AN UNCOUNTABLE COLLECTION OF DENDROIDS
MUTUALLY INCOMPARABLE BY CONTINUOUS FUNCTIONS

PIOTR MINC

ABSTRACT. We answer a question of B. Knaster by constructing an uncount-
able collection of dendroids whose members are not comparable by continuous
maps.

1. INTRODUCTION

Every space considered in this paper is metric and every map is continuous. If
is a point of a space X and r is a positive number, by B (x,r) we denote the open
ball in X with center x and radius r. By a continuum we understand a connected
compact space. A space X is arcwise connected if for every a,b € X there is an
arc A C X such that a,b € A. (An arc is a continuum homeomorphic to the unit
interval [0,1] C R.) A continuum X is unicoherent if AN B is connected for each
subcontinua A and B such that AU B = X. X is hereditarily unicoherent if every
subcontinuum of X is unicoherent. A dendroid is an arcwise connected hereditarily
unicoherent continuum. A fan is dendroids with only one ramification point. By a
result of H. Cook [5], dendroids can be characterized as arcwise connected tree-like
continua (inverse limits of trees). For every two points a and b in a dendroid X,
there is exactly one arc in X containing a and b as its endpoints. We will denote
this arc by (a,b). If it is convenient, we will assume that (a,b) is ordered from
a to b. Recall that every subcontinuum of a dendroid is a dendroid. For more
information on dendroids see [3] and [9)].

We say that two continua are comparable by continuous maps if one of those
continua can be mapped onto the other. Otherwise, the continua are incomparable.
In 1932, Z. Waraszkiewicz [13] constructed a collection of 280 incomparable plane
continua. In 1967, H. Cook [4] proved that there are 2%° incomparable solenoids.
In 1971, D. P. Bellamy constructed 2%¢ incomparable chainable continua. (A con-
tinuum is chainable if it is homeomorphic to an inverse limit of arcs.) Other inter-
esting examples of uncountable collections of incomparable continua were given by
R. L. Russo [12], W. T. Ingram [6], T. Mackowiak [8] and M. M. Awartani [1]. None
of the of the collections mentioned above contains arcwise connected continua. For
instance, each continuum in the original Waraszkiewicz collection is a spiral con-
verging to the unit circle, first by a certain number of clockwise rotations, then by
a number of counterclockwise rotations, then again by another number of clockwise
rotations, and so on. The Waraszkiewicz spirals are not only incomparable with
each other. In 1999, J. Prajs and A. Swét [11] observed that the Waraszkiewicz
spirals are incomparable with most continua in the following sense. Prajs and Swét
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added to the Waraszkiewicz collection a single continuum L and proved that for
any continuum X on of the following is true: (a) X is incomparable with some
Waraszkiewicz spiral, (b) X incomparable with L, (¢) X is comparable with all
continua.

In 1961, B. Knaster [7] asked if an uncountable collection of incomparable den-
droids could be found. The same question is also listed in the electronic problem col-
lection in continuum theory by J. Prajs [10, Problem 34]. In this paper, we answer
the question of Knaster by constructing 28 incomparable dendroids. In our con-
struction, we follow R. L. Russo who replaced the unit circle in the Waraszkiewicz
spirals by a simple triod. (A simple triod is a space homeomorphic to the letter
Y.) We cannot use spirals, since dendroids are arcwise connected. We go around
this problem in the following way. All dendroids in our collection are retracts of
the same dendroid D which is the union of a simple triod Y and a sequence of arcs
Ly, Lo, ... Each of the arcs intersects Y only in one point p which is the center of
Y. Any two of the arcs intersect only at p. The arc L, starts at p and goes 2"
times clockwise around Y, then continues 2™ times counterclockwise, and then goes
2™ times clockwise again. We denote the other end of L,, by p,. The arcs converge
to Y as n goes to infinity. We construct and uncountable collection D of retracts
of D by taking the union of Y and only some of the arcs. We do it in such a way
that for any two Dy, D1 € D there is infinitely many of the arcs included in D; but
not in Dy. The idea of our construction is based on the following observation. We
prove (see Theorem 3.1) that if f is a map from a continuum X C D into D and n
is sufficiently large, then f~! (p,) C L,. In other words, p, ¢ f (D \ L,). Now, if
X C Dy and L, is one of the arcs included in D; but not in Dy, p,, ¢ f(X). This
proves that the elements of D not only incomparable but none of them is an image
of a a subcontinuum of any other. Observe that D and each member of D is a fan
since p is the only ramification point of D.

2. DENDROID D

In this section we will define the dendroid D as it was outlined in the introduc-
tion. Our construction will be made in R®. For any z,y € R, the straight linear
segment in R3 will be denoted by [z, y].

Let p = (0,0,0), apo = (1,0,0), a3 = (cos2w/3,sin27/3,0), as =
(cosdn/3,sin47/3,0) and Y = [ag,p] U [a1,p] U [ag,p]. For each ;7 = 0,1,...,
set z; = 2 — 277, Observe that (z;) is a strictly increasing sequence with values
between 1 and 2. For each n =1,2,... and each j = 0,...,6 - 2""2 we will define
a point s, ; € R? in the following way. Set s, ; = (0,0,27"z;) if j is odd. For each
k=0,...,2""2 set s, 6t = (1,0,27"265),

cos2m/3,8in27w/3, 27 " zgp 19 ifk=0,...,2" —1or

( ) +2)> ) )

Sn,6k+2 = L
(cosdm/3,sindn /3,2 "2ep00), if k=2",... 2" —1;

and

cosdm/3,sindn /3,27 " z644), it k=0,...,2" —1or

(cosdm/3,sindm/3,2 "zgp4a), ifk=0,...,2" —1

Sn,6k+4 = k = 2n+1’ el 2n+2 _ 1;
(cos2m/3,s8in27/3,2 " 261 44), if k=2",...,2"F2 — 1.
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Set

2n+2
Lyn = [p, sn,0] U U [$n.j—158n.i]-
j=1
The following two propositions readily follow from the construction.

Proposition 2.1. For eachn=1,2,...

(1) L, is an arc with endpoints p and p, = s, an+2 0,
(2) YNL,={p}, and
(3) Ly N Ly, = {p} for each positive integer m # n.

Let D=Y U, L
Proposition 2.2. D is a dendroid. t

Let r be the projection of R? onto the xy-plane restricted to D. Observe that r
is a retraction of D onto Y.

