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Introduction

Despite spectacular advances in defining invariants for simply connected smooth
and symplectic 4-dimensional manifolds and the discovery of effective surgical tech-
niques, we still have been unable to classify simply connected smooth manifolds up
to diffeomorphism. In these notes, adapted from six lectures given at the 2006 Park
City Mathematics Institute Graduate Summer School on Low Dimensional Topol-
ogy, we will review what we do and do not know about the existence and uniqueness
of smooth and symplectic structures on closed, simply connected 4-manifolds. We
will focus on those surgical techniques that have been effective in altering smooth
and symplectic structures and the Seiberg-Witten invariants that are used to dis-
tinguish them. In the last lecture we will then pose a possible classification scheme
and test it on a few examples.
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LECTURE 1

How to construct 4-manifolds

The classification of smooth 4-manifolds remains a fascinating black box that
has yet to open. You shake it, probe it, and sometimes the box mystically falls
open only to find a pair of glasses and a companion black box that itself cannot
be opened in any obvious way. These newfound glasses, lately fitted for physicists,
usually provide a different vantage point from which to view the new and now even
more fascinating black box. Again, you shake it and probe it with renewed vigor
and enthusiasm.

For example, you could look at smooth 4-manifolds through the glasses of
a high dimensional topologist. There it is known that every closed manifold of
dimension greater than four has only finitely many smooth structures [27]. It is
also known that for n > 2 there exist infinitely many topological manifolds that
have the homotopy type of CP" [59]. By contrast, in dimension four many (and
perhaps all) 4-manifolds have infinitely many distinct smooth structures [13], and
there exist only two topological manifolds homotopy equivalent to CP? [19].

You could also look at smooth 4-manifolds through the glasses of a complex
algebraic geometer. There it is known that except for the elliptic and Hirzebruch
surfaces every simply connected complex surface has finitely many deformation
types. However, as already mentioned, it is known that many (perhaps all) simply
connected smooth 4-manifolds have infinitely many distinct smooth structures. In
addition, there are simply connected smooth (and irreducible) manifolds not even
homeomorphic to a complex surface [12].

Viewing 4-manifolds through the glasses of a symplectic geometer also misses
many manifolds. While all known irreducible simply connected smooth 4-manifolds
(other than S*) are homeomorphic to a symplectic manifold, for these examples
infinitely many of the smooth structures which they support admit no underlying
symplectic structure [13]. Thus, viewing 4-manifolds through the glasses of either
a symplectic or complex geometer will not recover the full story. However, the
amalgam of ideas from complex and symplectic geometry has provided surgical
techniques that are useful in the study of smooth 4-manifolds.

Since this is a summer school in low-dimensional topology, we will look at
4-manifolds from the vantage point of a 2- and 3-manifold topologist, consider op-
erations successful in those dimensions, and then study their analogues in dimension
4. We then discuss their effect on the smooth invariants du jour, the Seiberg-Witten
invariants.

In this first lecture we list the invariants that arise from algebraic topology
and then those surgical constructions that have proven useful in constructing and
altering smooth and symplectic structures on 4-manifolds. We finish the lecture by
describing some important manifolds that will be useful in later lectures.



6 RONALD FINTUSHEL AND RONALD J. STERN, LECTURES ON 4-MANIFOLDS

1. Algebraic Topology

The critical algebraic topological information for a closed, simply connected, smooth
4-manifold X is encoded in its Euler characteristic e(X), its signature o(X), and
its type t(X) (0 if the intersection form of X is even and 1 if it is odd). These
invariants completely classify the homeomorphism type of X ([7,19]). We recast
these algebraic topological invariants by defining x, (X) = (e(X) + o(X))/4 and
¢(X) = 30(X) + 2e(X). When X is a complex surface these are the holomorphic
Euler characteristic and the self-intersection of the first Chern class of X, respec-
tively.

2. Techniques used for the construction of simply connected smooth and
symplectic 4-manifolds

We now define surgical operations that mimic constructions in lower dimensions.

Surgery on a torus. This operation is the 4-dimensional analogue of Dehn
surgery. Assume that X contains a homologically essential torus 7' with self-
intersection zero. Let Nt denote a tubular neighborhood of T'. Deleting the interior
of Ny and regluing T2 x D? via a diffeomorphism ¢ : 9(T? x D?) — 9(X —int Np) =
ONr we obtain a new manifold X, the result of surgery on X along T'. The man-
ifold X, is determined by the homology class ¢.[0D?] € H1(d(X ~Nr);Z). Fix a
basis {a, 3, [0D?]} for Hy(0(X \ Nr);Z), then there are integers p, q, r, such that
©.[0D?] = pa + qB + r[0D?. We sometimes write X, = Xr(p,q,r). It is often
the case that X, = Xr(p,q,r) only depends upon r, e.g. T is contained in a cusp
neighborhood, i.e. « and 8 can be chosen so that they bound vanishing cycles in
(X —int Np). We will sometimes refer to this process as a generalized logarithmic
transform or an r-surgery along T'.

If the complement of 7" is simply connected and ¢(X) = 1, then X, = X¢(p, q,r)
is homeomorphic to X. If the complement of T is simply connected and t(X) = 0,
then X, is homeomorphic to X if 7 is odd, otherwise X, has the same c and ¥,
but with ¢(X,) = 1.
Knot surgery. This operation is the 4-dimensional analogue of sewing in a knot
complement along a circle in a 3-manifold. Let X be a 4-manifold which contains
a homologically essential torus T' of self-intersection 0, and let K be a knot in S3.
Let N(K) be a tubular neighborhood of K in S3, and let T' x D? be a tubular
neighborhood of T in X. Then the knot surgery manifold X is defined by

Xi = (X~ (T x D*) U (S* x (S~ N(K))

The two pieces are glued together in such a way that the homology class [pt x 9 D?]
is identified with [pt x A] where X is the class of a longitude of K. If the complement
of T in X is simply connected, then X g is homeomorphic to X.

Fiber sum. This operation is a 4-dimensional analogue of sewing together knot
complements in dimension 3, where a knot in dimension 4 is viewed as an embedded
surface. Assume that two 4-manifolds X; and X5 each contain an embedded genus
g surface F; C X; with self-intersection 0. Identify tubular neighborhoods Np,
of F; with Fj x D? and fix a diffeomorphism f : F; — F,. Then the fiber sum
X = Xi#¢ X5 of (X1, F1) and (Xa, Fy) is defined as X1\ Ng, U, Xo\ Np,, where
¢ is fx (complex conjugation) on the boundary d(X;\Np,) = Fj x S*. We have

(C, Xh)(Xl#fXQ) = (Cv Xh)(Xl) + (Cv Xh)(XQ) + (89 —8,9— 1)
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Also t(X1#;X2) = 1 unless Fj is characteristic in X, j =0, L.
Branched covers. A smooth proper map f : X — Y is a d-fold branched covering
if away from the critical set B C Y the restriction f|X~f~}(B) : Xnf~1(B) — Y~B
is a covering map of degree d, and for p € f~1(B) there is a positive integer m so that
the map f is (z,2) — (2™, z) in appropriate coordinate charts around p and f(p).
The set B is called the branch locus of the branched cover f : X — Y. In the case of
cyclic branched covers, i.e. when the index-d subgroup 71 (X~ f"1(B)) C 7 (Y\B)
is determined by a surjection 71 (Y \B) — Zg4, and B is a smooth curve in Y, then
e(X)=de(Y)—(d—1)e(B) and o(X) =do(Y) — %32, and it follows that

2
(e ) (X) = dle.x,)(¥V) — (@~ De(B)(2, )~ E Do 1y
Blowup. This operation is borrowed from complex geometry. Form X#CP2,
where CP2 is the complex projective plane CP? with the opposite orientation.

