢'|| < 0.

e The derivatives Vi, V,, = (0xV), and V., = (0 V) exist and are continuous.
o V, Vi, Vp = (0kV) and Vop = (OrV') are bounded in each set {p € D : ||¢|| < R}, R > 0.
Let V(-) € F, we define the operator
LV (p) = 0V () + Y #i(0) fi(0)0iV () + % > 9i(0)¢;(0)01j9:(0)g; () IV (#).  (3.2)
i=1 ij=1

We have the functional It6 formula (see [10, 11]) as follows
AV (Xe) = (LV(X0) )t + > Xi(t)g: (Xe) iV (Xe)dE, D). (3.3)
i=1

Lemma 3.1. For any v <y, and po >0, p = (p1,...,pn) € R™ satisfying

1
|p] <min{% - b } andp0<min{1, il }, (3.4)

270 4o* 8no*
where 0 := max{o;; : 1 <i,j < n}, let

Vp(p) = (1 + ch) f[g:ﬂ exp {Ag/
=1

0

p(ds) /80 eV(U_S)h(go(u))du} .

-r

9



Then, we have

LV (@) <poVg°(p) | Aolyxj<my — 70 — Ah(x)

(3.5)

)
-r

oy [ i) [ i) £ (150 + g2()

where x := ¢(0) and A is a positive number satisfying A < Ay — A f—r e "*u(ds). Recall that c,
M, Ao, A1, A2, Y0, W, h(-), and u(-) are defined in Assumption 2.1(3).

Proof. Let
Up(e) =InVp(ep)

=In (1—|—ch) —|—ipzlnxl+A2/
i=1

T

0

0
wu(ds) / eV(U_S)h(cp(u)) du.

By [44, Remark 2.2] and direct calculation, we have

0

0 0 0
OUn() = Aah(x) [ pulds) ~ s [ h(es))nlds) ~ vy [ ptds) [ In(ip(w)du
Ci Pi —C;Cyj —(51 i P4
OUalp) = T + 25 0Uale) = iy Zoupi

2
(1 + CTX) Li

where

1 if =4,
51’]’ = .
0 otherwise.

As a consequence, we obtain from the functional It6 formula that
0

0 0 0
LU) = Ach(x) [ e ulds) — As [ hlip(s))ulds) — Ay / (ds) / I h(ip(u)) du
Srcrifile) 1~ cicjoizizigi(e 9
+ ==z + Pi z — 04i9; (‘P) .
1+cTx 2 52 (1 n ch) Z ( )

(3.6)
Therefore, by the fact V3°(¢) = ePoUe(#) and an application of the functional Ité formula, we get

0
LV () =poV]° () (Azh(x) / e Pu(ds) — Az / h(e(s)) u(ds)

0

0 0
ey [ utas) [ In(p(w)d
L im arifile) 1 — cicjoiririgi()gi ()

T 2
1+e'x 254 (1 + ch)

+ ZPZ (fz — 0iigi (P ( ))

CiTi Gixj N ,
3 3 (ot ) (2 )it )

7]7

10



Since

1 " CiT; CiT;
3P0 (7 + Pi) (1 +]c]Tx + Pj)aijgi(‘:o)gj(‘:")

< %pa > L+ )L+ pj)oi; (91'2(90) + 932'(90))

n
< 2pono™ Y g7 (),
i=1
and |p;| < %5 |pi|o* + 2pono* < % Vi=1,...,n, using Assumption 2.1, we have

0
LV (¢) < poVE () <A01{|x<M} — 0 — h(x) (Al - A2/ eﬂsﬂ(ds))

=T

n

~ Ay /0 () /80 eI h(p(u))du — % Z (!fi(cp)! + g?(w)))

-r i=1

< poVg°(¥) <A01{|X<M} — 70 — Ah(x)

n

0 0
Aoy [ i) [ Ih(pu)du -

=T

(1£:ce) +g?(¢)>>-

i=1

The proof is complete. O

Theorem 3.1. For any initial condition ¢ € C, there exists a unique global solution of (2.1). It
remains in Cy (resp. C3), provided ¢ € Cy (resp., ¢ € C3). Moreover, for any po,p satisfying
condition (3.4), we have

Eg VPO (Xy) < VEO(¢p)eoPor, (3.7)
In addition, if p; > 0,Vi, then

EgVEo(X;) < V;’O(qs)e—%mt + My ps (3.8)

where

— A
Mpop = =0 sup V3°(p) < oo provided p; > 0 Vi,
Y0 peCy,m

and Cypr = {p € C4 : Aoy fi)r wu(ds) fo eV(u*S)h(cp(u))du < Ap and |x| < M}.

S
Proof. We carry out the proof for the existence and uniqueness of the solution with initial value
¢ € C;. The other cases can be handled similarly. Let p) = (pgl), e ,p%”) € R" with pgl) <
0Vi=1,...,n satisfy the conditions (3.4). We define the following stopping times Tlgl) = inf{t >
0: V§%>(Xt) >k} and 78 = limy_ o 7',51). It is easily seen that
n}i_r)nooinf {Vs(ol)(go) cx; V x;l > m for somei € {1,...,n},x:=¢(0),p € Ci} = 0. (3.9)

The existence and uniqueness of local solutions can be seen in [41] due to the local Lipschitz
continuity of the coefficients. To prove the solution is global and remains in CS, since (3.9), it is

sufficient to prove that 7Y = 0o a:s. We obtain from (3.5) that
LV (#) < AopoV 5 (), Vep € CF.
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Hence, by the functional It6 formula, we get
t/\‘r,gl)
Eg Vo0 (X, m) = V35 (9) +Eg /0 LV (Xs)ds

t
<VI@)+mdo [ BV (X, 0)ds.
Combined with Gronwall’s inequality, this implies that

EoV16, (X, ) < VI (@)eP o, vt > 0. (3.10)

At
As a consequence,

Po Apt
Vp(1)(¢)€p0 0
k

(1) (1)

which forces 750" > t a.s. for any ¢ > 0 and hence, 750" = 00 a.s.
Now, we consider the second part. For any pg, p satisfying (3.4), by applying (3.5), one has

Po{ V20 (X

p(l) 1))2k}§ 4)0&8]{*}00,

(
AT,

LV (p) < AgpoV]° () for all p € CT.

Thus, from (3.10), we get
EsVE (X;) < VI (@)ert.

If p; > 0 Vi, a consequence of (3.5) is

LVE () < 70poMpy,p — 100 VE° ()- (3.11)

In (3.11), we have used the fact

0

0
Aol ixj<mry — Aﬂ/ ,u,(ds)/ eV(U_S)h(cp(u))du <0, if ¢ ¢ Cy -

-Tr

By a standard argument (see e.g., [40, Theorem 5.2, p.157]), we can obtain (3.8) from (3.11). The
proof is complete. O

Lemma 3.2. For any Ry >0, T > r, and € > 0, there exists an Ro > 0 such that
IP’¢{ IX,|| < Ra, ¥t € [r, T]} >1-e,

for any initial point ¢ satisfying Vo(¢) < Ry, where Vi is defined as in Lemma 3.1 corresponding
top=0=(0,...,0).

Proof. As the proof of Theorem 3.1, we define the following stopping times 7',52) = inf{t > 0 :
Ve (Xy) > k} and 72 = limg_, o0 7'122). Analogous (3.10), we obtain

Eg V5" (X, @) < V3 (g)em ™!, ¥t > 0.

Therefore, for any Ry, T, € > 0, and initial condition ¢ satisfying Vp(¢) < R;, there exists a finite
constant kg such that

Vp(J poAoT

o (Pe <e,

ko

12



and
Vg (@)er T

Po
Po{ V3 (X s

zk;o}g <e.

T/\T,E?)
That means Pd,{T]g? >T}>1—cor
Pe{ VI (Xy) < ko ¥Vt €[0,T]} >1—e.
Note that V§°(Xy) > 1+ >0, ¢; X;(t) and ¢; > 0Vi = 1,...,n. Therefore, it is easily seen that
there exists a finite constant Ro satisfying
IP¢{ IX,|| < Ro, Vt € [T,T]} >1—e
0

Lemma 3.3. There is a sufficiently small o > 0 such that for any R > 0 and € > 0, there exists
Rs = R3(R,e) > 0 satisfying

if |l < R then Py {|Xylla < RsVt € [r,3r]} > 1— =

< 5 (3.12)

As a consequence, for any R > 0 and € > 0, there exists an Ry = Ry(e, R) > 0 satisfying that
if Vo(¢) < R then Py {||X¢|joa < Ry ¥Vt € [2r,3r]} > 1—¢. (3.13)

Proof. For any R and ¢ > 0, by slightly modifying the proof of Lemma 3.2, there exists an R > 0
depending only on R such that

Py{|Xs| < R, forall t € [0,3r]} > 1 — Z if o] < R. (3.14)

Denote by flR(-) and gZR(-) the truncated functions, where

. file) if |l < R,
[it(p) = : <]|T:;T> otherwise,

and gZR(-) is defined similarly. Then fZR(-) and gZR(-) are globally Lipschitz and bounded. Let
X(t) = (X1(t),...,X,(t)) be the solution of (2.1) when we replace f;(-) and g;(-) by f(-) and
gf(-), respectively. By a standard argument, it is easy to obtain that

E, ‘)?Z-(t) <KVY0<t<3r|oll <R

’4

where K is a constant depending only on R and R. On the other hand, by Burkholder’s inequality

we have

_ _ 4 t 4 t 2

o) - X0 < a8 | [ Tiay| +iBa ([ 1RiPar) w0 <s<t<anlol < m
S S

where C; depends only on T, R, and R. Hence, by Holder’s inequality, we obtain for 0 < s < ¢ <