The retraction r restricted to each of the segments [p, sn 0], [Sn.j—1,5n,] (7 =
1,...,6 - 2"*2) is a homeomorphism onto one of the segments [p,ao], [p,a1] and
[p,az]. Observe that each of the last three segments has length 1. Let o, :
[—1, 6 - 2"+2] — L,, be the parametrization of L,, such that

® Op (_1) =D,

o (6 . 2"*2) = pn, and

e 1 o0, restricted to the interval [j — 1,j] (where j = 0,...,6-2""2) is a
length preserving homeomorphism onto one of the segments [p, ag], [p, a1]
and [p, as].

The following three propositions are again easy consequence of the construction.

Proposition 2.3. (1) r (0, (6k)) = ag for k=0,...2"2

() (n(6k+2))7a1f07‘k—0 2nf1andk:2n+1’...2n+271’

(3) r (0o, (6k+4)) =ay for k=2".. 2" -1

(4) r(on (6k+4)) = zfork—o,...2"_1 and k=271, o2

( ) (On(6k+2)): 2f0rk:2n’”.2n+1_1. D
Proposition 2.4. 7 (0, (q)) # 7 (0n (g —2)) for each even integer ¢ = 2,...,6 -

2n+2, (]

For m = 0,1,2 let m™ denote m +1 mod 3, and let m~ denote m — 1 mod 3.
So,0t=1,1"=2,2t=0,2"=1,1"=0and 0~ =

Proposition 2.5. Suppose r (0, (q)) = am. Then q is an even integer between 0
and 6 - 2"*2, and

(1) r(on(q+2)) =am+ forq=0,...,6-2" —2,6-2nF1 . 6.2"F2 2

(2) r(on(q+2)) =ay,- forq=6-2",...,6-2"F1 —2,

(3) 7(0n(q—2)) = ap,~ forq=2,...,6-2",6-2"T1 12 ... 6-2""2 and
(4) 7(0n(q—2)) = ap+ forq=6-2"+2,...,6-27F1 O

3. MAPS FROM A SUBCONTINUUM OF D INTO D

In this section we will prove the following theorem.



4 PIOTR MINC

Theorem 3.1. Suppose X is a subcontinuum of D and f is a map of X into D.
Then, there is a positive integer v such that

fil (Pn) C Ln \ {p}

for each n > v.

Proof. We may assume that p € X, because otherwise X would be locally connected
and f (X) would contain only finitely of the endpoints p,, making the theorem
trivially true. Since D is a dendroid, X is also a dendroid. Hence, (x,p) C X for
every ¢ € X.
We will use the following notation:
F=f"(ao)Uf" (a1) U f" (az),
Fy=f""(a1)U f~!(a2),
Fy=f~"(ao) U [~ (az2), and
Fy = f~"(ao) U 7 (aa).
For each 7 = 0,1, 2, we will define a finite set 7> C F' in the following way:

Step 0: If [p,a,] N F = ), we conclude the construction by setting T;r = (). Other-
wise, if [p,a,] N F # (0, we proceed to the next step.

Step 1: Let tY) be the first point in the segment [p, a.] belonging to F. Let p (7,1) €
{0,1,2} be such that f (th)) = ay(r1). If [th),aT} N Fya) = 0, we
conclude the construction by setting T, = {tgﬂ}. Otherwise, we proceed
to the next step.

Step 2: Let téT) be the first point in the segment [th), aT] belonging to F),(; 1). Let
wu(7,2) € {0,1,2} be such that f (tg)> = Qu(r2)- If {tg), aT} NFyr2) =0,

we conclude the construction by setting T = {th),th)}. Otherwise, we
proceed to the next step.

Step k: Let tff) be the first point in the segment [tgf_)l, ar} belonging to F,+ k—1)-
Let p(r, k) € {0,1,2} be such that f(tg)) = aurp)- If {t,(;),ar} N

Furpy = (), we end the construction by setting T, = {tET),th), . ,t,(:)}.
Otherwise, we proceed to the next step.

Since X is compact and f is continuous, the construction of 7, must end in some
step. We will denote the number of elements of T by k (7).
The next proposition summarizes the properties of the construction.

Proposition 3.2. For each 7 = 0,1, 2, the following statements are true:
(1) p,a]NF =0 i T, = 0.
(2) Foreachj=1,...,k(7):
(a) th) € [p,a;]NX,
(b) f (t;T)) = Qy(r,j) where p(7,5) =0,1,2.
(3) Foreachj=1,...,k(1)—1:
(a) tgr)l € [tS.T),aT},
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) £ ([£7.650) N F) = {ape}
(©) p(r ) #p(r.j+1).
(4) |60 07| O Fugery = 0 if  (7) > 0. 0

Let K be the maximum of k(0), k(1) and k(2). Set T = To UTy UTy. If
t = tg-T) € T then we will denote p(7,5) by p[t]. (Observe that if p € T then

p=t" =tV =t and £1(0,1) = p(1,1) = (2,1).)

Foreach j =1,...,k(7)—1, let vjm be the last point in [t;T), t§?1> that belongs

to f7! (au(rj))- Set ’U](;g_) =a,. Let V={V (t): t € T} be a collection of mutually
disjoint connected open subsets of Y such that

. [ty),v;ﬂ] cVv (t;ﬂ) and

e peV(¢)if and only if p =¢.
For m = 0,1,2, let V,, be the union of all sets V' (t) with p [t] = m. Observe that
f~t(am)NY C V,, and Vp, Vi and Vi are mutually disjoint. Set A, = Y \ V,,.
Clearly, AgUA; = AgUAs = AjUA; =Y. Since A,, is compact, there is a positive
number 1 < 0.5 such that f (A, N X) N B (am,2n) = 0 for m € {0,1,2}. There
exists a positive integer i1 such that

f(x) & B(am,n)
for each m € {0,1,2}, each n > i; and each « € L,, N X such that r (x) € A,,.

Since X is compact, there is a positive number § such that |f (z) — f (z')] <n
for all z,2’ € X such that |z —2'| < §. Let K > iy be an integer such that
|z —r(2)| <6 for each z € Y UJ;2,. L;.

Denote by X the intersection of YUU;:l1 L; with X. As X is locally connected,
f (Xo) is also locally connected and, therefore, it may contain only finitely many
endpoints p,’s. Let n; be an integer such that p, ¢ f(Xo) for each n > n;.

Since r is a retraction of D onto Y, there is a positive integer ¥ > n; such that
|z —r(z)] < nfor each z € YU, L,. By increasing v if necessary, we may
assume that v >4, 2¥"1 > K and f (p) ¢ L, \ {p} for each n > v.