Rational blowdown. Let C}, be the smooth 4-manifold obtained by plumbing
p — 1 disk bundles over the 2-sphere according to the diagram

—(p+2) -2 -2
...... - 4
() (75} Up—2
Then the classes of the O-sections have self-intersections u3 = —(p+2) and u? = —2,

i=1,...,p— 2. The boundary of C), is the lens space L(p?, 1 — p) which bounds
a rational ball B, with m1(B,) = Z, and m(0B,) — m1(Bp) surjective. If C), is
embedded in a 4-manifold X then the rational blowdown manifold X, of [12] is
obtained by replacing C, with By, i.e., X,y = (X\Cp) U By,

Connected sum. Another operation is the connected sum X;#Xs of two 4-
manifolds X; and X5. We call a 4-manifold irreducible if it cannot be represented
as the connected sum of two manifolds except if one factor is a homotopy 4-sphere.
Keep in mind that we do not know if there exist smooth homotopy 4-spheres not dif-
feomorphic to the standard 4-sphere S* and that we have very little understanding
of the uniqueness of connect sum decompositions of a reducible 4-manifold.

3. Some examples: Horikawa Surfaces

Starting with the complex projective plane CP? and 52 x S2 we can now use these
operations to construct many complex surfaces. For example, blowing up CP? nine
times we obtain the rational elliptic surface E(1) = CP?# 9CP?2. The reason this
is called an elliptic surface is that there is a pencil of cubics in CP?, and by blowing
up each of the nine base points (i.e. intersection points) of this family of cubics we
obtain a family of tori (elliptic curves). Let F' be one of these smoothly embedded
tori (fibers) with trivial normal bundle. We can then take the fiber sum of n copies
E(1) along parallel copies of F to obtain the elliptic surfaces F(n). Note that

(Cv th)(E(n)) = (Ov n,n (mOd 2))

The elliptic surface E(n) is also a double cover of S2 x 52 branched over four disjoint
copies of S? x {pt} together with 2n disjoint copies of {pt} x S2. The resultant
branched cover has 8n singular points (corresponding to the double points in the
branch set), whose neighborhoods are cones on RP3. These are desingularized in
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the usual way, replacing their neighborhoods with cotangent bundles of S2. The
result is F(n). Equivalently, E(n) is the 2-fold cover of S? x S? branched over a
complex curve of bidegree (4,2n) in S? x S2. The horizontal and vertical fibrations
of 52 x §? pull back to give (Lefschetz) fibrations of F(n) over CP!. A generic fiber
of the vertical fibration is the double cover of S? branched over 4 points — a torus.
This describes an elliptic fibration on E(n). The generic fiber of the horizontal
fibration is the double cover of S? branched over 2n points, and this gives a genus
n—1 fibration on E(n). This genus n—1 fibration has four singular fibers which are
the preimages of the four S? x {pt}’s in the branch set together with the spheres
of self-intersection —2 arising from desingularization. The generic fiber F' of the
elliptic fibration meets a generic fiber ¥,,_; of the horizontal fibration in two points,
Ypo1-F=2.

Likewise, we can consider the the 2-fold cover of S? x 52 branched over a
connected curve of bidgree (6,2n) to obtain the Horikawa surfaces H(2n—1). Note
that

(¢, x,,t)(H(2n —1)) = (4n — 8,2n — 1,1)

Horikawa [23] showed that these complex surfaces support at most two deformation
inequivalent complex structures. A complex surface in the other deformation type
is obtained as follows. Consider the Hirzebruch surfaces Fs,. These can be formed
by taking the double of the euler class 2n disk bundle over the sphere. While they
are all diffeomorphic to S? x S2, n classifies the deformation type of the induced
complex structure on S? x S2. Each Fj, contains a sphere S of self-intersection
2n and another sphere S_ of self-intersection —2n disjoint from S,. Let B, be
a curve in Fy, with two components, B, and S_, with B, representing 5[S,].
The 2-fold cover of Fy,, branched over B, is the complex surface H'(4n — 1) with

(e, x,)(H(4n — 1)) = (8n — 8,4n — 1) = (¢, X, ) (H'(4n — 1))

Horikawa has shown that H(4n—1) and H'(4n—1) are the only distinct deformation
types of complex surfaces with ¢ = 2y, — 6 [23].

Further, note that t(H'(4n—1)) = n (mod 2), so that if n is odd, H(4n—1) and
H'(4n — 1) are homeomorphic (and are not homeomorphic if n = 0 (mod 2) and
hence represent two distinct deformation types). It is an open question whether for
n =1 (mod 2) > 1 these surfaces are either diffeomorphic or symplectomorphic.
Weak evidence that they are not diffeomorphic is provided by the n = 1 case
where H(3) is, by construction, the elliptic surface £(3) and is minimal. But H'(3)
contains a sphere of self-intersection —1 (the lift of S_). Hence H’(3) is not minimal
and cannot be diffeomorphic to the elliptic surface H(3). Unfortunately for n > 1
both H(2n — 1) and H'(2n — 1) have the same Seiberg-Witten invariants and we
are unable to distinguish them. We will discuss these surfaces in the last lecture.

Of course, this construction extends to the 2-fold covers H(m,n) of S? x S?
branched over curves of bidegree (2m,2n). Then

(¢, x, ) (H(m,n)) = (4(m = 2)(n = 2), (m = 1)(n— 1) +1)

It is a fun exercise to determine manifolds homeomorphic to some of the
H(m,n) as covers of the Hirzebruch surfaces F, with branch set a disconnected
curve in the spirit of the Horikawa surfaces that result in different deformation
types. As for the Horikawa surfaces, It is an open problem to determine if these
homeomorphic complex surfaces are diffeomorphic. We will see in the last lecture,
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however, that they are all related by a single +1 generalized logarithmic transform
along homologically essential tori.

4. Complex Surfaces

There are restrictions on (¢, x, )(X) for a simply connected complex surface X
that is minimal, i.e. is not of the form Y#CP2. They either have ¢ = 0, i.e.
the elliptic surfaces F(n) and their logarithmic transforms (which we will further
discuss in Lecture 2), or they have x, = 1 and ¢ > 0, i.e. CP? S? x S2 or
minimal complex manifolds homeomorphic to their blowups (which we will discuss
in Lecture 5), or are surfaces of general type for which 2y, — 6 < ¢ < 9y, (which
we will discuss in Lecture 6). If we remove the simple connectivity condition, then
then the restrictions on (¢, x, ) remain except there are surfaces with ¢ = 9y, all
of whom must be ball quotients and hence not simply connected (cf. [21,46]). At
the other extreme we have the Horikawa surfaces with ¢ = 2y, — 6. In Lecture 6
we will further discuss surfaces with ¢ = 9x, and ¢ = 2x, — 6.

5. More Symplectic Manifolds

To motivate the utility of our list of operations, note that the elliptic surface E(4)
has a sphere with self-intersection —4. We can rationally blow down this sphere
to obtain a (symplectic) manifold E'(4) with (c,x,,t)(E (4)) = (1,4,1). More
generally, it is easy to see that F(n) contains the configuration C,_s whose lead
sphere is a section of F(n). This can be rationally blown down do obtain a simply-
connected 4-manifold E'(n) with (¢, x, ,t)(E (n)) = (n — 3,n,1), which according
to the above restrictions on complex surfaces, cannot support a complex structure.
It turns out that these 4-manifolds are also irreducible and symplectic [12, 53].
However, we first need some invariants that will detect when a smooth manifold is
irreducible.






LECTURE 2

A User’s Guide to Seiberg-Witten Theory

1. The Set-up

Let S be a smooth complex surface and T*S its cotangent bundle. An important
associated line bundle is the canonical bundle of S, Kg = det T*S, the determinant
line bundle. (This is the top exterior power.) We have ¢;(Kg) = —ci1(T'S) =
—c1(8S). We often identify Kg with ¢;(Kg) € H?(S;Z) and then, using Poincaré
duality, with an element of Hy(S;Z). For example, for the elliptic surface E(n)
with F' the homology class of an elliptic fiber, we have Kg(,) = (n —2)F.