3r, ||| < R that

4
Xiy)| dy < Calt = 7,

o ‘féi(t) . 5(}-@)]4 < 201 (t — 5)°Eq /O

13



where (3 is a constant depending only on R and R. As a consequence of the Kolmogorov-Chentsov
theorem, {X(¢) : 0 < ¢ < 3r} has Holder-continuous sample paths with an exponent 2a € (0, 3).
Moreover, there is a R3 = R3(R, ¢) satisfying

sup |X(t)|+ sup IX() = X(s)]

g
g <R >1- e < Ra
d) {0<t<37” 0§8§t§3r (t —_ S)2a - 3} _ 4 H¢”

which implies
fond g
P, {thum <RyVteln 3r]} >1-2. ¢l < R (3.15)

Combining (3.14) and (3.15) implies that
Py {||X¢ll2a < Rs Vt € [r, 3]} > 1 — g provided ||¢| < R,

and the first part of the proposition is proved.
Now, we consider the second part. By Lemma 3.2, there is an R5 = R5(e, R) such that

Py{||Xs|l < Rs ¥t € [r,3r]} > 1 — % if Vo(¢) < R. (3.16)

Hence, the second conclusion follows from the first part, (3.16), and the Markov property of (X;).
O

Proposition 3.1. The following results hold.

(i) Let pg ) be a fized constant satisfying 0 < pg ) < min { %, n,

there exists a finite constant K, T such that

} Forany T >r and m >0

40’*

ot pop!?” -
Eg || Xl < K19, 0), Vte [r,T],i=1,...,n,

given that

0 0
9]+ [ a(ds) [ Ih(@()du < m

where Xy =: (X14,...,Xnyt) and ¢ =: (¢1,...,¢n) is the initial value.

(ii) For any T >r, e >0, R > 0, there exists an €1 > 0 such that
IP’{HX?1 - X?QH < 5} > 1 — & whenever Vo(¢;) < R, ||y — | < e1. (3.17)

Moreover, the solution (Xy) has the Feller property in C.

Proof. Let p® = (p (3), 0,...,0). Then p® satisfies condition (3.4). By the functional It6 formula,
we obtain

PO
Ve =vh@+ [ e

n (3.18)
+/0 2 p(3) ; (1 n Z, 1c2,)X (s) +51m§3)> 9i(Xs)dE;(s),

14



where 01; = 1 if ¢ = 1 and otherwise, d;; = 0. Therefore, combining with (3.5) leads to that

PO Po

Py Po t pg
V5 (X0 < V5 (6)+ A [V (Xds

n

Do c;i Xi(s) (3)>
—V 2, (X 014 i(Xs)dE;(s).
[k I3 (Tt o +ouet” ) a%0am ()

In the estimates to follow, in fact we need the terms in (3.20) to be finite, which can be done by
first using estimates for the solution at stopping time t A 7, with 73 being the first time such that
19(Xs)|V V) (Xs) > k, and letting k — oo. Since it is a standard argument, we omit it for brevity.
We obtain from (3.19) that

(3.19)

2 < oy g, [ 2
Eg sup [V (3>(Xt)} <C Vp<3)(q’))+C Ed)/o sup [V Gy (X )] ds

t€[0,T] s'€(0,s]
2
1X7,<3> 3
COE, su / ( ¢ +5z()>iXsdEis ;
¢t€01;] p(> 1+ 50 corXo(s) 1P 9i(Xs)dE;(s)
(3.20)

where C(V) is a constant, independent of ¢. The Burkholder-Davis-Gundy inequality and the Holder
inequality imply that

2
- CZ'XZ'(S) (3)
Eg sup / 1% 7 (Xs) < o +01ip 9i(Xs)dE;(s)
d)tG[O,T} o P ; L+ 30 coXi(s) ! (3.21)
T " ’
< 16n0* By /0 Vi (X0)) g7 (Xy)ds
i=1
for a constant 052), independent of ¢. In the display above, we have used
- ciXi(s) ¢ X;(s) AN~ 2
Z (1 S e Xals) | > (1 TS Xl ) oK) () < dnat )i
It follows from (3.20) and (3.21) that
T
Eg sup V/ (s)(Xt) <ct )V%%(qb) + C(l)E¢/ sup V. (3>( 5)ds
t€[0,T) 0 s'€[0,s]
(3.22)

T n
+ 16n0*CWE, / VG (Xo) D 97 (Xs)ds

On the other hand, by (3.7), we get
BV (Xi) < V,i%)(ﬁb)@pOAOt, vt > 0.

Therefore, we obtain from the functional It6 formula and (3.5) that

T
0 < BV (Xr) = Vi5 (¢) + Eg /O LV (Xy)ds
T n
<V (@) + E¢/ (pvoV,fo (Xs) — %Vgo (Xs) ng(Xs)) ds
0 =1
,y n
< KpVI (@)= SEs / VI (X,) Y g7 (X,)ds
i=1

15



where K;l) is a finite constant depending only on 7. It follows that
E Z < K@y f tant K2
b p(g) 97 (Xs)ds (3)(¢), or some constant K;.’.
Combining (3.22) and (3.23) yields that

T
Eg sup V2 (X,) < K3 )Vﬁg)(¢)+K§’>E¢ / sup V7%, (Xy)ds,
t€[0,T) 0 s’€l0,s]

for some constant K;) independent of ¢. It is clear that there exists K (4 )T such that

Ve (9) < KO (0)
pE) S B, rdr 5

given that

0 0
601+ [ ptds) [ In(p)du < m.

-

Combining (3.24), (3.25), and Gronwall’s inequality, we have that

(3)
Eg sup V7% (X,) < Ki o™ (0),
te(0,7

where K S)T is a finite constant independent of ¢. Note that
P0 posy”
Vp(a)(Xt) > X (t).
It follows from (3.26) and (3.27) that
popl’) (5) ,popt”
Eg [| X1 < K¢t (0), Ve [r,T].
Hence, by a similar argument, we obtain

. popgs) popgs) c
EquthH < Km,TQSZ' (0), Vt € [T‘,T],Z 1,...,7”L,

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

for some constant K, r depending only on m,T. As a result, the first part of the Theorem is

proved.

Finally, since our coefficients are Lipschitz continuous in each bounded set of C4, by using (3.7)
and the truncation argument, the second conclusion is easily obtained (it is similar to the proof of
Lemma 3.3). In addition, the Feller property can be obtained by slightly modifying the proof in

[40, Lemma 2.9.4 and Theorem 2.9.3].

O]

3.2 Tightness, weak convergence of occupation measures, and uniform integra-

bility
Let p = 0. We obtain from (3.5) that for all ¢ € Cy, x := ¢(0),

LVE () < vopoMpy.0 — ApoVE° (@) h(x),
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where Mm,o is defined as in Theorem 3.1. Hence, by the functional It6 formula, we have
L t
EgVo"(Xt) < V5 (@) +v0poMpg 0t — Eg / ApoVE (X )h(X(s))ds.
0

Since Vp(p) > 1+ c¢'x, we get

n Po
/OT E¢ (1 + ;ClXZ(t)> h(X(t))dt < Alpm (V(;)DO (¢) + T’Y()poﬁpmg) for all T > 0. (3.28)
A consequence of (3.28) is that there is a constant H; such that
T - Po 0 " Po
/ E, ((1 + ZCiXi(t)) h(X (1)) +/ (1 + 3 eXi(t + s)) h(X(t+ s)),u(ds)) -
" i=1 - i=1 :
<H\(T+V§°(p)), VT >r.
On the other hand, using (3.5) again, we have

LV (@) < vopoMop, — Y0poVe" () for all ¢ € C. (3.30)

Therefore, similarly to the process of getting (3.28), we obtain

T
1 _
/ ]E¢V(§?°(Xt)dt < M(T’YOPOMP(),O + V(fo(qﬁ)), vT > 0. (3.31)
0

Combining (3.31) and the Markov inequality leads to that for any €, R > 0 there exists a finite
constant Ry = Rj(e, R) such that

1t € ,
t/o Eglryrox,)<pyds 21— 2 provided Vp(¢p) < R. (3.32)

Because of (3.32), Lemma 3.3, and the Markov property of X;, for any ¢, R > 0, there exists a
compact subset K = K(e, R) := {¢ : |||l2a < R4} of C4 satisfying

1 t+2r
t/ Eglix,cxyds > 1 —¢, provided Vo(¢p) < R. (3.33)
2r

In the above, Ry = Ry4(e, R) is determined as in Lemma 3.3; the compactness of K in C follows the
Sobolev embedding theorem.
For each t > r, define the following occupation measures

1 t
ne() = t]Eqs/ 1ix e yds. (3.34)
Then it follows from (3.33) that for Vp(¢) < R,
{H“’(-) > 2r} is tight 3.3
)t =2 ght. (3.35)

Note that H? (+) defined in (3.34) is a subprobability measure for each t > 2r. However, its weak*-
limit is still a probability measure.
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Lemma 3.4. Under Assumption 2.2(b), there is a constant, still denoted by Hy (for simplicity of
notation) such that

/TTEd, <(1 +§;C¢Xi(t)>poh1( (1)) /_ (1+ ZCZ (1 45)) RIS 5))’“(d8)> " 3.36)

<H; (T +V§"(¢)), VT > r.