Suppose that there is an integer n > v such that p, € f (X). Let u € X be an
arbitrary point such f (u) = p,. By the choice of ny, u € L; for i > k. To complete
Theorem 3.1 we must show that i = n.

Let w be the first point in the arc (u, p) (oriented from u to p) such that f (w) = p.
Set L = (u,w). Clearly, L C X and f (L) = Ly,.

Proposition 3.3. Suppose x € (u,p) and r (x) € A, for some m =0,1,2. Then,
f(x)# 0, (q) for any ¢ =0,...6-2"*2 such that r (0, (q)) = am-

Proof. Suppose to the contrary that f(x) = o, (¢) and r (o, (¢)) = am, for some
q=0,...6-2""2 Thus, r(f (z)) = a, and f (x) € B (a,,n) by the choice of v.
But, f (x) ¢ B (am,n) by the choice of ;. O

Proposition 3.4. Suppose that

e g = 2,...,6-2"2 — 2 is an even integer such that r (o, (q)) = am,
r(on (g +2)) =am and r (o, (q — 2)) = ap for some m,m’,m"” =0,1,2,
o y.y" €L are such that f (y') =0, (q+2) and f (y") = on (¢ — 2).
Then, there isy € (y',y") such that r (y) € T and f (r (y)) = am.
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Proof. There is a point yg € (y/,y") such that f (yo) = 0, (¢). By 3.3, 7 (v0) € Vin,
r(y') € Vi and 7 (y"’) € Vipv. By 24, m # m' and m # m”. Therefore, there
is t € T such that r(yo) € V(t), r(y') ¢ V (¢t) and 7 (y") ¢ V (t). Let C be the
closure of a component of (y/,y”) \ =t ({p, ag, a1,az2}) such that yo € C. v (C) is a
straight linear segment whose endpoints are in the set {p, ag, a1,a2,7 (y'),r (v")}.
It follows that either ¢ = p and p € r (C) or V (t) C r (C). The proposition is true
in either of the cases. O

Corollary 3.5. »(L)NT # 0 and, therefore, K > 0. O

Proposition 3.6. Suppose x € L such that f (r (x)) = am, for some m = 0,1,2
Letv=0,"1(f(x)). Then, there is an even integer q (z) such that |q (x) — v| < 7.
Moreover,
(1) If f (r (z)) = ao, then q(x) = 65 for some j =0,...,2"+2,
(2) Iff(r (z)) = a1, then either
e q(x)=65+2 for somej=0,...,2" —1,2nTL  ont2 1 o
e q(x) =65 +4 for some j =2",..., 2"t — 1.
(3) If f (r (z)) = aq, then either
o ¢q=06j+4 forsomej=0,...,2" —1,27T1 . 2"Ft2 _1 or
e ¢=06j+2 for some j=2",...,2"" 1.

Proof. Suppose that f (r(x)) = ag. It follows from the choice of « that

[f (@) = f (r (@) = | (x) = ao] <n.

Since r does not increase the distance,

Ir (f (x)) = ao| = |r (f (#)) — 7 (ao)| < |f () — aol <n.
Since n < 0.5, (o, (v)) = r(f(x)) € (p,ao]. Let k be an integer such that
v € [k—1,k C [—1,6 . 27l+2]. By the definition of o,,, 7 o g, restricted to the
interval [k —1,k] is a length preserving homeomorphism onto [p,ag]. It follows
from 2.3 that either £ — 1 or k must be equal 6§ for some j = 0,...2"*+2. Since
r o g, restricted to the interval [k — 1, k] is preserves length, |65 —v| < 7. This
completes the proof of the proposition in the case f (r (z)) = ap. The proofs for
f(r(z)) =a; and f (r (z)) = ag are essentially the same and will be omitted. O

We will use ¢ (x) to denote the integer defined in 3.6 for each x satisfying the
hypothesis of 3.6. Notice that g (z) is unique. Observe also that if v € [ky, k2] for
some integers ki, ko, then ¢ (z) € [k1, ko).

Lemma 3.7. Suppose that

e m, m' and m" are the numbers 0, 1 and 2 (not necessarily in the same
order),

o € L, 1 € (x0,p),

f(r(xo)) = f(r(z1)) = am,

r ((xo, 1)) C Apmr N Apyr, and

q(xo) > 0.

Then, x1 € L and q (x1) = q (x0).

Proof. By 2.4, r (o, (¢(x0) — 2)) # r(0n (¢(x0))) = am. Thus, r (o, (¢ (x0) — 2))
is either to a,,s or a,,~. Since r ({xo, :z:l>) C A, N Ay, Proposition 3.3 implies

that
on (q(20) —2) & f ({20, 71)) -

~
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Similarly, one may prove that

on (¢ (20) +2) & f ({0, 71))

in the case q(z9) < 6-2""2. As f((zo,71)) is connected, it must be contained
in o, (¢(x0) —2),0n (q(z0) +2)] (or in [0, (q(x0) —2),0n(q(x0))] in the case
q(zo) = 6-2"*2). Tt follows that 71 € L and q(z1) € [q(z0) —2,q(x0) + 2]
Since ¢ (x0) is the only point in the interval g (xo) — 2, ¢ (x0) + 2] which is mapped
by 1 0 0y, 10 @pm. Thus, g (21) = ¢ (z). O

Let g : [0,6-2""2] — [0,6 - 2"] be defined by

z, if0<z2<6-2",
g(z)=¢ 6-2"Tt — 2 if6.-2" <2 <627
z—6-2nF1 if6. 27Tl <2 <6272,

Lemma 3.8. Suppose that

e m, m' and m” are the numbers 0, 1 and 2 (not necessarily in the same
order),
e 19 €L, 1 € (x0,p),
o f(r(zo)) = am,
o f(r(z1)) = am,
o 7 ((xo,z1)) C Ay, and
o q(z9)>2 (orq(zo) =2, m=1andm' =2).
Then, x1 € L and q(x1) is either q (xg) — 2 or q (xg) + 2. Moreover,

(1) g(q(z1)) =g (q(x0)) +2 if m" =m*, and

(2) g(q(z1)) = g(q(w0)) =2 4f m" =m".
Proof. The proofs of (1) and (2) are similar. We will leave the proof of (2) to the
reader. We will consider the following cases separately:

(i) q(z0) =2,...,6-2" —4,6-27+1 12 6272 _ 4,
(i) (o) =627 — 2,

(i) ¢ (x0) = 62742 2,

(iv) g (z0) = 6-2" or g (zp) = 62",

v) q(x9) =6-2"+4,...,6-2"Tt -2

(vi) q(z9) =6-2"+2, and

(vil) q(z9) =6-2"TL

We will show that (iv) cannot occur. In each of the remaining cases we will specify
the value(s) for ¢ (x1). It will be obvious that ¢ (¢ (z1)) = g (¢ (x0)) + 2.