An important property of Kg is the adjunction formula: If C is an embedded
holomorphic curve in S and the genus of C' is g then

29 -2=C%*+Kg-C

Gauge theory gives us a way to mimic this important class in the setting of
oriented smooth 4-manifolds. The critical analytical information for a smooth,
closed, oriented 4-manifold X is encoded in its Seiberg-Witten invariant [58]. The
goal of this lecture is to provide a ‘user’s guide’ to these invariants. For more
detailed explanations one should see [29,32,35,58]. Consider a smooth compact
oriented 4-manifold X with tangent bundle TX. The choice of a Riemannian metric
on X reduces the structure group of TX to SO(4), which may be equivalently taken
as the structure group of PX, the bundle of tangent frames of X. 71(SO(4)) = Z»
and its double covering group is Spin(4) & SU(2) x SU(2). A spin structure on X
is a lift of PX to a principal Spin(4)-bundle PX over X such that in the diagram

PX — PX
N,/

the horizontal map is a double cover on each fiber of PX.
A spin structure gives rise to spinor bundles S* = PX X5U(2) C?, where the

action of SU(2) on PX arises from one of the two factors of Spin(4) 2 SU(2) xSU(2).
From the point of view of algebraic topology, one can think of a spin structure on
X as a lift

BSpin(4)
R

l

X — BSO(4)

The obstruction to finding such a lift is the second Stiefel-Whitney class wq(X) €
H5(X;Z53). One may alternatively think in terms of the transition functions

{pij : UiNU; — SO(4)}

11



12 RONALD FINTUSHEL AND RONALD J. STERN, LECTURES ON 4-MANIFOLDS

of PX. A spin structure on X consists of lifts ¢; ; : U; NU; — Spin(4). In order to
give a bundle PX, these lifts must satisfy the cocycle condition @; j 0 ¢k = P;k-
From this point of view, PX corresponds to an element §~ of the Cech cohomology
group H'(X;Spin(4)) such that in the sequence

= HY(X;Z) 2 HY(X;Spin(4)) 25 H(X;S0(4)) > H2(X;Zs) — ...

p.€ = &, the element which corresponds to PX. Note that 6¢ = wy(X), affirming
our comment above. Also note that if X admits a spin structure (i.e. a lift of &),
then all such lifts are in 1-1 correspondence with H!(X;Z5). To each spin structure
there is associated a Dirac operator D : T'(ST) — I'(S7), an elliptic operator which
plays an important role in topology and geometry.

In case wy(X) # 0, X admits no spin structure, but it can still admit a spin®
structure. A spin® structure is given by a pair of rank 2 complex vector bundles
W#* over X with isomorphisms det(W*) = det(W~) = L, some complex line
bundle over X, so that locally W+ = S* ® Lz. To make sense of this, consider
the transition maps {¢; ; : U; N U; — SO(4)} for PX. We can assume that our
charts have overlaps U; N U; which are contractible, so that we can always get lifts
@i ; : U NU; — Spin(4). However, if wy(X) # 0, we can never find lifts satisfying
the cocycle condition.

Similarly, suppose that we are given a complex line bundle L with transi-
tion functions {g; ; : U; NU; — U(1)}. Locally these functions have square roots
(gi,j)%. The obstruction to finding a system of square roots which satisfy the co-
cycle condition, i.e. to finding a global bundle L% over X such that L2 ® LT = [
is c1(L) (mod 2) in H?(X;Z3). Now suppose that L is characteristic, i.e. that
wy(X) = ¢1(L) (mod 2). The statement that W* should locally be S* @ L2
means that the tensor products @; ; ® (gw-)% should satisfy the cocycle condition.
This function has values in (U(1) x SU(2) x SU(2))/{£1} = Spin°(4), and the cor-
responding obstruction is 2wy (X) = 0; so spin® structures exist provided we can
find characteristic line bundles L over X. A theorem of Hirzebruch and Hopf states
that these exist on any oriented 4-manifold [22]. Spin® structures on X are classi-
fied by lifts of wa(X) to H2(X;Z) up to the action of H*(X;Z3). (Spin structures
correspond to 0 € H2(X,Z) up to this action.)

The group Spin®(4) = (U(1) x SU(2) x SU(2))/{x1} fibers over SO(4) =
(SU(2) x SU(2))/{#1} with fiber S* =2 U(1). A spin® structure s on X is a lift of
PX to a principal Spin®(4) bundle Px over X. Since U(2) = (U(1) x SU(2))/{=1},
we get representations s : Spin®(4) — U(2), and associated rank 2 complex vector
bundles

W* = Py x,+ C?
called spinor bundles, and referred to above, and L = det(W¥). We sometimes
write ¢ (s) for ¢1(L).

As for ordinary spin structures, one has Clifford multiplication

c:T*XoW* - wt
written c(v,w) = v.w and satisfying v.(v.w) = —|v|?w. Thus ¢ induces a map
c:T*X — Hom(W* , W")

A connection A on L together with the Levi-Civita connection on the tangent
bundle of X forms a connection V4 : T(W*') — INT*X @ W) on W+. This
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connection, followed by Clifford multiplication, induces the Dirac operator

Dy :T(WH) = T(W™)
Thus D4 depends both on the connection A and the Riemannian metric on X.
The case where L = det(W™) is trivial corresponds to a usual spin structure on X,
and in this case we may choose A to be the trivial connection and then Dy = D :
I'(ST) — I'(S™), the usual Dirac operator.

Fix a spin® structure s on X with determinant line bundle L, and let A}, denote
the affine space of connections on the line bundle L. Let Fs € Q2?(X) denote the
curvature of a connection A on L. The Hodge star operator acts as an involution
on Q?(X). Its £1 eigenspaces are Q2 (X), the spaces of self-dual and anti-self-dual
2-forms. We have Fy = F; + F;. The bundle of self-dual 2-forms Q2 (X) is also
associated to PX by 03 (X) = PX Xgu(2) $14(2) where SU(2) acts on its Lie algebra
su(2) 2 C @ R via the adjoint action. The map

CoC—CaR  (sw)— (2] — [uf?)
is SU(2)-equivariant, and so it induces a map
¢: T(W™) = Q2 (X)

2. The Equations

Given a pair (A4,v¢) € Ax (L) x T(W), i.e. A a connection in L = det(W?) and
a section of W, the Seiberg-Witten equations [58] are:
D=0
Fy =iq(y)
The gauge group Aut(L) = Map(X,S!) acts on the space of solutions to these
equations via
g9+ (A9) = (A~ g ldg, gv)
and its orbit space is the Seiberg- Witten moduli space Mx (s).
Some important features of the Seiberg-Witten equations are
(1) If (A, ) is a solution to the Seiberg-Witten equations with ¢ # 0 then its
stabilizer in Aut(L) is trivial. Such solutions are called irreducible. The

stabilizer of a reducible solution (A,0) consists of the constant maps in
Map(X, S'). This is a copy of S*.

(2) (A,0) is a reducible solution if and only if A is an anti-self-dual connection
on the complex line bundle L (i.e. if its curvature Fq = F, is anti-self-
dual). If b% > 0 and ¢;(L) is nontorsion, a generic metric on X admits
no such connections.

(3) The formal dimension of the Seiberg-Witten moduli space is calculated
by the Atiyah-Singer theorem to be

dim My (s) = d(s) = i(q(L)? — (30(X) + 2e(X))

where e(X) is the Euler number of X and o(X) is its signature. Especially
interesting is the case where dim Mx(s) = 0, since this is precisely the
condition for X to admit an almost-complex structure with first Chern
class equal to ¢1(L).



14 RONALD FINTUSHEL AND RONALD J. STERN, LECTURES ON 4-MANIFOLDS

(4) An anti-self-dual 2-form 7 on X gives us a perturbation of the Seiberg-

Witten equations:
Dy =0
F}{ =iq(y) +in,

and for a generic perturbation 7, the corresponding moduli space of solu-
tions Mx(s,n) is an orientable manifold whose dimension is dim Mx(s),
provided Mx(s,n) contains at least one irreducible solution. (As in (2),
if b7 (X) > 0 and ¢ (L) # 0, all solutions will be irreducible for a generic
choice of metric or perturbation 7.) For simplicity we let the notation
ignore this perturbation and write Mx(s) for Mx(s,n). An orientation
is given to Mx(s) by fixing a ‘homology orientation’ for X, that is, an
orientation of H'(X) ® H3 (X).

(5) There is a Lichnerowicz-type theorem, proved, as usual, with an applica-
tion of the Weitzenbock formula [29,58]: If X carries a metric of positive
scalar curvature, then the only solutions of the Seiberg-Witten equations
are reducible (of the form (A,0)). Hence, if b > 0, for a generic metric
of positive scalar curvature, Mx (s) = 0.

(6) For each s, the Seiberg-Witten moduli space Mx (s) is compact.