Proof. By (3.5), we have

n

LV (@) < 20p0M 0 — PV (0) D (1filee)| + 63() )
=1

In view of the functional It6 formula,

n

po
Ep Vo (Xe) < V5° (@) +v0p0Mpo,0t — pO% /0(1+ch i ) (|f1 I+ X s))dS'

=1
(3.37)
Therefore, we get

T n Po n
/0 Ee <1 + ZciXi(t)) Z (|fi(X5)]—|—gZ (X ))ds < 2 (V§° (@) + TropoMpy,0) for all T > 0.
=1 =1

Po
(3.38)
In view of (2.4) and (3.38),

Po
2
Eo 1+ aXi 1(Xs)ds < —— (V§°(¢p) + TyopoM for all T' > 0. 3.39
/0 ® ( E ) 5) bipo (V& (@) + TyopoMp, 0) (3.39)

Hence, we obtain (3.36). O

Remark 3. 1t is easily seen that >, |fi(¢)| + g?(¢) is uniformly integrable owing to either (3.29)
and Assumption 2.2(a) or (3.36) and Assumption 2.2(b). Lemma 3.4 reveals that Assumption
2.2(b) can play the same role as Assumption 2.2(a) in guaranteeing the uniform integrability of
S 1fi(@)] + g2 (). Hence, from now on, when we assume Assumption 2.2 holds, without loss of
generality, we can assume that Assumption 2.2(a) holds.

Lemma 3.5. Assume that (¢ )ken C Ct, (Tk)ren C Ry are such that Vo(¢py) < R, T > r,
limg_,oo T, = 00, and the sequence (H%’j)keN converges weakly to a probability measure w. Then m
18 an invariant measure and moreover

lim | G(p)IgF (dp) = / G(p)m(dep), (3.40)

k—oo Jo

for any function G : Cy — R satisfying

|G(p)| < K¢ (( + ¢ x)Ph(x) / (1 + chgoz ) )),u(ds)) where x := ¢(0), (3.41)

-r

for some p < pg. Likewise, if Assumption 2.2 (b) holds, we also have (3.40) for G satisfying

-r

|G(p)| < K¢ <(1 + ¢"x)Phy(x) / (1 + Z:czapZ ) (s ))ul(ds)> where x := ¢(0).
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Proof. For the proof of m being an invariant measure, we refer to [20, Theorem 9.9], or [19, Propo-
sition 6.4] with a slight modification. We proceed to prove the second conclusion. For any € > 0,

let I, be sufficiently large such that for any ¢ satisfying |x| + f s)|u(ds) > 21,

(1+cTx)Ph(x) + [° (1 + cigoi(s))ph(cp(s))ﬂ(ds) < .
(1+eTx)ph(x) + [°, (14 Sy cipi(s)) hlp(s)u(ds) — KeHhL+Am)

The above inequality follows from the fact that

(e
x| =00 (1 4+ ¢Tx)Poh(x)

=0
and 0
L L (T cns) he(s) ()
19, le@latds) oo [0, (14 321, cipi(s))™ hlep(s))u(ds)
Denote by u;, : C — [0,1] a continuous function satisfying

w () = {1 it x| + [, [o(s)]u(ds) < 2L,
E 0if x| + [, |¢p(s)l(ds) > 4l

By Tonelli’s theorem, we get that

/C ((1 +cTx)Ph(x) + / 0 (1+ 3 qw(s))”h(sa(s))u(ds)) 7 (de)

-r i=1

=0 (because h(-) > 1).

(3.42)

j{k Eg, <<1+§ciXi(t)>poh( (1)) /_ ( —I—Zcz t—i—s) (X(t+s))u(ds)> dt.

Because of (3.41), (3.42), (3.43), and (3.29), one gets

/C (1 — . (9)) |G(9) 2 (de)

<Ko /C (1-w,(9)) (<1+c x)?h(x) / T (1+Zcm ) he(s)n <ds>) L7 (dy)

(3.43)

c Po &
SW/CG—WE( ) ((1+c x)"h(x) / (14‘201% ) (s))u(ds)) 117* (dep)

<e.

Similarly, because of (3.29) and 7 being invariant, we have
/C (1 -, () |G(@)Im(d) < €

The weak convergence of H%f to 7 implies

lim [ u, (0)|G() 117 (dep) :/ng(%)\G(w)I?r(ch)-

k—oo Jo
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Combining (3.44), (3.45), and (3.46) yields that

lim sup / G () T2 (dep) — / ]G(cp)\ﬁ(dnp)’ <9
k—o0 C C
Hence, the proof of the lemma is concluded by letting € — 0. 0

Lemma 3.6. Let Y be a random variable, 6y > 0 be a constant, and suppose
Eexp(6pY) + Eexp(—6Y) < K,

for some finite constant K. Then the log-Laplace transform n(0) = InEexp(8Y) is twice differen-

tiable on [O, %) and

dn
d*n to
< —1h) < =
0< —5(0) <Kz 0 [0, 2),

for some Ko > 0 depending only on K.

4 Persistence

This section is devoted to proving Theorem 2.1 and Theorem 2.2. It is shown in [53, Lemma 4], by
the min-max principle that Assumption 2.3 is equivalent to the existence of p* = (p}, ..., p};) with
p; > 0 such that

inf () b= 26t > 0. 41
ﬁlélM{;pl (ﬂ)} K (4.1)

By rescaling if necessary, we can assume that |p*| is sufficiently small to satisfy condition (3.4).

Lemma 4.1. Assume Assumptions 2.1 and 2.2 hold. For any invariant measure 7, one has
Qo(p)m(dep) =0,
Ct

where

0 0

Qo() =Aah(x) [ %u(ds) — 42 [ n(els))n(ds)

-r -r

~ Ay / " u(ds) / " AN () du

—-T

Y cimifile) 1~ cicjoijrizigi(e)gi (@)
T 2
Iex 255 (1 + ch>

Proof. Because of (3.29), (3.36), Lemma 3.5, and Assumption 2.2, Qo is w-integrable. By the
strong law of large numbers (see, e.g., [30, Theorem 4.2]) we have

_l’_

t—o00

t
iim [ Qo(X)ds= [ Qol@)nlde), Pras.., (4.2)
0 .
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and

/ 224, 7i3Cici Xi(8) X (5)9i(X5)g;(Xs)
lim — ds
t—moot (1422 ciXi(s))?
> j chzcszx]gz(go)gj(go)
= . 112 7w(dp) < 0o Pr- a.s., where x := ¢(0).

The above limit tells us that if we let (L., L.); be the quadratic variation of the local martingale
/ i ¢iXi(s)gi(Xs)dEi(s)
1 + Z ciXi(s) ’

. (L.,L.); > 0iCic i 9i (@) g ()
hgs;olp ; = ; 0, 1) m(dp) < oo Pr-a.s.
+

then

Applying the strong law of large numbers for local martingales (see [40, Theorem 1.3.4]),

2. CiXi(8)9i(Xs)dEi(s)
tllglo t/ 1 +Z e Xi(5) =0 Pras. (4.3)
As in (3.6), we have LUp(p) = Qo(y), where
0 0
Uo(p) =In(1 +c¢'x)+ Ag/_ p(ds) / eV(U_S)h(go(u))du, x = ¢(0). (4.4)

Combining (4.2), (4.3), (4.4), and the functional It6 formula yields that

0 < lim 20X _

t—o00

Qo(p)m(dp) Pr-a.s. (4.5)
C+
A simple contradiction argument coupled with (4.5) and (3.8) leads to that
Qo(p)m(dep) = 0.
Ct

O]

Lemma 4.2. Assume Assumptions 2.1, 2.2, and 2.3 hold. Let p* be as in (4.1). For any compact
set IC of C, there exists a Txc > r such that for any T > Tx and ¢ € 0C4+ N K, we have

T
/ E¢Qp* (Xt)dt S —H*T, (46)

where o) sz (fz B U“gz( )>‘

Proof. We prove the lemma by using a contradiction argument. Suppose that we can find ¢, €
0C+ N K and Ty, > r, Ty, T oo such that

Ty
/ E¢Qp+ (Xy)dt > —k*T. (4.7)
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Since Eg|Qp+(Xy)| < H K (t + V& (#)) due to (3.29), (3.36), and Assumption 2.2, we can apply
Tonelli’s theorem to obtain

o L[
[ Qutomiiae) = 7 [ B0, X0t

Under Assumption 2.2, as a consequence of Lemma 3.5,

1 [Tk
im 7 [ Eo, @ (Xt = [ Qe (@Ild), (4.8)

k—oo L[

where the invariant measure 7 is the weak limit of {H%f} Since the initial values lie on the
boundary, 7 is supported in dC,. This combined with Lemma 4.1 implies that

L Qr(@) sz (4.9)
Thus, we obtain from (4.1), (4.8), and (4.9) that
1 [T .
klin;oﬂ/n Eg, Qp (X¢)dt < =257, (4.10)
Combining (4.7) and (4.10) leads to a contradiction. As a result, the Lemma is proved. O

Now, let n* be sufficiently large to satisfy
")/0(71* — 1) —Agp > 0, (4.11)

and p; > po but (3.4) still holds. Under Assumption 2.2, a consequence of (3.29) is that there is
an H{ satisfying

T
/ EyQp+(X¢)dt < Hy (T + V{°(¢)) for all T > r. (4.12)
Because of (3.8), we have
EpVgt (Xy) < V3 (@p)e P + M, 6. (4.13)
Note that
if ¢ € Cyas then Vp(¢p) < (14 M |c|)e, (4.14)

where Cy s is defined as in Theorem 3.1. Equations (4.13) and (4.14) imply that
EgVg' (Xi) < Ry if ¢ € Cyar,t >0 (4.15)

for some Ry,p > 0. Let €* € (0, §) be such that

% oy 220 * TT% K"
Ry (e7) » +e"H{T < E(T—QT) for any T > 3r. (4.16)

To take care of the case when X;(¢) is small but the norm of the segment function || X¢|| is not, we
derive the following Lemma.
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Lemma 4.3. Assume Assumptions 2.1, 2.2, and 2.3 hold. There exist a 5 >0 and T* > 0 such
that for any T € [T*,n*T*|,

T ~
Es /O Qpr (X,)dt < —%K*T, if € Cy(3), (4.17)

where R R
Cv(0) == {d) € C3 NCy,m such that |¢;(0)] < & for some Z} .