Case (i): By Proposition 2.5, r (o5, (¢ (20) — 2)) = amr, 7 (00 (¢ (20) +2)) = am
and 7 (o, (g (x0) +4)) = amr. Since 7 ({xg, 1)) C Ay, Proposition 3.3 implies
that neither of the points oy, (¢ (x¢) — 2) and o, (¢ (z¢) + 4) belongs to f ({xg,x1))-
As f ({zg, z1)) is connected, it must be contained in [0, (¢ (xo) — 2), 0 (¢ (z0) + 4)].
It follows that 1 € L and ¢ (x1) € [¢(z0) — 2,q (z0) + 4]. Since ¢ (zo) + 2 is the
only point in the interval [q (x0) — 2, ¢ (x¢) 4+ 4] which is mapped by 7 o 7, t0 @y,
q(z1) = q(wo) + 2.

Case (ii): In this case m = 2, m' = m™ = 0, m” = 1, r (o, (q(x0) — 2)) = ay,
(0 (q (20) +2)) = a0, 7 (0 (4 (z0) +4)) = a2, 7 (7 (¢ (x0) + 6)) = a1. Using 3.3
again, we get the result that f ({zg,z1)) C [O’ (q(z ) 2),0 (q( o) +6)]. Like
before, it follows that z1 € L and ¢ (z1) € [g (x0) — 2, ¢ (zo) + 6]. Since ¢ (zo) + 2
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is the only point in the interval [¢ (z¢) — 2, ¢ (x¢) + 6] which is mapped by r oo, to
s 4 (1) = 4 (20) + 2.
Case (iii): In this case, f ({0, 21)) C [on (¢(z0) —2),0n (¢ (z0) + 2)] and the rest
of the proof is the same as before.
Case (iv): Suppose ¢ (z¢) = 6-2™. This cannot occur, because, otherwise, we would
have m = 0, m’ = 1, m" = 2, r (o, (¢(x0) — 2)) = ag, 7 (on (g (x0) +2)) = as.
By 3.3, f({wo,21)) C [on(q(x0) —2),0n(q(x0) +2)]. The last inclusion is a
contradiction, because the interval [q (x¢) — 2, ¢ (x0) 4 2] contains no point which
is mapped by 7 o 0, to a,s. The case q(x9) = 6 - 2"*! cannot occur either for
similar reasons.
Case (v): The proof in this case is very similar to that of in Case (i). By Proposition
25, 1 (72 (4 (20) +2)) = @y, 7 (70 (0 (50) — 2)) = @ and 7 (7 (q (0) — 4)) =
Q. Since 1 ({xg,x1)) C Ay, Proposition 3.3 implies that neither of the points
on (q(x0) —4) and o, (¢ (x0) + 2) belongs to f ({xo,z1)). So f ({xo,x1)) is con-
tained in [0, (¢ (x0) —4), 04 (¢ (x0) +2)]. It follows that 1 € L and ¢(z1) €
[q (z0) — 4, q (x0) + 2]. Now, q (1) = ¢ (x0) — 2, because g (xo) — 2 is the only point
in the interval [q (o) — 2, ¢ (x0) + 4] which is mapped by 7 o gy, t0 .
Case (vi): By a similar proof to that of Case (2), we get ¢ (z1) = ¢ (z0) — 2.
Case (vii): Using the same argument, we get that ¢ (x1) is either 6 - 2"T1 — 2 or
6-2"T1 +2if ¢ (xg) = 6-2""1. The lemma holds in both cases, as g (6 - 2”71 — 2) =
g(6-2""1 +2)=2and g(6-2"") =0. 0
For any integer j = 0,...,6 - 2"*2, we will adopt the following notation. Let
d(j) =6-2"if [6-2" — j| < |6-2"F! — j|, and let d (j) = 6 - 2!, otherwise. Let
e (j) = 24(j) - J.
Proposition 3.9. g (e (j)) = g (§). On the other hand, if g (jo) = g (), |d (§) — j| <
3:2" and |d (jo) — jo| < 3-2™, then d (jo) = d (j) and either jo = j orjo =€ (j). O

Proposition 3.10. Suppose 0 < j < 6-2"72 and 0 < g(j)—b < 6-2". Letc = —1
if6-2" <j<6-2"" and ¢ =1 otherwise. Then, g (j) —b=g(j — bc’). O

Lemma 3.11. Suppose that the following conditions are satisfied:
o k() >0 for some £ =0,1,2.
e h is an integer such that 0 < h <k (¢) — 1.
e j is an even integer such that 0 < j < 6272 —2 and r (0; (j)) = as.
xo € 05 ([4,7 + 1)) N L is such that r (xg) = t,(f()e)_h.
q(zo) > 2h + 2.
v=0;"1(20) and x1 = 0; (2 — ).

Then r (z1) = tgf()a—h’ r1 € L and
(1) g(x1) is either q (zo) or e(q(zop)), and
(2) q(z1) = q (o) if |d (g (x0)) — q(x0)| > 2.
Proof. Observe that x; is the only point in o; [j — 1, j] such that r (z1) = r (zo).

Thus, 7 (x1) = tl(f()é)—h'

We will prove the lemma by induction with respect to h.

For h = 0, set m = p (¢, k (£)) (see 3.2) and use 3.7 to prove that z; € L,, and
q(z1) = q(x0). So, the proposition is true for h = 0.