(7) There are only finitely many characteristic line bundles L on X for which
both Mx(s) # 0 and dim Mx(s) > 0.
Ttems (6) and (7) are also proved by using the Weitzenbiock formula [29, 58].
In case dim Mx (s) = 0, items (4) and (6) imply that that generically, Mx (s) is
a finite set of signed points (once a homology orientation has been chosen). In this
case one defines the Seiberg- Witten invariant SW x (s) to be the signed count of these
points. Generally, (A x'(W+))/Aut(L) is homotopy equivalent to CP> x T?1(X)
and its homology can be utilized to define SWx (s). The Seiberg-Witten invariant
is a diffeomorphism invariant provided b > 1. (The b™ = 1 case will be discussed
in a later lecture.)

3. Adjunction Inequality

One of the most important consequences of the Seiberg-Witten equations is the
Adjunction Inequality.

The Adjunction Inequality. [29] Suppose bT(X) > 1 and SWx(s) # 0. Let
k be the Poincaré dual of c1(s). If ¥ is an embedded closed surface in X with
self-intersection > 0 and genus g > 1 then 2g —2> X - X + |k - 3.

We often view SWx as a map from characteristic homology classes to the
integers by defining SWx (k) = 3 pp(c, ()= SWx (s). (Recall that spin® structures
on X are classified by integral lifts of wo(X) up to the action of H*(X;Zs). So
if H1(X;Z) has no 2-torsion, and in particular, if X is simply connected, then
for each characteristic k € H2(X;Z) there is a unique spin® structure s satisfying
PD(ci(s)) =k.)

A class k for which SWx (k) # 0 is called a basic class of X. The adjunction
inequality shows that basic classes satisfy a property similar to that of the canonical
class of a complex surface. Property (7) above shows that (for b7 (X) > 1), X has
at most finitely many basic classes.
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4. Kahler manifolds

A Kahler surface is a complex surface with a metric g such that g(Jz,y) = w(z,y)
is a symplectic form. FEach simply connected complex surface admits a Kahler
structure. A Kéhler surface has a distinguished spin® structure sy with ¢1(sx) =
Kx, the canonical class of X. (Kx = —c1(TX).)

Theorem ([58]). If X is a minimal Kdhler surface with b*(X) > 1 then for its
canonical class |SWx (s )| = 1. Furthermore, if ¢3(X) > 0 then SWx(s) =0 for
all other spin® structures.

(‘Minimal’ means that X contains no embedded holomorphic 2-spheres with self-
intersection equal to —1.)

Another important basic fact is that SWx (—s) = (—=1)(¢T9)/4SWx (s). It is
useful to combine all the Seiberg-Witten invariants of X into a single invariant in
the integral group ring ZH»(X;Z), where for each o € Ho(X;Z) we let ¢, denote
the corresponding element in ZH,(X;Z). (Note that t;1 =t_, and to = 1.) We
then view the Seiberg-Witten invariant of X as the Laurent polynomial

SWx = SWx(k)tx

where the sum is taken over all characteristic elements k of Ho(X;Z).

For example, for a minimal Kéhler surface with b > 1 and ¢} > 0 we have
SWx = tg + tf_(l. The K3-surface, E(2), is a Kahler surface with b+ = 3 and
¢1 = 0. Hence SWk3(0) = 1. Adjunction inequality arguments can be used to show
that there are no other nontrivial Seiberg-Witten invariants of the K 3-surface; so
SWpks = 1.

5. Blowup Formula

The blowup of a manifold X is X#CP2. We may identify Ho(X#CP?;Z) with
Hy(X;Z)®Hy(CP?;Z), and let E denote the generator of Hy(CP?; Z) = Z which is
represented by a sphere, also called F, the exceptional curve. This sphere is oriented
so that if S is a complex surface with canonical class Kg, then the canonical class of
its blowup is Kg+ E. The “Blowup Formula” relates the Seiberg-Witten invariant
of X#CP? to that of X. It takes an especially straightforward form when X has
simple type, that is, for each basic class k, the dimension, d(k), of the associated
Seiberg-Witten moduli space is 0. Then

SWi s = SWx - (e + e )

where e = tg. The assumption of simple type is true for all symplectic manifolds
with b* > 1 by a theorem of Taubes [56].

6. Gluing Formula

Our goal will be to use Seiberg-Witten invariants to study constructions of 4-
manifolds. The techniques will involve cutting and pasting along 3-tori. Seiberg-
Witten invariants can be defined for 4-manifolds whose boundary is a disjoint
union of 3-tori under the extra condition that there is an @ € H?(X;R) which
restricts nontrivially to each boundary component [57]. In this case the invari-
ant is an element of Z[[H2(X;Z)]], the ring of formal power series. For example,
SWr2yp2 = (t;l —tr)"t =ty +t3 +t5 +---. There is an important gluing



16 RONALD FINTUSHEL AND RONALD J. STERN, LECTURES ON 4-MANIFOLDS

theorem due to Morgan, Mrowka, and Szabé [33], B.D. Park [37], and in its most
general form to Taubes [57]:

Theorem (Taubes). Suppose that 0X; = 0Xo = T3, and that X = X1 Ups Xo has
bt > 1. Also suppose that there is a class w € H*(X;R) restricting nontrivially to
H?(T3;R). Let j; : X; — X be the inclusions. Then

SWx = (j1)«SWx, - (j2)+SWx,

When b} = 1, one gets an orientation of H?(X;R) from w: Since the restric-
tion i*(w) € H%(T3;R) is nonzero, there is a nonzero class v € Ho(T3;R) such
that (i*(w),v) > 0. Then the condition (a,i.(v)) > 0 orients H? (X;R). Now (as
we shall discuss below) it makes sense to speak of Sl/\/f(7 and in Taubes’ theorem,
one takes SW.

As an example of the use of Taubes’ theorem, let T" be a homologically nontrivial
torus of self-intersection 0 in X with a tubular neighborhood Ny = T x D?; then

1

SWx = SWX\NT Sy
tr- —1r

Hence SWX\NT = SWX . (t;l - tT).

7. Seiberg-Witten Invariants of Elliptic Surfaces

We apply this gluing theorem to calculate the Seiberg-Witten invariants of the
elliptic surfaces F(n). Recall that E(1) = CP?#9CP? which admits a holomorphic
map to S? whose generic fiber is a self-intersection 0 torus, F', and that E(n) is the
fiber sum E(n—1)#pE(1). This means that E(n) = (E(n—1)N\Np)Urps (E(1)N\Np).
In this case, each inclusion j; is the identity. We have seen that SWg(2) = 1. Hence

1=8Wge) = (SWraywe)?

so SWg iy, = £1; we choose a homology orientation so that SWg 1y w, = —1.
Also SWgr@ypng - SWN, = SWg@2); 50 SWgeyrn, = t=! —¢t. We then get
SWE(3) = SWE(Q)\NF . SWE(U\NF =1t— til. Inductively, we see that SWE(n) =
(t —t~1)"=2 where t = tr. Note that the top term t"~2 corresponds to Kgm) =
(n—2)F.

8. Nullhomologous tori

Taubes’ formula does not apply to neighborhoods of nullhomologous tori. We need a
formula for the effect of surgery on the Seiberg-Witten invariants which applies also
to surgery on nullhomologous tori. Let T be a self-intersection 0 torus embedded
in X with tubular neighborhood Ny = T x D?. Given a diffeomorphism ¢ : (T x
D?) — 9(X~Nr) form X, = (X\N7)U, (T x D?). The manifold X, is determined
by the homology class .[0D?] € Hy(0(X \ Nr);Z). Fix a basis {«, 8,[0D?]} for
H1(0(X \ N7);Z), then there are integers p, ¢, r, such that ¢,[0D?] = pa + ¢8 +
r[0D?]. We write X, = Xr(p,q,7). (With this notation, note that X7(0,0,1) =
X.) We have the following important formula of Morgan, Mrowka, and Szabé:
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Theorem. [33] Given a class k € Ha(X):
Z SWxrp.ar) kg +i[T]) = pz SWx1(1,0,0) (k(1,0,0) +2[T])+

+ QZ SWxr0,1,0)(k(0,1,0) +i[T]) + TZ SWx 1. (0,0,1) (k0,01 +4[T7])

and there are no other nontrivial Seiberg-Witten invariants of Xr(p,q,r).