Proof. For any event A with Pg(A) > 1 — ¢, we obtain from (4.12), the Holder inequality, and

(4.15) that
T
Eplac [ Qp(Xp)dt <E1acHj (T + VE*(Xap))
3r
P1—P0

P
() (BpVP (Xa)) 7+ HT

Po P1—P0

SR"’/TM (%) . +e"H{T if ¢ € Cy .,

(4.18)

where A° = Q\ A. Applying Lemma 3.3 implies that there is a compact set £* = K*(¢*) := {p €
Ci |l £ R, [|@llag — Il £ Ra} (R4 = R4(e*) is as in Lemma 3.3) such that

*

Py {X, € K* for all t € [2r,3r]} > 1 — % if ¢ € Cyar. (4.19)

In view of Lemma 4.2, there exists 7% = T*(K*) > 0 such that for all T > T* — 3r,

T
/ EpQp (Xy)dt < —s*T if ¢ € 0CL N K™, (4.20)
Without loss of generality, we can choose T > 3r sufficiently large such that for all 7" > T,
1
—%n*(T —2r)+3A4pr < —§/<;*T. (4.21)

In view of the Feller property of X; and (4.20), we obtain that there is a 4; > 0 such that for all
T € [T* — 3r,n*T*]

T
/ EpQ - (X4)dt < —%K*T if ¢ € K*, dist(¢h, 0C) < 61. (4.22)

By virtue of (4.19), part (i) of Proposition 3.1, and the structure of K*, there exists a § > 0 such
that

-~

Py(A) > 1" if ¢ € Cy(0), (4.23)

where
A= {diSt(Xgr,8C+) < 01,X9, € ]C*} .
Combining (4.22) and (4.23) leads to that for all T' € [T, n*T"]
T ~

Egla | Qp(X))dt < —%H*(T C o) (l—e) < —%H*(T —w)ifpecy(®).  (4.24)
3r

We obtain from (4.18), (4.16), and (4.24) that for all T' € [T, n*T"|
T

Bo | Qp(Xi)it < —%H*(T o), ¢ € Cy(9). (4.25)
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Using the functional It6 formula, Jensen’s inequality, and (3.7), we have

3r
_i Po o Do
/0 EyQp+ (Xs)ds —pOE¢ (ln VI (Xs) —In V_p*(qb))
Ee VP, (X3, 3Aopor
giln I ;_)SO( 3)§lne
o V(@) Po
Therefore, we obtain from (4.25), (4.26), and (4.21) that

(4.26)
= 3Ar.

~

T
7 1
E¢/ Qp (Xy)dt < —TO&*(T —2r)+3Apr < —§/§*T, for all T € [T*,n*T™] if ¢ € Cy(0).
0
The lemma is proved. O

Proposition 4.1. Assume that Assumptions 2.1, 2.2, and 2.3 hold. Then there are 0 € (0, %0) and
Ky > 0 such that for any T € [T*,n*T*] and ¢ € C3 N Cy,u,

1 ~
EgV? e (Xr) < V2, (@) exp ( — Zem*:r) + K, (4.27)

where —p* = (—pj,...,—ps).

Proof. By the functional It6 formula, we obtain that
T
In pr* (XT) =In V,p* (¢) + / Qp* (Xt)dt
0

. /T (Ei XiOgKNAEM) = oo, (t)) (4.28)

1+ Zz CiXi (t)
=:InV_p (@) + 2(T).
Because of (4.28) and (3.7), we have

Egexp (poz(T)) = ——L 2 < efowoT, (4.29)
¢ V. (9)
Another consequence of (3.7) is that
Po
L‘bvg’* X1) _ caomr (4.30)
5 < . .
Vp* (¢)

We obtain from the definition of V3°(¢) that

0

Vo () = (1 - ch> T exp { - 2poA2/ pu(ds) /SO 67(“_8)h(¢(U))du}fo(<P)

T

(4.31)
<V (), where x := ¢(0).

Applying (4.31) and (4.30) to (4.28) yields

EgV_ 2 (Xr)
Eg exp(—poz(T)) = +
i ’ V(@)

(1 + CT¢(O)> o exp { — 2poAs /

-r

14
<E¢,Vp£ (XT) 0

V2 (9)

<(1+00) e { - 2mae [

'

1u(ds) / ’ ev(“*%(cp(u))du} (4.32)

0 0
p(ds) [ () du exp(Aap ).
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In view of (4.29) and (4.32), an application of Lemma 3.6 for z(T) implies that there is Ky > 0
such that

~

&2 _
0< 18T 9y < Ky for all § e [0, %) b eCy(),T e [T nT,

I

where
Ne,1(0) = InEg exp(02(T)).
Hence, using Lemma 3.6 and (4.17) yields

i 1 5
Z(ZT (0) =Epz(T) = —5r"T for ¢ € Cv(9), T € [I7,n"T"].

By a Taylor expansion around 6 = 0, for ¢ € Cv(g), T € [T*,n*T*], and 0 € [O, %0), we have

1 -
fpr(0) < =570 + 02 K.

Now, if we choose 6 € (0, %) satisfying 6 < ’j;g, we get
1 -
igr(0) < — 7K' T0 forall ¢ €Cy(3),T € [T",n"T"]. (4.33)

~

In light of (4.33), we have for such 6, ¢ € Cy(9), and T € [T*,n*T*] that

EgV? . (Xr)

_ 1,
pr*(qb) = exp iy 7(0) < exp (—45 T9> . (4.34)

-~

On the other hand, because of (3.7), we have for ¢ ¢ Cy(d) but satisfying ¢ € CS N Cyp and
T € [T*,n*T*] that

EoV? . (X1) < exp(On*T*H) sup  {V? (@)} = Kp < 0. (4.35)

®d¢Cyv (8),0€Cv, 1
Combining (4.34) and (4.35) completes the proof. O

Theorem 4.1. Assume that Assumptions 2.1, 2.2, and 2.3 hold. There is a finite constant K*
such that
lim sup E¢V_9p* (Xy) < K™ for all ¢ € C5.

t—o00

As a result, for any € > 0, there exists an R, = Ry(g) > 0 such that

lim inf Py, (R <IXiW)| <R} >1—¢ foralli=1,...,n. (4.36)
—00

Proof. Once we obtained Proposition 4.1, the proof is similar to [24, Theorem 4.1]. By virtue of
(3.5), we have

LVY po(p) < =070V () if @ ¢ Cuaa, (4.37)

where Cy, )y is as in Theorem 3.1. Define the stopping time

T=inf{t > 0:X; € Cyp}. (4.38)
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We obtain from Dynkin’s formula and (4.37) that
Eg [exp {0’)/() (7’ A n*T*) }pr* (XT/\H*T*):|
TARTT*
< V_ep*(qb) + E¢/ exp{fyos} [[,V_ep* (Xs) + G’yon)p* (Xs)| ds
0

<V’,.(¢).

As a consequence,
pr* (¢) >Ey {exp {670 (7 AR*T) }V_ep* (Xr/\n*T*)}
B [1(r<(me 17y xb {050 (7 A0 T*) }VE o (X per)|
+Eg [ L1 cransry 50 {070 (7 A0 T*) }VE o (Xopor)|
+Eg [Lirsnerey exp {090 (1 A0 T*) JV2 (Xennere) | (4.39)
>Ey [1 tr<r 1 Ve (XT)]
+exp {030((n" = DT} Eg Lo 1yre<ram ) VY pr (X
+ exp {yon " T"} Eg [1{T2n*T*}V_9p* (XnT*)] .
Combining the Markov property of (X;) and Proposition 4.1 yields
Eg [ Lir<tne 1y} Ve (Xuor)|
<Eg [1{T§(n*,1)T*} [f(g + e*i(’“*("*T**T)pr* (XT)]] (4.40)
< Ko+ exp <—10H*T*> o [1{T§(n*,l)T*}Vﬁ’p* (XT)] .
Using again the strong Markov property of (X;) and (3.7), we obtain that
o [1 ()T <ranr T}V e (Xn*T*)}
<E4 [1 (0t )T+ <rameey 2T (XT)} (4.41)
< exp(0AgT)Eg [1{(n*_1)T*<T<n*T*}pr* (XT)} :
Applying (4.40) and (4.41) to (4.39) leads to
VO (@) >exp (i@/{*T*) Eg [1 <7y Vo e (xn*T*)] — exp (iﬁn*T*) Ky
+ exp(—0AgT™) exp (Oyo(n* — 1)T") Eg [1{(n*,1)T*<T<n*T*}V_9p*(Xn*T*)}
+exp (B T™) Eq [1 p— L (xn*T*)}

(4.42)