Now, we will prove the proposition for an arbitrary positive integer h, assuming
that the proposition is true when h is replaced by h — 1.
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( )Let xzh € i ([J,7+ 1)) and =} € o;([j — 1,7]) be such that r (z() = r(z}) =
¢
te(o)—ht1-

Set m = pu(6,k(€)—h) and m’ = p(¢,k(£) —h+ 1) and use 3.8 to prove that
xy € L and ¢ (xy) is either q(zg) + 2 or q(xzg) — 2. Now, we use the inductive
hypothesis to get that ) € L and ¢ (z}) is either ¢ (x() or e (g (z()). Consequently,

(3.11.1) g9(q (1)) = g(q(xp))

Using 3.8 again (with m = u (¢, k (¢) — h+ 1) and m’ = p (¢, k (€) — h)) we get that
x1 € L and g (x1) is either ¢ (z])+2 or g (z}) —2. Also g (¢ (z1)) = g (¢ (z})) £2, +
or — depending on which case (c¢) of 3.8 applies. Use 3.8 again (with the same m =
wl k(f)—h+1)and m’ = u (¢, k (€) — h)) to evaluate g (q(z0)) as g (g (x})) £ 2.
Observe that the same case (c) applies. So, it follows from (3.11.1) that

(3.11.2) 9(q(x1)) = g(q(x0))

Suppose that |d(q(x0)) —q(zo)| > 2h. Then, |d(q(z})) —q(xf)| > 2h — 2.
q (z}) = q(xf) by the proposition for h — 1. Since ¢ (2}) = ¢ (=) is neither 6 - 2"
nor 6 - 2"+ (3.11.2) implies that ¢ (z1) = ¢ (z0)-

Finally, suppose that |d (¢ (z0)) — ¢ (z0)| < 2h. Since ¢ (xy) is either ¢ (zg) + 2
or q(zg) —2, |d(q(x()) — g (x()| < 2h+2. Since ¢ () is either ¢ (z() or e (¢ (z()),
|d (g (z})) — q(x))] < 2h + 2. Lastly, since ¢ (1) is either g (z}) + 2 or g (z}) — 2,
|d(g(z1)) —q(x1)] <2h+4. As 2h+4 < 3-2", 3.9 and (3.11.2) imply that ¢ (x1)
is either ¢ (zg) or e (g (xo)). O

We will say that f is a rotation on Y if £(0) > 0, k(1) > 0, k(2) > 0 and
{p(0,1),1(1,1),(2,1)} ={0,1,2}. We will say that f is a positive rotation on
Y if it is a rotation and z (1,1) = (x(0,1))". Similarly, f is a negative rotation on
Y if it is a rotation and £ (1,1) = (1 (0,1))".

Lemma 3.12. Suppose that the following conditions are satisfied:

e f is not a rotation on'Y .

o k() >0 for some £ =0,1,2.

e jo and j are even integers such that 0 < j < jo < 6272 and r (0; (jo)) =
r(oi(j)) = ar.

e x9 € 0;([jo—1,j0]) N L and 1 € o;([j — 1,4]) are such that r(xg) =
r(zy) = t(le).

e q(x9) >6-2"T1 + 2K +6.

Then, 1 € L and q(x1) = ¢ (z0).

Proof. Observe that it is enough to prove the lemma only in the case where j is
the greatest even integer satisfying the hypothesis. The lemma in its general form
will follow by induction. We will consider the following cases.

(i) 7 = jo — 6 and either 6 < jo < 6-2" or 6-21 +6 < jy < 62! or
6-2+ 16 < jy <622
(i) j = 2! — jp and 2 < jo < 2! + 4.
(iii) j = 2%2 — jp and 2+ < jp < 20T 4+ 4.
We will outline the proof only in the first case. We will leave proving the re-
maining cases to the reader.
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Let m denote p(¢,1). Let ¢ and ¢’ be such that r(o; (jo —2)) = ap and
r(o; (jo —4)) = agr. Let T be the only point in the arc o; ([4,7 + 1]) such that
= (0)
r(Zo) =17 .

If £(¢) > 0 and, therefore, tgz) is defined, let m’ = p(¢,1), let xf, be the

’

o~
~

only point in the arc o; ([jo — 2,70 — 1]) such that r (zf) = ¢, ’, and let z} €

o; ([jo — 3,Jo0 — 2]) be such that r(z}) = tgz ) Similarly, if tlz ) is defined, let
m’ = u,1), let 2§ € oy ([jo — 4,70 — 3]) be such that r (zf) = tgz ), and let

x{ € o; ([jo — 5, jo — 4]) be such that r (zf) = tge ).

In our proof, we will consider the sequence S = (zg, z(, 1, x(, 2], To, 1) after
removing all points that are not defined. To each of the consecutive pairs of points
in the sequence, we will apply one of 3.7, 3.8 and 3.11. That way, we will be able to
claim that all points in the sequence belong to L, and we will be able to evaluate
the value of ¢ for each of the points and show that it is greater than 6 - 2"+, We
need to consider several cases depending on the composition of S. For example,
S = (xg,Zg, 1) if kK (¢') = k(¢”) = 0. In this case (xg,To) C Ap+ NA,,—. By 3.7,
Zo € L and ¢ (Zo) = q(x9). Now, by 3.11 applied to Zp and x; with h = k (¢) — 1,
we get 1 € L and ¢ (z1) = q (Zo).

If S = (zo,xy, 2, x(, 21, To, x1), we use 3.11 three times. First, we use 3.11(2)
(applied to z( and z} with h = k(¢') — 1) to get ¢ (2}) = ¢ (z(). Then, we use
3.11(2) (applied to xf and af with h = k (¢”) — 1) to get ¢ (z7) = ¢ (z(). Finally,
we use 3.11(2) (applied to Zp and z; with h =k (¢) — 1) to get q (x1) = ¢ (Zo).

To evaluate ¢ (z() in terms of ¢ (xo) we apply either 3.7 or 3.8. If m’ = m,
3.7 implies that g (z) = q(xo). If m’ # m, q(z}) = q(xo) £ 2 by 3.8, + or —
depending on which case of 3.8 applies. Similarly, ¢ (zj) = ¢ (z}) if m” =m/, and,
otherwise, ¢ (z()) = ¢ («}) £ 2. Finally, q (Zg) = ¢ (zf) if m = m”, and, otherwise,
4(F0) = ¢ (a) 2.

Since f is not a rotation on Y, {m,m’,m”} # {0,1,2}. If m' = m"” = m,
then 3.7 is used three times, and as the result we get ¢ (x1) = g (xo). If the set
{m,m’,m"} has exactly two elements, then 3.7 is used once and 3.8 is used twice.
Observe that if in the first use of 3.8 we have ¢ (-) = ¢(-) & 2, that in the second
use of 3.8 we have g (¢ (-)) = g(¢(-)) F 2. So, the two instances of 3.8 cancel each
other and we also get g (z1) = ¢ (o).