In this formula, T' denotes the torus T4, ) which is the core T2 x 0 C T? x D?
in each specific manifold Xr(a, b, c) in the formula, and k(4 ,c) € H2(X7(a,b,c)) is
any class which agrees with the restriction of k in Ho(X~\T x D?,9) in the diagram:

Ho(Xr(a,b,¢)) — Hao(Xr(a,b,¢),T x D2)
o
HQ(X) — H2 XTTX D )

Furthermore, unless the homology class [T] is 2-divisible, in each term, each ¢ must
be even since the classes k(g p,c) + 4[T] must be characteristic in Ha(X7(a,b,c)).

Often this formula simplifies. For example, suppose that v = ¢,[0D?] is indi-
visible in H;(X \ N7). Then there is a dual class A € H3(X \ Np,9) such that
A -~ =1. This means that A generates Ha(Np(p,q,r)); SO

H3(XT<pa q, ’I"), NT(p,q,r)) ﬂ) HQ(NT(p q,r)) i) HQ(XT(pa q, T))
So T'(p, g, ) is nullhomologous in X7 (p, q,r). Hence in the Morgan, Mrowka, Szabd
formula, the left hand side has just one term.

A second condition which simplifies the formula uses the adjunction inequality.
Suppose that there is an embedded torus ¥ of self-intersection 0, such that X -
T(1,q,7) =1 and ¥ - k(1,4,) = 0. Then the adjunction inequality implies that at
most one of the classes k(1 q,) + iT(1,4,») can have SW nonzero.

9. Seiberg-Witten invariants for log transforms

These gluing formulas can often be used to quickly calculate invariants, for example,
for log transforms. Consider an elliptic surface with a smooth fiber F' with tubular
neighborhood Nr = F x D?. Choose a basis {«, 3, [0D?|} for H;(ONF;Z) so that
{a, 8} is a basis for Hy(F;Z), and hence is in the kernel of 7, the projection of
the elliptic fibration. A log transform of multiplicity r is a surgery on F' of type
(p,q,7). Note that r, the multiplicity of the log transform is the degree of the map

pt x 9D? 2 (X Np) = ONp = D>

A wvanishing cycle of an elliptic fibration (or for a Lefschetz fibration) is the
homology class on a fiber of a loop which is collapsed in a nearby singular fiber.
For example, a nodal fiber is a sphere with a transverse positive double point. Such
a fiber occurs when a nonseparating loop on a smooth elliptic fiber collapses to a
point. The trace of this “collapse” is a disk with relative self-intersection —1, often
called a vanishing disk (or ‘Lefschetz thimble’). In E(n), the homology of a fiber
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is spanned by vanishing cycles. It can be proved as a result the a log transform on
E(n) depends only on the multiplicity r.

Here is a short argument using the Morgan,-Mrowka-Szab6 formula that shows
why the Seiberg-Witten invariants only depend upon r. Suppose that o and 3 are
the vanishing cycles. In E(n)r(1,0,0), the union of a vanishing disk bounded by
a and the surgery disk form a sphere E of self-intersection —1, and E - T(; 9,9y = 1
(where T{1,0,0) is the core torus of the surgery). Blow down E to get a 4-manifold
Y. (In other words, notice that the existence of E forces F(n)r(1,0,0) to equal
Y#CP2.) It can be easily seen that Y contains a torus A of square +1, and in fact
T(1,000 = A — E. The adjunction inequality then implies that SWy = 0; so the
blowup formula says that SWg(,),(1,0,0) = 0, and we see that only the “r”-term of
the Morgan-Mrowka-Szabé formula is nontrivial.

We now use the Taubes formula for the full calculation. Suppose we perform a
log transform of order r on E(n); then the result is E(n;r) = (E(n)\Ng)U; (T? x
D?). Let t be the class in the integral group ring corresponding to T, = Tip,qr) €
Hy(E(n;r)). T, is a multiple torus in the sense that in Hy(E(n;r)), the generic
fiber is F = rT,; so j.(tp) = t". Hence

1 B (t7 _ t—r)n—l B
t—t=1 t—t1
SWE(n) . (trfl + tr73 N Tlfr)
Each simply connected elliptic surface is the result of 0, 1, or 2 log transforms
on E(n), n > 1, of relatively prime orders. (In this notation, » = 1 corresponds to
no log transform.) Thus we complete the calculation of Seiberg-Witten invariants
of simply connected elliptic surfaces with b* > 1 by noting that a similar argument
shows (for n > 1)

SWEnr) = J«(SWE@myNg) -

(trs _ t—rs)n
=t -t

SWE(n;r,s) =



LECTURE 3

Knot Surgery

1. The Knot Surgery Theorem

Let X be a 4-manifold containing an embedded torus T of self-intersection 0, and
let K be a knot in S3. Knot surgery on T is the result of replacing a tubular
neighborhood T' x D? of T' with S! times the exterior S®\ N of the knot [13]:

Xg = (X~(T x D)) U (S* x (S*\Nk))

where 0D? is identified with a longitude of K. This description doesn’t necessarily
determine Xg up to diffecomorphism; however, under reasonable hypotheses, all
manifolds obtained from the same (X,T) and K C S will have the same Seiberg-
Witten invariant. Knot surgery is a homological variant of torus surgery in the
sense that a torus surgery is the process that removes a T2 x D? and reglues it,
whereas knot surgery removes a T2 x D? and replaces it with a homology T2 x D?.

Here is an alternative description of knot surgery: Consider a knot K in S3,
and let m denote a meridional circle to K. Let Mg be the 3-manifold obtained
by performing O-framed surgery on K. The effect of such a surgery is to span a
longitude of K with a disk. The meridian m can also be viewed as a circle in M.
In S' x Mg we have the smooth torus T,,, = S! x m of self-intersection 0. Let X
denote the fiber sum

Xg = X#r=r,, (5" x Mg) = (X~ (T x D*)) U ((S" x Mg)~(Tm x D?))

As above, the two pieces are glued together so as to preserve the homology class
[pt x D?]. Because M has the homology of S? x S! with the class of m generating
Hj, the complement (S x My )~ (T x D?) has the homology of 72 x D?. Thus
Xk has the same homology (and intersection pairing) as X.

Let us make the additional assumption that 71 (X) = 1 = 7 (X ~\T). Then,
since the class of m normally generates m; (M ); the fundamental group of My x S*
is normally generated by the image of 71 (T'), and it follows from Van Kampen’s
Theorem that Xg is simply connected. Thus X is homotopy equivalent to X.
Also, in order to define Seiberg-Witten invariants, the oriented 4-manifold X must
also be equipped with an orientation of Hﬁ (X;R). The manifold Xk inherits an
orientation as well as an orientation of H? (X ;R) from X.

For example, consider knot surgery on a fiber F' of the elliptic surface FE(2)
(the K3-surface). Recall that SWgp) = 1. The elliptic fibration E(2) — S2
has a section S which is a sphere of square —2. The homology class S + F' is
represented by a torus of square 0 which intersects a generic fiber once. Apply the
adjunction inequality to this class to see that mF cannot have a nonzero Seiberg-
Witten invariant unless m = 0. (Of course we already knew this, but the point is
that it is the apparatus of the adjunction inequality that is forcing SWgo) = 1.)
Now do knot surgery on F' with a knot K of genus g. In F(2)x we no longer have

19
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the section S; the normal disk D to F' has been removed from S. In its place there
is a surface S’ of genus g formed from S~ D together with a Seifert surface of the
knot K. The class S’ still has self-intersection —2, and S’ + F is a class represented
by a genus g + 1 surface of self-intersection 0. The fiber F still intersects S’ + F
once. Apply the adjunction inequality to this class to test whether we can now
have SWE(2)K (mF) 7é 0:

2g+1)=-2>"+F)- (8+F)+|mF-(8+F)| =|m|

Thus mF has the possibility of having a nonzero Seiberg-Witten invariant if |m| <
2g (and is even since F(2)k is spin). Thus performing knot surgery gives us the
possibility of constructing 4-manifolds with interesting Seiberg-Witten invariants.
In fact:

Theorem. [13] Suppose that bT(X) > 1 and m(X) =1 = m(X~\T) and that T
is a homologically essential torus of self-intersection 0. Then X is homeomorphic
to X and

SWx, = SWx - Ak(t?)
where t =t and Ak is the symmetrized Alexander polynomial of K.