_ 1
> exp(mﬂT*)E¢pr*(Xn*T*) — Kpexp <49/€*T*) ,

where m = min {$x*, yon*,70(n* — 1) — Ao} > 0 by (4.11). As a result,
Eqbep* (Xper+) < Z]\1V,9p*(¢) + ¢} for all ¢ € C3,
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for some 0 < q1 < 1, 0 < ¢f < oo. Therefore, by the Markov property of X;, we have
EoV? e Xt tyner) < @BV pe (Xinor+) + g for all ¢ € C2,
Using this recursively, we obtain

11— Q1)

EgVC e Xinere) < GV pe () + qll — (4.43)
We obtain from (4.43) and (3.7) that
EoV? e (Xr) < |@V? () + ‘hil__f) e for all T € [kn*T*, kn*T* + T*].
Hence, by letting k — oo, we obtain the existence of a finite constant K* such that
lim sup E¢V «(X¢) < K™ for all ¢ € CS. (4.44)
t—00
Finally, (4.36) is obtained by applying Markov’s inequality to (4.44), and using V_,«(¢) > %
and > | pF <1, pf > 0. Hi:lxi[]

To proceed, we prove the uniqueness of the invariant measure under suitable assumptions.
For x € Rno Inx is understood as the component-wise logarithm of x. By using the fact
|x( — X(Q)‘ < |lnx —1In X(Z)‘ ‘1 +x® 4+ x(z)‘ and basic inequalities (Young’s inequality and the
Cauchy-Schwarz inequality), we obtain from (2.7) and Assumption 2.4 (ii) that there is some con-
stant D1 depending only Dy, dg satisfying

> ([#:™) = £ile®)| + |au(e™) - i) + |g2(6") — g2 )

do+1
< Dy llnx lnx(g)‘ }1 +x® 4 x®|7 (4.45)
0 do+1
D1 [ g - ne®)| [1 4+ + 6| utds)
and
>~ (™) = £ + [9:™) = 5i(e®)| + |g26™) = g2(6?)] ) Jmx® — Inx
do+1
< D ‘lnx lnx(Z)‘ ‘1 +xM 4 x®|” (4.46)
0 2do+2
D1 [ i) @) L+ 00 + o 6) " ),
and
3
> ([fite™) - fi(‘P(Z))‘ +gi (™M) — gz-(cp(”)‘ + g7 (") - gf(so(z))’ ) )lnx(” —Inx?
4 4do+4
< Dy llnx(l) — lnx@)‘ ‘1 +xM —i—x(z)’ ’
0 4do+4
+Dl/ e (s) ~ ng®(s)| |1+ o®(s) + ()| ()
- (4.47)
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To apply asymptotic couplings method as well as the theories and results in [23], we let Y;(t) =
In X;(¢) and consider the following equations

. _ . _ %(Xt)azzi . . s
{dY;(t) - [fz(Xt) g% }dt+gz(Xt)dEz(t), i=1,....n, is)
Yo=Ing, ¢€C2,
and
~ ~ gg(it)ag' ~ ~ 4do+4 ~
aTi(t) = [mxt) - ] at+ 3 [1+ X0+ 0] v - Y]
(4.49)

Yo=Ino, ¢#¢cCs,

where ) is sufficiently large to be determined later; and }z(t) = (e?l ® ... e?"(t)) PwtZ:=Y-Y.
Combining the functional It6 formula and (4.45), (4.46), (4.47), one has

iz < . [

—-r

0 ~ 4dg+4
1+X(t+s)+X(t+s)‘

|Z(t + 3)|2/,L(ds)} dt

4do+4

~ (A=) 1 X x| 20 e (4.50)

+237 (Vi) - Vi) (9:(X0) — 9u(X0) dEL(h),

and
4 0 ~ 4dy
d|Z(t)|" < Dz/ 1+X(t+s)+X(t+s)‘

-r

e s>\4u<ds>} it

4do

(3= pa) |1+ X+ x| 2o (451)

+437 (Y0 - Vi) (100 - 0:(R) dE(),

for some constant Do depending only Dy, dp, 0;; and independent of Xt,f(t. For oM, 2 ¢ cs,
define

4

U(pW @) = ‘lnx(l) _ 1nx(2>‘

D 9 * 0 0
4 Do 9n0” Dy / u(ds) / (1 (u—s)

4do+4 ’ 4
Y —r

W (s) =P (s)| du,

1+ M (s) + 2 (s)|
and

U(pW,p?) = ]m <« _nx®

D *D 0 0
22 - 9no” D / w(ds) / eV(=s)
’y —-r S

’ 2

‘4d0+4 ‘ 2

14 oM(s) + @ (s) eV (s) — @ (s)| du,

where 0* := max{o;; : 1 <4,j < n}. Hence, by direct calculations using the functional It6 formula,
[44, Remark 2.2] and then applying (4.50), (4.51), it is easily seen that we can choose A being
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sufficiently large such that
dU (X, X;) < — 2Dy (17 (X4, Xy) + 1+ X(8) + X (1) Z (1)

b [ X K ) )i (452

'

+437 (Vi) -0 (%) — (X)) dE(),
and

dU (X4, X;) < — 2Dy <U(Xt, Xy) + 1+ X(t) 4+ X(¢)[* 04| Z(t)]?

+ /0 11+ X(t 4 s) + X(t + 5)| D+ Z(t + 5) | ,u(ds))dt (4.53)

'

+23 (Y0 - Fi0)) (X0 - (X)) dE(0)

for some positive constant D3 > 8no*D;.
Similar to [23, Theorem 3.1], let

v(t) = X [(0:(Ko)gs Rowghen]  [14 X+ X (Y00 - Y1),

where [(gi(¢)g;(©)0ij)nxn] " is the inverse matrix of matrix [(g;(¢)g;(®)0ij)nxn) and for each
e>0

t ~
Te := inf {t >0: / Iv(s)[*ds > e Yo — YOHQ} .
0
Lemma 4.4. The following assertions hold:
li Te = =1 4.54
EI_I)I(I)P{TS oo} , (4.54)

and
lim [Y(t) — Y ()| =0 a.s. (4.55)

t—o00

Remark 4. In the proof of the Lemma, our purpose is to prove lim¢ o U (X4, )~(t) = 0 a.s. To handle
the diffusion part of U(Xy, X;), we need some helps from U(Xy, X;). That is why we introduced
both U(Xy, X;) and U(Xy, X;) in the above.

Proof. A consequence of (4.52) and (4.53) is that
d [eDstEU(Xt, it)} < —DyePHEU (X, X, )dt,

and
d |:€D3t}EFUVV(Xt, Xt):| S 7D3€D3tEvav(Xt, Xt)dt,

which implies that B B B
Jim EeP3tU (X, Xy) = Jim EePstU (X, Xy) = 0, (4.56)
— 00 — 00
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and

o0 S U
E / eP3tU (X, Xy )dt < (¢,6) (4.57)
0 Ds
An application of Markov’s inequality and (4.57) imply that
> < U(¢. )
P Dty (X, Xy)dt < >1— /e 4.58
(/0 X K < LB ) > 1 vz (1.5%)

To proceed, similar to the proof of Proposition 5.1 part (i) (in particular, the process of getting
(3.24)), we can obtain that for p < py,

Eg sup V§(Xy) < 1V (Xo),
t€[0,1]

for some constant C;. Then, combining with (3.8), we have

E¢ sup Vg(Xi) < Co(1+ Vg(Xo)),
te(k,k+1]

for some constant C3. We have for any C > 0,

] Dspk/(8do+8)
p {e QStVédOH(Xt) > 55, for some t € [k, k + 1]} <P {Vg(Xt) > CZMM, for some t € [k, k + 1]}
) 8p/(8d0+8)
<Cy(1+ Vg (XODW'
Thus, one has
. c 00 b/ (8do+8)
" {e s < T 0} 1= o1+ V3(X0)) 5 _p i s (4.59)
k=0 '

>1 — KC,V(f(Xo)gp/(gdo+8)7

for some finite constant K¢ yr(x,) depending on C, V& (Xp). Combining (4.59) and (4.58), we can
obtain

oo ~ 4doy+4 ~
P ([ [+ xen+ o] v - Yol <
We obtain from the definition of 7. that
Pl =) 2 B{ [T ive)as <o - 3l (461)
0

Since (4.60), (4.61), definition of v(-), and Assumption (2.4)(iii), we obtain (4.54) by letting ¢ — 0.
On the other hand, applying the Burkholder-Davis-Gundy inequality and (4.45), we have

E sup - (Yilt) = V(1)) (9:(X0) — 9u(Xo) ) dE(1)

tel0,1] 7

o|Q

> Z 1-— \/g — chvéi(xo)58d§+8 . (460)

1
2

<4k <”‘7* i:/ol (Yi(t) - 571’(75))2 (gi(Xt) - gi(it)>2dt)
- 4nm<E/ol <‘1 +X (1) + X (1) Z(0)"

(4.62)

1
2

b

0 ~
- / 11+ X(t+ )+ X(t + 5) 2D |Z(t + 5)* u(ds)) dt)
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We obtain from (4.52) and the functional It6 formula that

1 _ 0 -
B [ (14X + RO @O+ [+ X040+ R4 9908 260+ 9] ulas) )t
0

1 ~  ~
< —EFE .
< 55-E0(9.9)
(4.63)
Applying (4.63) to (4.62) yields that

Jun

E sup > (0:(X1) = 0:(X0) ) dEi(t) < 4n/o" Dy (211)31&17@, E%)) gy (4.64)

t€l0,1]
Hence, combining (4.53) and (4.64), by a standard argument, we conclude that

1
E sup U(Xt+t0, Xt+t0) < D4 <EU(X¢0, Xt()) + (]EU(XtO, Xt0)> 2) s for all t() > 07 (4.65)
te[0,1]

for some constant Dy, independent of Xy, f(t. A consequence of Markov’s inequality and (4.65) is
that

1
P{ sup  U(Xy, Xy) > e—D:Z'} < Dy & <EU(Xn_1,Xn_1) + (]EU(Xn_l,Xn_l)> 2) . (4.66)
te

[n—1,n]

We obtain from (4.56) and (4.66) that

Z]P’{ sup  U(Xy, Xy) > e_Din} < 0. (4.67)
G

ne [n—1,n]

It follows from the Borel-Cantelli lemma and (4.67) that limy_,eo U(X¢, X¢) = 0 a.s. and thus we
get (4.55). O

Once we have Lemma 4.4, we can mimic the proof of [23, Theorem 3.1] to obtain the uniqueness
of the invariant measure of (4.48), which is stated as in the following Proposition.