The argument in each of the remaining cases S = (zo,x(, z}, To, 1) and S =
(xo, 2(, 2, To, x1) is similar to the one presented above and it will be omitted. O

—~

Recall that f(u) = p, = 0, (6-2""2) and f(w) = p = 0, (—1). Let u be
the first point in the arc L = (u,w) such that f (u() = o, (6-2"72 —4). By 3.4,
r({u,up)) N T # 0. Let ug € (u,upy) be such that r ((u,up)) NT = 7 (up). Since
f ((u,uf)) C o ([6-2772 —4,6-2772]),

(oug) q(ug) >6-2"T% —4

There is an even integer j; such that 0 < j; < 6272 and uy € oy ([j1 — 1,57])
where j7 is the minimum of j; + 1 and 6 - 2°¥2, Let £; = 0,1,2 be such that
7 (07 (41)) = ag, and let uy € o; ([j1 — 1, j1]) be the such that r (u;) = t(lel).

We will now observe that u; € L and estimate ¢ (u1). Let &' be such that 7 (ug) =

tgf,l). For each integer 7 = 1,..., 1/, let u1 » € 0y ([J1 — 1, 71]) be such that r (uy ) =
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t(fl). Either w; p» = ug or 3.11 implies that u; p» € L and ¢ (u3 p/) = q (ug). Now,
we use 3.8 B’ — 1 times to get that u; , € L and ¢ (u1,,) > q(uo) —2(h' —7) for
eacht=h —1,...,1. Asuy1 =wu; and b/ < K, (eup) implies

(ou1) q(u1)>6-2""2 2K — 2

Let us be the last point in the arc (u;, w) such that there is an even integer jo =
0,...,6-2° 2 and there is £5 = 0, 1, 2 such that us € o; ([j2 — 1, 72]), 7 (0; (j2)) = ay,,
k (62) >0, r (UQ) = tgb).

Let w4 be the first point in the arc L = (w,u) such that f (u}) = 0y, (4). By 3.4,
r({w,us)) NT # 0. Let uz € (w,u}) be such that r ((w,u3)) NT = r (uz). Since
f((w,uz)) C o ([-1,4]),

(ous) q(uz) <4

There is an even integer j3 such that 0 < j3 < 6-2i72 and uz € o; ([j3 — 1,43 + 1]).
Let ¢3 = 0,1,2 be such that r (0; (j3)) = ae,.

We will now estimate ¢ (us). If jo = js, then uy = ug and g (uz) < 4. Sup-
pose then that jo > js3. Set ugg = us. For each 7 = 1,...,k(f3), let us, €
oi ([js, j3 + 1]) be such that r (us ) = t(fg'). There is an integer 1"/ =1,...,k ({3)
such that r (us) = r(usp~). Either ug;» = us or 3.11 implies that g (us ) =
g (uz). Now, we use either 3.7 or 3.8 to get the result that ¢ (us ) > ¢ (u3,-1) —2
for r=1,...,h"”. Combining those inequalities with (eug) we get

(ous) q(uz) <2K +4
Lemma 3.13. f is a rotation on Y.

Proof. Let j > jo be the least even integer such that r (o; (j)) = ag,. Let u) €
i ([j — 1,5]) be the such that r (u}) = t{). By 2.3, j < jo + 6. Using 3.8 and 3.11
we get the result that ¢ (u}) < ¢ (u2) + 6. So,

(3.13.1) q (ub) < 2K +10

by (eus).
Suppose that f is not a rotation on Y. Then, it follows from 3.12 that ¢ (u}) =
q(uy). Since q(uy) > 6-2"F2 — 2K — 2 (see (euy)), q(ub) > 6-2"+2 — 2K — 2,

which contradicts (3.13.1) and the choice of v. O
Since f is a rotation on Y, k(0) > 0, k(1) > 0 and k(2) > 0. Set ¢; = 1if fis
a positive rotation on Y, and set ¢y = —1, otherwise.
For an integer j = 0,...,6-2""2 let
0, f0<j<6-2",
v =4 1, if6-2" <j <62t

if 627+ < j < 6. 272,
Observe that the values of g (j) and 7 (j) determine j.
For any set S C {0, 1,2} and any integer j =0,...,6-2", let
SU{0,1}, fSN{0,1} #0and 6-2" —2K < j <62,
a(f,8) =<9 SuU{1,2}, ifSN{1,2} #0and 0<j<2K,
S, otherwise.
For any integers jo,7 = 0,...,6 - 2™ and set S C {0, 1,2}, let « (4, Jo,S) denote
the set « (j, a (jo,S)). If S is a singleton {m}, we will simply write « (jo,m) and
a (4, jo,m) instead of «a (jo, {m}) and « (J, jo, {m}), respectively.
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Lemma 3.14. Suppose that the following conditions are satisfied:

(i) jo and j are even integers such that either 0 < j < jo < 6-2% or 6-2¢ <
G < jo<6-271 op 6.2 < j < jo < 62042,
i) c=—14f6-2°<j<jo<6-2" and c=1 otherwise.
(iii) r (oi (Jo)) = ae, and 7 (0; (j)) = ae for some £y, £ =0,1,2.
(iv) xo € 0i ([jo — 1, jo]) N L is such that r (x¢) = tg“).
v) z €0, ([j —1,4]) is such that r (z) = tgé).
(vi) FEither q (zo) > 2™ + 2K or min (g (¢ (x0)), g (g (x0)) — ccy (jo — 7)) > 2K.

z)) = g(q (o)) — ccy (Jo — J),

z)) € a(g(q(2)),9(q(xo)) — 2ccy, v (q(20))),
62"t — 2K if q(zg) > 62" + 2K, and
6-2" —2K if q(x9) > 6-2" +2K.

Proof. We will first observe that (3) and (4), follow from (1) and (2). Suppose
q(z0) > 6-2"T1 + 2K. Then v (q(z0)) =2 and g (¢ (z0)) > 2K. If cc; = —1, then
9(q(x0))—2ccy > 2K and g (q(z)) = g (q (z0)) —ccr (jo — j) > 2K. Now, it follows
from (2) that v (¢ (x)) = 2, so (3) is true if cc; = —1. Suppose cc; = 1. Then,
9(q(x)) = g(q (@) —cer (Jo — 5) < g(q(w0)) —2cey. I g (g (x)) > 2K, (2) implies
that v (¢ (x)) = 2 and (3) is true again. If, on the other hand, ¢ (¢ (z)) < 2K, then
v(q(z)) € {1,2}, 62" —2K < g(z) < 62" + 2K and the proof of (3) is
complete. The proof of (4) is essentially the same and will be omitted.