In particular, SWg2), = A k (t%). It was shown by Seifert that any symmetric

n
Laurent polynomial p(t) = ag + >_ a;(t* + t~%) whose coefficient sum p(1) = +1
i=1
is the Alexander polynomial of some knot in S3. It follows that the family of
smooth 4-manifolds homeomorphic to the K3-surface is at least as rich as this
family of Alexander polynomials. Also note that since SWgay, (1) = £1 and
SWg(2;r (1) = 7, these manifolds are not diffeomorphic to a log transform, or any
number of log transforms, of K3.
Note that if K is the mirror image knot to K in S® then S x (S3\ Ng) =
St x (83 Ng) since we may view this construction as revolving the knot exterior
about an axis. At 180° in S x (S3\Nx ) we see S>\Ng. Thus Xz = Xx. There are
currently no other known examples of inequivalent knots which give diffeomorphic
manifolds via knot surgery.

2. Proof of Knot Surgery Theorem: the role of nullhomologous tori

The rest of this section will be devoted to a presentation of the proof of the knot
surgery theorem as given in [13]. This proof depends on the description of the
Alexander polynomial of a knot in terms of the ‘knot theory macarena’:

Agc, (1) = Ag_ () + (12 —¢712) - Ag (8)

where K is an oriented knot or link, K _ is the result of changing a single oriented
positive (right-handed) crossing in K to a negative (left-handed) crossing, and K
is the result of resolving the crossing as shown in Figure 1.

Note that if K is a knot, then so is K_, and Kj is a 2-component link. If K
is a 2-component link, then so is K_, and Kj is a knot.
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Figure 1

Ky
K_ Ky
Figure 2

It is proved in [13] that one can start with a knot K and perform macarena
moves so as to build a tree starting from K and at each stage adding the bifurcation
of Figure 2, where each K, K_, Ky is a knot or 2-component link, and so that at
the bottom of the tree we obtain only unknots and split links. Then, because for an
unknot U we have Ay (t) = 1, and for a split link S’ (of more than one component)
we have Ag(t) = 0, we can work backwards using the macarefa relation to calculate
Ag(t).

For example, we compute the Alexander polynomial of the trefoil knot:

E3jEalts

In the figure above, Ky = K is the trefoil knot, K_ is the unknot, and Ko = H is
the Hopf link. Thus we have Ag = 14 (/2 —t=1/2). Ag. We see from the figure
below that H_ is the unlink and Hy is the unknot; hence Ay = 0+ (t1/2 —t=1/2).1,
and Ag(t) =14 (/2 —t71/2)2 = — 1 4 ¢71,

) D) Q)

Ko
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We next need to describe a method for constructing 3-manifolds which was first
studied by W. Brakes [5] and extended by J. Hoste [24]. Let L be a link in S3 with
two oriented components C; and Cy. Fix tubular neighborhoods N; =2 S' x D? of
C; with S x (pt on 9D?) a longitude of C;, i.e. nullhomologous in S$®\ C;. For
ne€Z, let A, = (_nl (1)) Note that A,, takes a meridian to a meridian. We get a
3-manifold

s(L;n) = (S~ (Ny U Ny)) /A,

called a ‘sewn-up link exterior’ by identifying ON; with 0Ny via a diffeomorphism
inducing A,, in homology. A simple calculation shows that Hy(s(L;n);Z) = Z @
Zoo_,, where ¢ is the linking number in S3 of the two components C;, Ca, of L.
(See [5].) The second summand is generated by the meridian to either component.

J. Hoste [24, p.357] has given a recipe for producing Kirby calculus diagrams
for s(L;n). Consider a portion of L consisting of a pair of strands, oriented in
opposite directions, and separated by a band B as in Figure 3.

Proposition. [24] Let L = Cy U Cy be an oriented link in S®. Consider a portion
of L consisting of a pair of strands as in Figure 3. The band sum of C1 and Cs is a
knot K, and the sewn-up link exterior s(L;n) is obtained from the framed surgery
on the the 2-component link on the right hand side of Figure 3.

Ch 4 Co n_%LJ .
L N

L K
Figure 3

Now we can outline a proof of the knot surgery theorem. Begin with the
resolution tree for a given oriented knot K. Each vertex of the tree corresponds to
an oriented knot or oriented 2-component link. Replace each knot K’ in the tree
with the 4-manifold X g, and replace each 2-component link I with the fiber sum

X1 = X#r—_g1xm(St x s(L;20))

where m is a meridian to either component.

Suppose first that K_ is a knot (and therefore so is K ;). We see in Figure 4
that K is the result of +1 surgery on the circle C. The circle C' is nullhomologous;
it bounds a punctured torus. In Figure 4 there is an obvious disk which is punctured
twice by K_. The punctured torus bounded by C consists of this disk, punctured
at the points of intersection with K_ together with an annulus running ‘halfway
around K_’.
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/ \ +1
K_
Figure 4
Take the product of this with S', and glue into X along S x m to obtain, on the
one hand, X, and on the other, the result of (+1)-surgery on the nullhomologous
torus To = St x C.

XK, =Xk )1c(0,1,1) = Xk (1)

where the basis for Hy(0(Tc x D?)) consists of S' x pt, a pushoff of C in the
punctured torus, and dD? = m¢c. The Morgan-Mrowka-Szabé formula implies
that

SWixye, (@) = SWix () + > SWi, (0)(cx + 2i[Tp))

where Xi_ (0) = (Xk_)71.(0,1,0) is the result of 0-surgery on To. (Note that
T¢ is also nullhomologous in Xk .) As in the concluding comments of §1 of this
lecture, only one of the terms SWx, (0)(c + 2i[Tp]) in the sum can be nonzero.
To see this, we show that there is a torus A of self-intersection 0 in Xx_(0) such
that A-Tp =1 (note Ty = S* x m¢), and such that A-a = 0 for all @ € Ho(X\T).
In fact, A is formed from the union of the punctured torus bounded by C' and the
core disk of the O-framed surgery giving Xx_(0). We thus have

SWXK+ = SWX;L +SWXK_ (0)

The manifold X (0) = X#7r—g1xm(S! X Y) where Y is the 3-manifold ob-
tained from O-framed surgery on both components of the link K_ U C in S3 as in

N Y
S OREP'C

K_ Ko
Figure 5

Hoste’s recipe tells us that Y is the sewn-up manifold s(Ky;2¢). Hence, by defini-
tion, Xx_(0) = Xg,. We thus get

SWxy, = SWix, +SWx,,

The other case to consider is where L_ is an oriented 2-component link (so
also Ly is a 2-component link, and Lg is a knot.). We get L from L_ by a single
surgery on a loop U as in Figure 6.
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/ \ +1
L_
Figure 6

Let /_ denote the linking number of the two components C; and Cs of L_.
In the sewn-up manifold s(L_;2¢_), the loop U becomes nullhomologous, because
according to Hoste’s recipe s(L_;20_) is:

Figure 7

Thus

Xp, = X#r—s1xm(S" x s(Ly3201)) = X, (1)
where X,_(1) is shorthand for the surgery manifold (X _)s1x(0,1,1). The first
equality is the definition of X and the last equality is an exercise in Kirby calculus.
Similarly we let X7, (0) denote (X1 )s1xu(0,1,0) = X#1—g1wm (St xs(L_;20_)0)
where s(L_;2¢_)q stands for 0 (rather than +1) surgery on U in Figure 6.

Proposition. SWx, ) =SWx, -(t—t71)?

PrOOF. Cut open s(L_;2¢_) to get S3>~\Ny_ (where N;_ denotes a tubular
neighborhood of L_). Similarly we can cut open s(L_;2¢_)q to get a link exterior in
S1x 82, Take a product with S and glue into X giving X #p—g1 ., (ST x (S x 52))
with a pair of tori of self-intersection 0 removed. If we sew up the boundary of this
manifold using the map (1) & Agy_, we re-obtain Xr_(0).