Proposition 4.2. Under Assumptions 2.1 and 2.4, the solution process of (4.48) has at most one
invariant measure, and moreover (2.1) has at most one invariant measure concentrated on CS .

By the tightness (3.35) of the occupation measures and Theorem 4.1, the existence of invariant
measure of (2.1) concentrated on CS is guaranteed. Combined with Proposition 4.2, we have the
following Theorem to end this section.

Theorem 4.2. Under Assumptions 2.1, 2.2, 2.3, and 2.4, system (2.1) has a unique invariant
measure concentrated on CS .

5 Applications

This section presents a number of applications of our main results to different models. We make use
of Theorems 2.2 together with the following lemma whose proof can be found in [24], to characterize
the persistence.

Lemma 5.1. For any m € M and i € I, we have \;(m) = 0.

Moreover, it is worth noting that these sufficient conditions for persistence are sharp and are
almost necessary in the sense that if they are not satisfied and critical cases are excluded, the
extinction will take place, which will be seen in part (II).
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5.1 Stochastic delay Lotka-Volterra competitive models

The Lotka-Volterra model, introduced in [38, 61], is one of the most popular models in mathematical
biology and has been studied extensively in the literature. When two or more species live in
proximity and share the same basic resources, they usually compete for food, habitat, territory,
etc., we therefore have the Lotka-Volterra competitive model. To capture many complex properties
in real life, other terms (white noises, Markov switching, delayed time, etc) are added to the original
system. Stochastic delay Lotka-Volterra competitive models have also been widely studied; see, for
example, [2, 34] and references therein. This kind model for two species has the form

Xm(t) = Xl(t) (a1 — anl(t) — blzXQ(t) —/l;lle(t — 7") —/512X2(t — ’I")) dt + X1 (t)dEl(t),

dXQ(t) = XQ(t) (ag — leXl(t) — bQQXQ(t) — blel(t — T’) — bQQXQ(t — 7“)) dt + XQ(t)dEQ(t).
(5.1)

Note that in the above X;(t) is the size of the species i at time t¢; a; > 0 represents the growth
rate of the species i; by > 0 is the intra-specific competition of the i*" species; bij >0, (i # j)
stands for the inter-specific competition; Eij > —by (i,7 = 1,2) (ie., Bij can be negative); r is the
delay time; (E1(t), B2(t))" = I'"B(t) with B(t) = (By(t), B2(t))" being a vector of independent
standard Brownian motions and I'" being a 2 x 2 matrix such that I" T = (0ij)2x2 is a positive
definite matrix.

Before applying our Theorems, let us verify our Assumptions. First, it is easy to see that there
is a sufficiently large M; such that

2

> i =1 Tij T

(1 +x1 + x2)2

for some o, > 0. There exist 0 < b5 < b] and My > 0 satisfying

Z?:l T (ai — binwy — bigy — binpr(—7)) — /b\z’2‘102(_7"))

1421 4+ 22
for all ¢ € Cy satistying |x| := |¢(0)| > My, and

2w (ai — biz1 — bigza — b1 (=) —312802(—7’))
1+21+ 22
Let M > max{M;, Ms}, c = (1,1),

> 20, if |x| > My, x = (21, 22), (5.2)

<=L+ )+ le(=r)],  (5:3)

< x| ai+bsle(=r)|, Ve €Ch. (5.4)

)

b o, bt — b}

1 PR
220 2 % (bij+|bz‘j|

. b
O<’Yb<m1n ) ) O<70<§1*7bzai7
7
A1, Ay be such that
* 0N * b1
0< bg +’}/b2|bw| < A2 < Al < bl _'}’bzbz] and Al _A2 < 517
2% 2y

and h(x) := 1+ |x|, p is be the Dirac delta measure (concentrated) at {—r}, and

Ag =10+ AL+ M)+ 7 | Y ai+ MY bij+2| + MY a

i 7

+ sup
|x|<M

2
{Zml Tij il n 2?21 zi (a; — bjxy — bipxa) }

(1421 + x2)? 1421+ 29
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Combined with (5.2), (5.3), and (5.4), direct calculations lead to that (2.2) is satisfied and that
Assumption 2.1 holds. Moreover, it is easy to confirm that Assumption 2.2 and Assumption 2.4
also hold. oo

Applying our Theorems in Section 2, we have that \;(6*) = a; — —,i = 1,2. Let Ci, =
{(¢1,0) € Cy = p1(5) > 0Vs € [-r,0]} and C3, := {(0,92) € Cy : p2(s) > 0Vs € [-r,0]}. In view
of Theorem 2.2, if A;(6*) > 0, there is a unique invariant probability measure m; on C7,, i = 1,2.
By Lemma 5.1, we have

Ai(m) = a; — 7 - / (bm%(o) +3n's0¢(—r)> mi(dp) = 0, where ¢ = (¢1,p2),
i+

which implies
0ij

/ p (spi(0) + Bapr( =) ) ma(dp) = s — %2 (5.5)

Since 7r; is an invariant probability measure of {X,}, it is easy to see that

/ GO (dg) = lim / X, 1 (0)dt = Jim — / X (5.6)

CS T—oo T T—oo T
i+

where (X4, Xo;) = X;. Similarly,

1 (T
/ pi(—r)mi(de) = lim — Xi(t —r)dt. (5.7)
9+ T—)OOT 0
By virtue of (5.6) and (5.7), we can prove that
| eitomtde) = [ oi-nmlde) (58)
i+ i

Combining (5.5) and (5.8) yields that

a; — Gii
/ 1(0)s(dep) = / oi(—r)mi(de) = 2
/LOJF .. ..
Therefore, we have

Ao(my) = / [az - % — b2101(0) —lewl(—r)] m1(dep)

o B (g - 2 Bt
272 L2 b1y + by
and
o -
A(me) = / [al - % — b1ag2(0) — b12§02(_r)] T2 (dp)
2+

o11 < 022) b1z + b
=ay — — — (ayg — =22) . =2,
2 2 bao + bao

If A1(6%) > 0,X2(8%) > 0 and Ai(m2) > 0,Aa(m) > 0, any invariant probability measure in
OJCy has the form m = qo0* + q1m1 + goma with 0 < qo,q1,92 and qo + g1 + g2 = 1. Then, one has
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max;—1 2 {Ai(m)} > 0 for any 7 having the form as above. As a consequence of Theorem 2.2, there
is a unique invariant probability measure 7* on C§. This result generalizes the results of long-term
properties in [34].

In the above, we considered a 2-dimension case to illustrate the idea as well as to simplify the
explicit computation. For the stochastic delay Lotka-Volterra competitive model with n-species,
our results can still be applied to characterize the long-term behavior of the solution.

5.2 Stochastic delay Lotka-Volterra predator-prey models

To continue our study of Lotka-Volterra competitive models, this section is devoted to applying
our results to stochastic Lotka-Volterra predator-prey models with time delay. Such models are
frequently used to describe the dynamics of biological systems in which two species interact, one
as a predator and the other one as prey. In this section, we consider Lotka-Volterra predator-prey
system with one prey and two competing predators as follows

(dX1 (1) = Xl(t){al ~ b X1 () — biaXa(t) — bisX(t)

DXt — ) — DraXa(t — 1) — biaXs(t — r)}dt + X (DB (1),
dXo (1) = Xg(t){ — an + b X1 (t) — booXa(t) — bz X3(¢) 59)

o X (t— ) — DoaXo(t — ) — Doz Xa(t — r)}dt + Xo(t)dEs(t), '
dX5(t) = X3(t){ — ag + b3 X1 (t) — bsaXa(t) — b3z X3(t)

b X (f— ) — D32 Xo(t — ) — sz Xa(t — r)}dt + X3(H)dEs(t),

\

where X1 (), Xo(t), and X3(t) are the densities at time ¢ of the prey, and two predators, respectively;
a1 > 0 is the growth rate; as,as > 0 are the death rate of X5, X3; b;; > 0,4 = 1,2,3 denote the
intra-specific competition coefficient of X;; b;; > 0,7 # j = 1,2,3, in which b2, b3 represent the
capture rates, bs1,b31 represent the growth from food, and bgg and bz signify the competitions
between predators (species 2 and 3); for each i, j € {1, 2,3}, b;; is either positive or in (—bj;, 0]; r is
the time delay; (E1(t), Eo(t), E3(t))" = T'"B(t) with B(t) = (B1(t), Ba(t), B3(t)) " being a vector
of independent standard Brownian motions and I' being a 3 x 3 matrix such that I''T = (04j)3x3
is a positive definite matrix.