We will prove conditions (1) and (2) of the lemma by induction with respect to
Jo—1J-

We start with jo — 7 = 2. There exists exactly one point z1 € o; ([j,7 + 1]) is
such that r (z1) = tgé). Let m = p(y,1) and m’ = pu(¢,1). Observe that zo and
x1 satisfy the hypothesis of 3.8. We can now use 3.8 to prove that z; € L and to
evaluate g (q(z1)) as g(q(zo)) £2, + if m’ = m™, and —, otherwise. We need to
consider four cases depending on the values of ¢y and c.

Case ¢y =1 and ¢ = 1: In this case £ = ¢y~ and m' = p(¢,1) = p(by—,1) =
(1 (lo, 1)) =m~. So, g(q(x1)) = g(q(w0)) — 2= g(q(0)) — 2ccy.

Case ¢y = —1 and ¢ = 1: In this case again £ = {,~. But, m’ = p(¢,1) =
plo= 1) = (1n(lo,1))" =m". So, g(q(x1)) = g (q(x0)) +2 = g (g (w0)) — 2cc;.
Case ¢y = 1 and ¢ = —1: In this case ¢ = (o™ and m’ = p(4,1) = p(b",1) =
(11 (6o, 1)) =m™. So, g(q(z1)) = g (q(x0)) +2 = g (g (0)) — 2ccy.

Case ¢y = —1 and ¢ = —1: In this case £ = o and m' = p (6,1) = u(bo™,1) =
(1 (fo, 1)) =m~. So, g(q(21)) = g (q(0)) =2 = g(q(0)) — 2ccy.

We proved that g (¢ (z1)) = g (¢ (z0)) — 2ccy in all of the cases. Using 3.11 and 3.9,
we prove that 2 € L and g (¢ (2)) = g (¢ (x1)). Thus, g (¢ (z)) = g (g (z0)) — 2ccy.

To prove 3.14(2) in the case j = jo — 2, we need to observe when v (q (xg)),
v (g (z1)) and v (¢ (z)) could be different. If v(q(x1)) # v(¢(xp)) then either
[7(a(20)) 7 (g (21))} = {0, 1} and g (g (1)) > 62"~2, or {3 (g (20)) .7 (q (21))} =
{1,2} and g (g (21)) < 2. Ify (¢ (z)) # v (¢ (1)) then either {7y (¢ (z1)),v (¢ (2))} =
{0,1} and g (¢ (1)) = 6-2" —2K, or {7 (¢ (1)), 7 (¢ (%))} = {1,2} and g (¢ (21)) <
2K. 3.14(2) for jo — j = 2 readily follows from the last two sentences.
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Suppose that the proposition is true if j is replaced by j + 2, and prove it for j.
Suppose also that the conditions (i)—(vi) are satisfied for j. Let £/ = 0,1, 2 be such

that o; (j + 2) = ap, and let 2’ € o; ([j + 1,7 + 2]) be such that r (z') = tgé )

We will infer the proposition for jg, j, ¢ and x from the inductive hypothesis
by applying it twice, first to jo, j + 2, xg and z’, and then to j + 2, j, 2’ and z. In
order to be able to do so, we need to verify the conditions (i), (ii) and (vi) in the
both cases.

Since j < j + 2 < jo, the conditions (i) and (ii) are satisfied by all three pairs
(Jo,J)s (Jo,Jd +2) and (j + 2,5) with the same c.

Proof of condition (vi) for jo, j + 2, z¢g and z’: We may assume that g (zg) <
2" + 2K. Since g(q(z9)) > 2K by (vi) for jo, j, 2o and z, we need to observe
that g (q (20)) — ccy (jo —j —2) > 2K. If ccy = —1, g(q (x0)) — ccy (jo—j —2) >
g (q(zg)) > 2K. On the other hand, if cc; = 1, g(q(x0)) — ccy (jo—Jj—2) >
g (q(z0)) — ccr (jo — j) and the last number is greater that 2K by (vi) for jo, j, xo
and x.

We may now use the proposition for jo, j + 2, ¢ and 2’ and infer that, 2’ € L,

(1) g (q(«")) = g(a(x0)) — ccy (jo — j —2), and

(2') v(q (") € a(g(q(z),g(q(z0)) — 2ccy, v (g (20)))-

Proof of condition (vi) for j + 2, j, 2’ and z: Suppose ¢q (zp) > 2" + 2K. In
that case, either ¢ (2') > 2™ + 2K or g(q(2’)) > 2" — 2K. In this last case,
both g (g (z’)) and g (g (")) — 2ccs are greater than 2K. So, condition (vi) is
satisfied if g (xg) > 2™ + 2K. Therefore, we may assume that ¢ (zg) < 2™ +
2K, and min (g (g (x0)) , g (q (x0)) — ccr (jo — 7)) > 2K. It follows that g (¢ (z')) =
g (g (zo))—cey (jo — 7 — 2) is also greater than 2K. As g (g (2'))—2ccy = g (g (x0))—
ccr (jo — j), condition (vi) is satisfied for j + 2, j, 2’ and x.

We may now use the proposition for j + 2, j, 2’ and z and infer that, z € L,

(1") g(q(x)) = g (q (")) — 2ccy, and

(2") v (a (@) € alg(q(2)), g (q (") = 2ccr,v(q(27)) = alg(q (@), (g ().

Observe that 3.14 (1) follows readily from (1’) and (1”). To complete the proof
of the proposition we need to show 3.14 (2).

Denote the set (g (g (zo)) — 2ccs,v(g(x0))) by S. We need to show that
7(q(x)) € alg(q(z)),59).

Observe that

a(g(q(zo)) — 2ccy, S) = S.
We will consider two cases depending on whether «y (g (z’)) belongs to S.

Case v(q(z')) ¢ S: In this case, v (¢ (")) ¢ a(g(q(x0)) — 2¢ccy,S). On the
other hand, v (¢ (2')) € a(g(q(2')),5) = a(g(a ('), g (q(x0)) = 2ccs, v (q (20)))
by (2'). It follows that either

e g(q(z0)) —2ccy <6-2" —2K and g (g (2')) > 6-2" — 2K, or

o g(q(x0)) —2ccy > 2K and g (¢ (2')) < 2K.
Since g (¢ (2')) is between g (¢ (z9)) — 2ccy and g (g (x)), we have the result that
cither g (¢ (2')) g (q () € [6- 2" — 2K,6-2"] or g (q (+/)) , g (q («)) € [0,2K] . This
implies that « (g (¢ (z")), a(g(q(z)),S) and

S) =
(3.14.1) a(g(q(x),a(g(q(=),9) =algq(x),S)
Since v (¢ (z")) € a (g (g (2")),S), it follows from (3.14.1) and (2") that v (¢ (z)) €
a(g(q(x),v(q(@)) Calgle(®)),alg(q(@)),s)) =algq(x),s).
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Thus 3.14 (2) is true in when v (¢ (z')) ¢ S.