Instead, fill in the boundary components with copies of T2 x D? to get a new
manifold, Z. We wish to do this in such a way that when we remove a neighborhood
of the new link T2 x {0} UT? x {0} C Z and sew up the boundaries using (1) ® Ao,
we get X1,_(0). (We want to be able to sew up with this particular matrix because
Ap identifies S x C; with S x Cy.) We can accomplish this by gluing each T2 x D?
to a boundary component using the matrix (1)@ ((1) o ) This matrix corresponds

to S'x ((—¢)-framed surgery). Then, using the internal fiber sum formula of §1,
SWxXtty_ i, Stxs(L_sat )y = SWz - (t—171)?
Now Z = X#p_g1ym(St x Y) where Y is the 3-manifold of Figure 8
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o/ N

Figure 8

Now slide C; over C5. We get O-surgery on Ly together with a cancelling pair of
handles. Thus Y = M7, and the proposition is proved. O

It follows from the proposition and the Morgan-Mrowka-Szabd theorem that
SWXL+ = SWXL_ + SWXLO . (t — t71)2

We are now able to finish the proof of the knot surgery theorem. For a knot K,
or an oriented 2-component link L and fixed X, we define a formal Laurent series
©. For a knot K, define Ok to be the quotient, O = SWx, /SWx, and for a
2-component link define O, = (t/2 —t=1/2)~1.SWx, /SWx. It follows from from
our calculations that in either case © satisfies the relation

O, =0Ok_+ (t—til) - Ok,

Furthermore, for the unknot U, the manifold Xy is just X#7 (5% x T?) = X, and
so Oy = 1. If L is a 2 component oriented split link, construct from L the knots K
and K_ as shown in Figure 9. Note that in this situation, K = K_ and Ky = L.
It follows from O, = Ox_ + (t — t=1)-©r that © = 0.

Subject to these initial values, the resolution tree and the macarefia relation
determine Ag(t) for any knot K. It follows that © is a Laurent polynomial in
a single variable ¢, and Ok (t) = Ak(t), completing the proof of the knot surgery

[C]T ] [o] F@

K, K_

Figure 9







LECTURE 4

Rational blowdowns

1. Configurations of Spheres and Associated Rational Balls

Suppose that X contains an embedded sphere of self-intersection —1, and let N be
its tubular neighborhood. Then ON = S3 and N U B* = CP? hence X = Y #CP?
for Y = (X~ N)U B* Y is called the blowdown of X. Similarly, since the
complement of a nonsingular quadric curve in CP? is a tubular neighborhood B
of RP?, if X contains an embedded sphere of self-intersection —4, its neighborhood,
C can be ‘rationally blown down’ by replacing it with By. Note that H,.(Bs;Z) =
H.(RP? Z); so H,(By; Q) = H.(B* Q); i.e. By is a rational ball. Note that this
process, like blowing down, reduces b~ by one, while leaving b™ unchanged.

More generally, as was mentioned in Lecture 1, neighborhoods Cp,, p = 2,3, ...,
of the configurations of embedded spheres

—(p+2) -2 -2
U (75} Up—2

also bound rational balls and can be blown down. The boundary of C,, is the lens
space L(p?, 1 — p) which bounds a rational ball B,, and

7r1(L(p2, 1-p))= sz - 71'1(Bp) =2,

is onto. If C}, C X, then its rational blowdown X,y = (X\Cp)UB,,. This operation
reduces b~ by p — 1 while leaving b" unchanged. It follows that ¢(X,)) = ¢(X)
while x, (X)) = x,,(X) — (p — 1). Also, if X and X\ C, are simply connected,
then so is X(;).

To see that L(p?,1 — p) bounds a rational ball B, with m(B,) = Z, we can
argue in several ways:

1. Let F,_1, p > 2, be the simply connected ruled surface whose negative section
s— has square —(p — 1). Let s; be a positive section (with square (p — 1)) and f
a fiber. Then the homology classes sy + f and s_ are represented by embedded
2-spheres which intersect each other once and have intersection matrix

(ler 1 —(pl— 1))

It follows that the regular neighborhood of this pair of 2-spheres has boundary
L(p?,p — 1). Its complement in F,,_; is the rational ball B,,.

2. Consider the configuration of (p — 1) 2-spheres

27
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p+2 2 2

in #(p — 1)CP ? where the spheres (from left to right) represent
—2hy —hgy — -+ —hp_1, h1 —ha, ho —h3,...,hy 2 —hy 4

where h; is the hyperplane class in the ith copy of CP 2. Note that two adjacent
spheres in this configuration have intersection number —1. This is the configuration
C’p, i.e. Cp with the opposite orientation. Its boundary is L(p?,p — 1), and the
classes of the configuration span H2(CP2; Q). The complement is the rational ball
By,

3. A Kirby calculus description of B, consists of a 1-handle and an unknotted
2-handle that links it p times and has framing p — 1.

Lemma. Any diffeomorphism of L(p?,1 — p) extends over B,.

PROOF. Bonahon has showed that mo(Diff(L(p?, 1 — p)) = Za. The Kirby
calculus description (3) of B, gives a symmetric link in S3. Rotation by 180° gives
the nontrivial element of mo(Diff(L(p?, 1 — p)) and extends over B,. O

This lemma implies that rational blowdown is well-defined. Here a a few ex-
amples:

The elliptic surface F(4) has nine disjoint and homologically independent sec-
tions arising from fiber summing the nine sections of E(1) which come from the
exceptional curves Ei,...,Ey C E(1) = CP?*#9CP? in E(4), the fiber sum of
four copies of E(1). Each of these sections is a sphere of square —4 which may
be rationally blown down. We obtain manifolds with x, = x,(E(4)) = 4 and
¢ = c¢(E(4) + m = m where we have blown down m of the sections. It can be
checked that for m = 1,...,8, these manifolds are simply connected.

The next example, whose discovery motivated our interest in rational blow-
downs, shows that a logarithmic transform of order p can be obtained by a se-
quence of (p — 1) blowups and one rational blowdown of a natural embedding of
the configuration C),.

The homology class F of the fiber of E(n) can be represented by a nodal curve,
an immersed sphere with one positive double point. Blow up this double point
(i.e. take the proper transform of F') so that the class F' — 2e; (where e; is the
homology class of the exceptional divisor) is represented by an embedded sphere
with square —4 in E(n)#CP2. This is the configuration Cy. In E(n)#CP?, the
exceptional divisor intersects the —4-sphere in two positive points. Blow up one
of these points, i.e. again take a proper transform. One obtains the homology
classes ugs = F' — 2e; — es and u; = e; — e which form the configuration Cj in
E(n)#2 CP?. Continuing in this fashion, C, naturally embeds in E(n)#,_;CP? C
E(n)#p_1@2.

Theorem ([12]). The rational blowdown of the above configuration
C, C E(n)#(p — 1)CP?
is E(n)p, the multiplicity p log transform of E(n).
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2. Effect on Seiberg-Witten Invariants

We next wish to study the effect of rational blowdowns on Seiberg-Witten in-
variants. Before undertaking this, we need a lemma, whose proof we leave as an
exercise.

Lemma. In the configuration C,

—(p+2) -2 -2

Uo U, Up_o

take the meridian of Uy to be the generator ~y of the homology of L(p*,1—p) = 0C,.
Then the meridian of U; represents (1+ j(p+1))7.

Suppose that we know the Seiberg-Witten invariants SWx and wish to calcu-
late SWx,,, the Seiberg-Witten invariant of the rational blowdown. To facilitate
this discussion, it will be convenient to now view basic classes as characteristic co-
homology classes. (Of course Poincaré duality allows us to switch between Hy and
H? at will.)

Let k € H?(X,); Z) be characteristic. Write X,y = X’ U B, where X' N B, =
L(p*,1—p) = L;so X = X'"UC,,. The restriction H*(B,;Z) — H*(L(p*,1—p); Z)
is multiplication, Z, 2, Z,>, and the restriction k;, of k to L is in the image; so
kr, = mp, for some integer m. Description (3) above of B, shows that B, has even
type if and only if p is odd. Since k is characteristic, if p is even, m must be odd.
If p is odd, we can assume that m is even by taking —p < m even < p.