The model in the current setup, was considered in [32]. However, by switching the sign of
a; or bjj,i # j, we can obtain a stochastic time-delay Lotka-Volterra system with the prey and
the mesopredator or intermediate predator. Note that the case involving a superpredator or top
predator, was studied in [33, 64], and the stochastic time-delay Lotka-Volterra system with one
predator and two preys was investigated in [22].

By a similar calculation as in Subsection 5.1, we can check that (2.2) is satisfied if we let
c= (1, bﬁ, bl?’) and other parameters be similarly determined as in Section 5.1. Moreover, other

b1 b3
assumptions also hold.

We consider the equation on the boundaries Cia4+ = {(p1,¥2,0) € C4+ : ¢i(s),pa(s) > 0Vs €
[—7,0]} and Ci3+ := {(¢1,0,¢3) € C4+ : p1(s),p3(s) > 0, Vs € [—r,0]}. If \;(8") > 0, there is an
invariant probability measure 7 on C7, := {(¢1,0,0) € Cy4 : ¢1(s) > 0Vs € [—r,0]}.

In view of Lemma 5.1, we obtain

/O (bngol(()) +/b\11g01(—r)) m1(dp) = a; — % (5.10)
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Similar to the process of getting (5.8), we obtain from (5.10) that

a1 — a1
|, erome) = [ pirmag) = 2
cs, s, b1 + bn
Therefore,
Oii ~
nim) = [ [mai= 5+ bapa0) = b (-] mde)
Ciy
:—ai—i+<a1—g)'17Ala 1=2,3.
2 2 b11 + b11

In case of A\1(6*) > 0 and Az(71) > 0, Theorem 2.2 implies that there is an invariant probability
measure 712 on Cf,, . In view of Lemma 5.1 and (5.8), we obtain

J

©1(0)m12(dep) =/ p1(—r)ma(de) = Ar,

124 Clay
/ 2(0)ma(dip) = / o) mia(dep) = A,
T2+ Clay

where the pair (A1, Az) is the unique solution to

ap — 7t — (bn +/1;11) Ay — <512 +312) Az =0,
—ap — % + <b21 —321> Ay — (bz2 +522) Ay =0.

In this case,

A3(m12) = /O [—a:a I8y (b31901(0) —331@1(—7“)) - <532<P2(0) +332<P2(—7°)>} m12(dep)

2
124

O' ~ ~
= —az — % + <b31 - b31> A — <b32 + b32) As.
Similarly, if A\;(6*) > 0 and A3(7;) > 0, by Theorem 2.2, there is an invariant probability measure
w13 on Ci3, and

Ao(mi3) = / [—@ -2y (b21</>1(0) —321#31(—7")) - <b23¢3(0) +323<P3(—7“))} m13(dep)

2
134

o ~ ~ ~ ~
= —ag — % + <b21 - b21> A — <b32 + b23) As,

where (/All, A\g) is the unique solution to
ap — 73+ — (bn +/511) A - (b13 +313> A3 =0,
—ag — 752 (531 —331) Ay — (533 +333> Az =0.

Because of the ergodic decomposition theorem, every invariant probability measure on 9C4
is a convex combination of 0*, 7y, 12,713 (when these measures exist). As a consequence, some
computations for the Lyapunov exponents with respect to a convex combination of these ergodic
measures together with an application of Theorem 2.2 yield that there exists a unique invariant
probability measure in C{ if one of the following conditions is satisfied:
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o )\1(5*) > 0, )\2(7T1) > 0,)\3(7T1) < 0 and )\3(7T12) >0
o )\1(6*) >0, )\2(71‘1) < 0,)\3(7‘(‘1) > 0 and )\2(7‘(‘13) >0
° )\1((5*) > 0, )\2(7'('1) > 0,)\3(7‘(1) > 0, )\3(71‘12) > 0, and )\2(7'&'13) > 0.

The above assertions generalize the results in [32]. Moreover, if we switch the sign of a; or b, # j,
we obtain another modifications of Lotka-Volterra prey-predator equation as we mentioned at the
beginning of this section with modification of the above characterization, which improve the results
in [22, 33, 64].

Confining our analysis to Ci24 (this describes the evolution of one predator and its prey), we
get

Xm(t) = Xl(t) {al — blle(t) —/l;lle (t — ’I“) — blng(t) —/b\12X2(t — T‘)} dt + Xl(t)dEl (t),

dXQ(t) = XQ(t) {—(12 + bo1 X4 (t) + b21X1(t - 7“) - bQQXQ(t) — b22X2(t — T)} dt + Xz(t)dEz(t).
(5.11)
This further leads to that if A;(6*) > 0, Aa(m;) > 0, there exists a unique invariant probability
measure of (5.11) on C{,,, which improves the results in [31].

5.3 Stochastic delay replicator equations

In evolutionary game theory, originally, a replicator equation is a deterministic monotone, nonlinear,
and non-innovative game dynamic system. Such a deterministic system has been expanded to
systems with stochastic perturbations. In this section, we consider the replicator dynamics for a
game with n strategies, involving social-type time delay (see, e.g., [1] for details of such delays) and
white noise perturbation. The system of interest can be expressed as

/

drit) = mi(t) | Fixlt =) — 5 S s f5(xt — ) |

x(s) = xo(s); t € [-r,0],

where X is the size of the populations; x;(t) is the portion of population that has selected the it
strategy and the distribution of the whole population among the strategy; the fitness functions
fi(-) : Rt = R, i=1,...,n are the payoffs obtained by the individuals playing the ith strategy; r
is the time delay; and xo(s) € Ax :={x € R} : > ; 2; = X} for all s € [—r, 0] is the initial value.

The replicator equation was introduced in 1978 by Taylor and Jonker in [56]. Since then
significant contributions have been made in biology [25, 46], economics [62], and optimization and
control for a variety of systems [7, 47, 49, 57]. Much attention has been devoted to studying their
properties. For instance, when f;(-) : R} — R,i = 1,...,n are linear mappings, equation (5.12)
without time delay was studied in [26, 27]. Moreover, the deterministic version of equation (5.12)
was studied in [1, 48].

By a similar argument as in [48, 62], we can show that Ax remains invariant a.s. As a con-
sequence, our assumptions are verified. Hence, our results in Theorem 2.2 holds for (5.12). To

36



demonstrate, for better visualization, we apply our results to some low-dimensional systems. First,
we consider equation (5.12) in case of two dimensions. Define

CY = {(p1,92) s 91(s) + pa(s) = X and ¢1(s), pa(s) > 0 for all s € [-r,0]},
aCY = {(p1,92) € C : [lpall = 0 or [lp2]| = 0},
Cj_(’o = {(p1,2) €CF : 91(5), p2(s) > 0 for all s € [—r,0]}.

In this case, it is clear that there are two invariant measures on the boundary 3Cf , which are §;
and 0y concentrating on (X,0) and (0, X), respectively, where 0, X are understood to be constant
functions. We have

02—i—02
A1(62) = f1((0, X)) — f2((0, X)) — %7

o2 + o2
A2(01) = f2((X,0)) — f1((X,0)) — %

By Theorem 2.2, in case of (5.12) of 2-dimensional systems, if A;(d2) > 0 and A2(d1) > 0, there is
. . . e X,o
a unique invariant probability measure of (5.12) on C"".
Next, we consider (5.12) in three dimensions. Similarly, we also define the following set

CY = {(p1, 02, 03) : p1(s) + wa(s) + w3(s) = X and @1(s), p2(s), p3(s) > 0 for all s € [-r, 0]},
OCY = C75, UCs, UCTy,,
Ciis = {(p1,02,03) € CF : [lonll = 0,k # 4,5}, for i #j € {1,2,3},
C2° = {(p1, 92, 03) € CX : 01(8), 2(5), p3(s) > 0 for all 5 € [—r,0]}.

Denote by 81, 82, d3 the invariant probability measures on the boundary 8Cf of (5.12), concentrat-
ing on (X,0,0), (0,X,0), and (0,0, X), respectively. We have

o? + o2
)\1(51) = fl((X7070)) - fl(<X> 070)) - %?Z = 2737

7i(82) = £;((0,X,0)) — £2((0,X,0)) — 2271
and

O'2 O'2
Ae(@s) = £1((0,0,)) = fo((0,0,%)) - P27k k — 1,2

If maxj—13A;(d2) > 0 and maxg—; 2 Ax(d3) > 0, there is a unique invariant measure on ng,+,
denoted by m3. When ma3 exists, we have

M) =% [ < i) - X erO() + AAO)  2XpOsle) + aéso%(m) roald).

By Lemma 5.1 and A\y(7e3) = A3(ma3) = 0, we have

0.2 2 0_2 2
/c;3+ (2Xs02(0)f22(§)2+ 2@02(0)+2X¢3(0)f32(§)2+ 3¢3(0)>W23(d¢)

2
=%+ [ h@malae)

234

0.2
_ ?3 +/CX f3(p)mas(dep).

23+
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As a result,

0'2 0'2
M) = =A5 %2+ [ () = fae) malie)
0_2 0_2
=T [ ) et

The conditions to guarantee the existence of the unique invariant probability measure 719, 713 on
the boundary Ci5,,Ci5, are similarly obtained and Ag(mi3), A3(m2) can be computed similar to
A1(ma3). Therefore, we have the following classification for the long-run solution of (5.12) in three
dimensions as following. System (5.12) admits a unique invariant probability measure on Cf’o if

® MaXx;—2 3 )\1(51) > 0, max;=13 )\j((sg) > 0, maXg=12 )\k((sg) > 0 and )\1(7['23) > 0, )\2(71'13) > 0,
)\3(7T12) > 0.