Case 7 (q(2")) € S: v(q(2)) € a(g(q(z)),v(q(z")) C alg(q(z)),9). 0
Let yo € 0; ([6-2" —1,6-2]) and 41 € o; ([6-2°T! —1,6-2771]) be such that
r(yo) =7 () =1,

Let j1, u1, j2 and ue be as defined before Lemma 3.13. Recall that g (u;) >
6-2""2 — 2K — 2 by (euy). Consequently, q (u1) > 6-2"" 4+ 2K by the choice of v.

Lemma 3.15. 6-27t! < j; <6202,

Proof. If the lemma is not true, then either j; < 6-2% or 6-2° < j; < 6- 211,

Case j; < 6-2%: Use 3.14 with jo = j; and j = j2 to get that g (ug) > 6-2" "1 —2K,
which contradicts (eus) and the choice of v.

Case 6 -2 < j; < 6-2"1: Use 3.14 with jo = j; and j = 6 - 2% to get that
yo € L and ¢ (yo) > 6-2"t! —2K > 6-2" +2K. Since yo € L, the choice of j» and
(euy) imply that jo < 6-2¢. Now, use 3.14 with jo = 6 - 2° and j = js to get that
q(ug) <6-2™ — 2K, which again contradicts (eus) and the choice of v. O

Lemma 3.16. yg,y1 € L,
(1) 6-2" —2K < q(yo) < 6-2" 4+ 2K and
(2) 6-2"1 —2K < q(y1) <6-2"! +2K.

Proof. Use 3.14 with jo = j; and j = 6 - 27! to get that y; € L and q(y1) >
6-2"+t1 — 2K. Consequently, ¢ (y1) > 6 - 2" + 2K by the choice of v.

Use 3.14 again, this time with jo = 6-2!*! and j = 6 - 2! to get that yy € L and
q(yo) >6-2" —2K.

Suppose ¢ (yo) > 6 - 2™ + 2K. In that case, use 3.14 yet again, this time with
jo =6-2% and j = j, to get that and ¢ (uz) > 6-2" — 2K, which contradicts (euz)
and the choice of v. Thus (1) is true.

Now, suppose ¢ (y1) > 6-2"T1 + 2K. In that case our earlier use 3.14 with
jo = 6-2"1 and j = 6 - 2¢ would yield ¢ (yo) > 6-2""1 — 2K > 62" + 2K, a
contradiction with previously proven (1). Thus, (2) is true and the proof of the
lemma is complete. O

Lemma 3.17. f is a positive rotation on Y.

Proof. Recall that g (u1) > 6-2"72 — 2K — 2 by (eu;). Consequently, g (¢ (u1)) >
6-2" —2K — 2 and v(q(u1)) = 2.

Suppose that the lemma is not true. In view of 3.13, we may assume that f is a
negative rotation on Y. Then, c¢; = —1.

Use 3.14 with jo = j; and j = 6 - 271 to get that g (¢ (v1)) = g (q (u1)) + j1 —
62+ and v (¢ (y1)) € a(g(q(y1)) . g (q(ur)) +2,2). As ji > 62", g(q(y1)) >
g(q(u1)) > 6-2" — 2K — 2. Tt follows that a(g(q(y1)).g(q(w)) +2,2) = {2}.
Thus, v(q(y1)) =2 and ¢ (y1) > 6-2""2 — 2K — 2, which contradicts 3.16 (2) and
the choice of v. ]

Since f is a positive rotation on Y, ¢y = 1. Using 3.14 with jo = 6 - 2'T! and
j =6-2" we now get that g (¢ (vo)) = g(q(y1)) + 62"t —6-2". Thus

() 9(a(y)) =9(q(y)) +6-2°
It follows from 3.16 (1) that 6-2" — 2K < g(q(y0)) < 6-2". Combining this result
with (*), we get

(**) 6-2" —2K —g(q(11)) <6-2'<6-2" —g(q (1))
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Since 0 < g (¢ (y1)) < 2K by 3.16 (2), (**) implies
(%) 6-2" —4K <6-2' <6-2"

Clearly, i < n. On the other hand, by the choice of v we have 2771 > 2"~ ! > K.
Thus 6 - 2" — 4K > 6-2" —6K > 6-2" —6-2""1 = 6.2""1. So, (***) implies
2"~ <« 2!, As i and n are integers, i > n. Consequently, n = i and the proof of
the theorem is complete. (Il

4. AN UNCOUNTABLE COLLECTION OF INCOMPARABLE RETRACTS OF D

Each positive integer can be uniquely represented in the form

n = 3"(3k + j)
where i,k = 0,1,... and j is either 1 or 2. We will call this representation the
ternary representation of n. Let £ denote the set of sequences € = (g, €1, ...) with

values in the set {0,1}. For each € € £ we will define a set N [¢] C {1,2,...} in the
following way. In n is a positive integer with ternary representation 3¢ (3k + j) is
in N [¢] if and only if either e, =0 and j =1 or g, =1 and j = 2. Set

DleJ=Yyu J L.
n€N|e]

Let r[g] : D — D [e] be defined by

x, ifx e D[ ],
rlel (@) { r(z), otherwise%

Observe that r[¢] is a continuous retraction of D onto D [e].

Theorem 4.1. Supposee,n € E, e #n, X C D] is a continuum, and f : X — D
is a mapping. Then, De]\ f(X) # 0.

Proof. Let € = (eg,€1,...) and n = (no,M1,...). Since € # 7, there k = 0,1,...
such that e # n,. Set j = 1 if ¢ = 0, and set j = 2, otherwise. Let v be as in
Theorem 3.1. Take an integer i such that n = 3% (3k + j) > v. It follows from the
choice of j that L,, C D[e] and L, N D [n] = {p}. By Theorem 3.1, f=* (p,) = 0.
Thus p, € D[e] \ f (X). O

Corollary 4.2. D = {D[e]}..¢ is a collection of 2% dendroids (fans) such that
each two members of D are incomparable by continuous functions.
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