The (explicit) condition for persistence of (5.12) in n-dimensions is more complex. However, our
results (Theorem 2.2) still holds and will be computable in practice under suitable conditions.
Moreover, if r = 0 (i.e., there is no time delay) and f;(-), « = 1,...,n are linear, the condition of
the persistence of (5.12) in this section is equivalent to results in [26, 27].

5.4 Stochastic delay epidemic SIR models

The SIR model is one of the basic building blocks of compartmental models, from which many
infectious disease models are derived. The model consists of three compartments, S for the number
of susceptible, I for the number of infectious, and R for the number of recovered (or immune).
First introduced by Kermack and McKendrick in [28, 29], the models are deemed effective to depict
the spread of many common diseases with permanent immunity such as rubella, whooping cough,
measles, and smallpox. A variety of modifications of original equation are introduced due to the
complexity of environment. Much attention has been devoted to analyzing the behavior of these
systems; for example, see [12, 15] and the references therein. In this section, we study the stochastic
epidemic SIR models with time delay.
To start, we consider the equation with linear incidence rate of the following form

dS(t) = (a — biS(t) — e I(t)S(t) — coI (1) S(t — 1)) dt + S(t)dEx (L),

5.13

dI(t) = (=b2I(t) + c1I(t)S(t) + c2I(t)S(t — 7)) dt + I(t)dEx(t), (513)

where S(t) is the density of susceptible individuals, I(¢) is the density of infected individuals, a > 0

is the recruitment rate of the population, b; > 0, ¢ = 1,2 are the death rates, ¢; > 0, i = 1,2 are

the incidence rates, 7 is the delayed time, (E1(t), E2(t))" = I'"B(t) with B(t) = (By(t), Ba(t))"

being a vector of independent standard Brownian motions, and I' being a 2 x 2 matrix such that

'r = (0ij)2x2 is a positive definite matrix. It is well-known that the dynamics of recovered

individuals have no effect on the disease transmission dynamics and that is why we only consider
the dynamics of S(t), I(t) in (5.13).

Although equation (5.13) does not have the exact form as in (2.1), we can use the same idea
and the same method to obtain similar results. First, we consider the equation on the boundary
{(¢1,0) : p1(s) > 0 Vs € [—r,0]} and let S(t) be the solution of the equation on this boundary as
following

~

dS(t) = (a - b1§(t)) dt + S(t)dE (t). (5.14)
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Since the drift coefficient of this equation is negative if S (t) is sufficiently large and positive, if

S(t) is sufficiently small, we can show that there is a unique invariant measure = of (5.13) on
022

CYy = {(¢1,0) : p1(s) > 0 Vs € [-7,0]}. On the other hand, since A2(d*) = —by — -5 < 0, there
is no invariant measure in C5, := {(0, p2) : @2(s) > 0;Vs € [—r,0]}.
Hence, we define the following threshold
o
Am) = b= 72+ [ (apa(0) + eapr () nldep) (515)
Ciy

whose sign will be able to characterize the permanence and extinction. As an application of Lemma
5.1, we get

/ ¢1(0)m(dep) = bg (5.16)
csL 1
By (5.8), we have that

/ (i) = / Orle) =

Therefore, under this condition, we obtain from (5.15) and (5.16) that

o
022 4 G(Cl + 02)
2 b1

Using the same idea and techniques, it is possible to obtain similar results to Theorem 2.2 for
equation (5.13). We have that if A(7) > 0, (5.13) has a unique invariant probability measure in Cg .
This characterization is equivalent to the result in [35, 36].

In the above, we consider the linear incidence to make our computations be more explicit.
The characterizations still hold for the following stochastic delay SIR epidemic model with general
incidence rate

dS(t) = (a—b1S(t) — I(t) {1 (S(t), St —r), I(t),I(t —r))) dt + S(t)dEr (),
dI(t) = (=boI(t) + I(t) f2(S(t), St —7), I(t),1(t —7))) dt + I(t)dEx(t),

A7) = —by —

(5.17)

where f; : R* — R,i = 1,2 are the incidence functions satisfying
e f1(0,0,i1,i2) = f2(0,0,i1,i2) = 0.
e there exists some k € (0,00) such that for all ¢ € C4

F2(01(0),01(=7), 02(0), p2(—7)) < Kf1(21(0), ©1(=7), 02(0), pa(—r))
< &2 (1+ |@(0)] + o(=r)]) .

o fa(s1,82,101,12) is non-decreasing in s1, $3 and is non-increasing in i1, is.

Almost all incidence functions used in the literature, e.g., linear functional response, Holling type 11
functional response, Beddington-DeAngelis functional response, etc., satisfy the above conditions.
In the general case, the system has a unique invariant probability measure in C$ if A(7) > 0, where
A(7) is defined as follows

Am) = —ba =2+ [ R10).01(=1).a0). (=) ()

where ¢ = (1, v2) and 7 is the invariant probability measure of (5.14). These results significantly
generalize and improve that of [8, 14, 37, 39].

39



5.5 Stochastic delay chemostat models

A chemostat is a bio-reactor. In a chemostat, fresh medium is continuously added, and culture
liquid containing left-over nutrients, metabolic end products, and microorganisms are continuously
removed at the same rate to keep a constant culture volume. The chemostat model is based on a
technique introduced by Novick and Szilard in [45] and plays an important role in microbiology,
biotechnology, and population biology. This section is devoted to studying a model of n-microbial
populations competing for a single nutrient in a chemostat with delay in uptake conversion and
under effects of white noises. Precisely, the model is described by the following system of stochastic
functional differential equations

dS(t) = (1 —S(t) +aS(t—r) — zn: xi(t)pi(S(t))> dt + S(t)dEy(t),
=1

(5.18)

dai(t) = zi(t) (pi(S(t — 7)) = 1) dt + xi(t)dE;(t), i =1,...,n,
where S(t) is the concentration of nutrient at time ¢; 0 < a < 1 is a constant; z;(t),i = 1,...,n
are the concentrations of the competing microbial populations; p;(S),i = 1,...,n are the density-

dependent uptakes of nutrient by population z;; 7 is the delayed time; and (Ey(t),..., E,(t))" =
' "B(t) with B(t) = (By(t), ..., Bu(t))" being a vector of independent standard Brownian motions
and T being a (n + 1) x (n + 1) matrix such that I''T = (0ij) (n+1)x (n+1) 18 a positive definite
matrix. Moreover, in this section, C := C([—r, 0], R"™!) instead of C([—r, 0], R™). The deterministic
version of (5.18) is studied and the long-time behavior is characterized in [18, 21, 63]. Recently,
much attention is devoted to studying the related stochastic systems; see [54, 55, 65].

It is similar to Section 5.4, if we assume that p; : R — R,i =1,...,n satisfying non-decreasing
and bounded properties and p;(0) = 0, then our Assumptions hold. Therefore, our results in this
paper can be applied to (5.18).

Before obtaining the results in multi-dimensional systems, we consider n = 1,2. If n = 1,
there is only one population z; together with the nutrient S(¢). Similar to Section 5.4, there is
no invariant measure of (Sy, 1) in C7_ := {(0,¢1) € C1 : ¢1(s) > 0,Vs € [—r,0]}, where z1;
is the memory segment function of z1(¢). Moreover, there is a unique invariant measure my in
Cop = {(©0,0) € Cy : po(s) > 0,Vs € [-r,0]}. Hence, it is easy to see that for any invariant
measure 7 in dC,, we have

n(m) = u(m) = 1= 2+ [ pieo(-r)mlde).
C,

2 o
0+

By applying our result, if Aj(mp) > 0 then (S;, 1) admits a unique invariant probability measure

in CS.

+

We next reveal the characterization of the longtime behavior in the case n = 2, which is similar
to the case of n = 1. There is no invariant measure in C7, := {(0,¢1,92) € Cy : ||p;|| = 0,7 #

i and @;(s) > 0,Vs € [—r,0]}, and there is a unique measure my in C, := {(¢0,0,0) € C4 : @o(s) >
0,Vs € [—r,0]}. As characterized in the case n = 1, if A\;(mp) > 0, where

. '
Ai(mo) = —1 — % -I-/ pi(po(—r))mo(de), i = 1,2,
.
then there is a unique invariant measure m; in Cg;, = {(¢o,¢1,902) € Cy : [l = 0,5 #

i and @o(s), ¢i(s) > 0,Vs € [-r,0]}. Hence, let

M) =<1 =%+ [  pileu(rm(de).
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The persistence is classified as follows. The (S, 1, z2:) admits a unique invariant probability
measure in C$ if Ai(m) > 0, A2(m) > 0, Ai(m2) > 0, and Ao(mo1) > 0.

The two examples in low dimension (n = 1,2) provide a scheme to construct recursively the
characterization of the longtime behavior of (5.18) in higher dimensions. It is difficult to show
concretely in case of general functions p;(-), but it is computable in certain examples. These
classifications improve the results in [54, 65].

Remark 5. In fact, in all the examples in Sections 5.1-5.5, similar results can be obtained for multi-
delays or distributed delays. We used a single delay in this Section for simplifying the notation and
calculations so as to present the main ideas without notation complication. On the other hand, if
r =0, i.e., there is no time delay, the above results are consistent with and/or improve the existing
results in the literature.
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