We claim that k;, extends over C), as a characteristic cohomology class. Recall
from description (2) of B, that the connected sum (p — 1)CP? = B, U C,,. Hence

(p—1)CP? = B,UC,, where the classes in Cj, are ug = —2F1—FEa—, - -—E,_1, u =
E\—Es,...,up—o = E, 9o—FE, 1. (Again, view these as cohomology classes.) Define
cohomology classes X/, € H?((p — 1)CP?; Z) by:
(m+p—1)/2 p—1
Xo== > B+ > E
i=1 (m+p+1)/2

(Thus, for example, for p =5, X, = E1+ Es+FE3+Ey, N g = —Ey+ Es+ Es+ Ey,
6 =—F1—Fy+FE3+Ey4, )\/2 =—F—FEy—E3+ FE4, and )‘Zl = _El_EQ_Eg_E4.)
Finally, set A, = A, |c, € H*(Cp; Z).
Note that the intersection vector of E; with C), is

(Er-Uo, Er-Un,...,E1-Up_2) =(2,-1,0,...,0)

Thus, using the lemma above, E1|;, = (2 — (p + 2))y = —p7y. Similarly the inter-
section vector of Ey with Cp is (1,1,—1,0,...,0); so again Es|;, = —py. Similarly,
one sees that each E;, 1 < ¢ < p — 1 satisfies E;|;, = —p7y. Thus A, restricts
to L as mpy € H?(L(p?,1 — p;Z). This proves our claim that each characteristic
cohomology class of X’ extends over C,.

Let k € H*(X(,);Z) be characteristic, and let k be the (characteristic) class
in H%(X;Z) obtained by restricting k to X’ and extending over C), by using the
appropriate \,,. Note that k2 = k2 + A2, = k?+ (1 —p). It follows easily that the

dimensions of the corrfzsponding Seiberg-Witten moduli spaces are equal, dx (k) =
dx,,, (k). Call such a k a lift of k.
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The main theorem on rational blowdowns, proved in [12], is:

Theorem. Let k be a characteristic (co)homology class of Xy, and let k be any
lift. Then SWx, (k) = SWx (k).

3. Taut Configurations

As a first example, we consider taut configurations. The configuration C, C X is
called taut, if for each basic class k of X, |k-Uy| < p, and k-U; = 0 for i > 0. That
is to say, the configuration is taut if its spheres satisfy the adjunction inequality
with respect to all basic classes of X. Recall that, in general, we do not expect the
adjunction inequality to hold for spheres.

For a taut configuration and basic class k of X, k|c, = (k- Up)PD(Up) where
PD(Uy) € H?*(Cp,0;Z). Thus k|, = (k- Up) € Zy2. Thus, to extend over B, we
must have k- Uy = mp € Z,, and so k-Uy = =+p or 0, since |k - Up| < p. It is
an exercise (see [12]) to show that k - Uy = 0 is not a possibility. Hence for a taut
configuration, precisely the basic classes k which satisfy k - Uy = %p descend.

Consider the result of rationally blowing down a section S of E(4). Recall that S
is a sphere of square —4. We obtain a simply connected manifold Y (4) with x, =4
and ¢ = 1. Since SWg) = (tr — t')?, the basic classes of E(4) are £2 F and 0.
Since S F' = 1, the configuration Cy = {S} is taut and the classes £2 F' descend to
give basic classes of Y'(4). It follows that SWy 4y =t + t~1. Comparing this with
the blowup formula shows that Y (4) is minimal; 4.e. it contains no 2-spheres of
square —1. It follows from general algebraic surface theory that a minimal algebraic
surface with ¢ > 0 satisfies the Noether inequality, ¢ > 2x, — 6. This means that
Y (4) can admit no complex structure. (And with its opposite orientation, Y(4)
cannot have a complex structure either. It is an easy exercise to use the adjunction
inequality to see this.) In fact, a theorem of Symington [53] implies that Y (4) does
have a symplectic structure.

The other eight sections of E(4) are disjoint from S and so they give disjoint
spheres of square —4 in Y (—4). One of these gives yet another taut configuration
which can be rationally blown down. This gives a simply connected manifold with
X, =4 and ¢ = 2, with SW = tx +1t5". Note that ¢ = 2, — 6 realizing equality in
the Noether inequality. Minimal complex surfaces satisfying ¢ = 2, — 6 are called
Horikawa surfaces. These were discussed in Lecture 1, and it can be shown that
the manifold obtained by rationally blowing down two sections of E(4) is H(4).
More generally, each E(n), n > 4, contains two disjoint taut configurations C,,_5 in
wich the lead sphere Uy is a section. Blowing down one of the configurations gives
Y(n), a symplectic 4-manifold which admits no complex structure, and blowing
down both gives the Horikawa surface H(n).

We conclude our study of rational blowdowns by recalculating the Seiberg-
Witten invariant of log transforms on E(n). (In fact, in the days of Donaldson
invariants, this is how the original calculation was accomplished.) For the sake of
simplicity we will work out the case of a multiplicity 5 log transform on F(2). As
above, we get C5 embedded in E(2)#4 CP?, and the spheres of the configuration
are U() = F—2€1 — € — €3, U1 = €1 — €2, U2 = €2 — €3, and U3 = €3 — €é4. Since
SWg(2) = 1, the blowup formula gives SWp o wyepe = (a1 + ). (et eh)
where €; = t.,. So the basic classes of E(2)#4 CP? are Y. +e;.
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When Cj is rationally blown down, each e; descends to the class Fy of the
multiple fiber in F(2)s; F' = 5F5. Each class Y +e; descends and has Seiberg-
Witten invariant 1. Thus

SWp), =t +2 + 1+t 2 +¢71
t =tp (as it should).






LECTURE 5

Manifolds with b+ =1

1. Seiberg-Witten Invariants

Let X be a smooth simply connected oriented 4-manifold with b™ = 1. As simple
examples we have CP?, CP?#k CP2, and 52 x S2. As we mentioned in §2, there
are some complications in defining Seiberg-Witten invariants in this case. Suppose
that we are given a Riemannian metric g for X. Recall that the input for the
Seiberg-Witten equations consists of a pair of complex 2-plane bundles W+ over X
and a complex line bundle L satisfying det(W*) = L. Given (1, A) where ¢ is a
section of W and A is a connection on L, we have the perturbed Seiberg-Witten
equations:

Dap=0
Fi =iq(y) + in,

where 7 is a self-dual 2-form on X. Suppose also that we are given a homology
orientation for X, that is, a given orientation of H'(X;R) & HZ(X;R). The
Seiberg-Witten invariant depends on g and 7 as follows.

Recall that the curvature F4 represents the cohomology class —2mic; (L), and
that H?(X;R) is the orthogonal direct sum of H; (X) and H; (X), the spaces of
self-dual and antiself-dual harmonic 2-forms for g. The Seiberg-Witten invariant
for (g,n) is well-defined provided there are no reducible solutions to the equations,
i.e. solutions with ¢ = 0, and hence F:{ = 4n. For a fixed L and g, this occurs only
if —2me;(L)* =n € Hf (X) or equivalently if 2e (L) +1 € H, (X). This happens
if and only if 27e; (L) + 1 is orthogonal to H(X), a dimension b* subspace. Thus
the condition that there should exist a reducible solution cuts out a codimension
b* affine subspace of H?(X;R).

It follows that if b* > 0, SWx 4 ,(L) is well-defined for a generic (g,7n). If
b™ > 1 a generic path of (g,7n) contains no reducible solutions; and this is why
the Seiberg-Witten invariant is an oriented diffeomorphism invariant in this case.
(Tts sign is determined by the homology orientation.) In case b™ = 1, there can
be reducible solutions in one-parameter families. H_ (X) has dimension 1 and it is
spanned by a single g harmonic 2-form w, of norm 1 agreeing with the homology
orientation. This form is often called the period point for (X, g).

The condition for admitting a reducible solution now becomes (2mcy (L) +
n) - wg = 0. This defines a codimension 1 affine subspace or wall. The Seiberg-
Witten invariant is well-defined for families of (g, 7) satisfying the condition that
any two can be connected by a path not crossing the wall. Let H € Hy(X;R)
be the Poincaré dual of w,. Then there are two well-defined Seiberg-Witten in-
variants SW;H(L) defined by: SW}’H(L) = SWx ¢,(L) for any (g,n) such that

33
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(2mer(L) +m) - wg > 0, and SWx (L) = SWx 4,(L) for any (g,n) such that
(2mer (L) + 1) - wy < 0.

These invariants are related via a “wall-crossing formula” [29,30] which states
that

SW g (L) = SWy (L) = (~1)' 340
Thus for any characteristic homology class k, at least one of SW}(, (k) is nonzero.

For example, on the ray given by multiples of the fiber class F of F(1) (and with
trp =t) we have

— 2m—+1 —(2m+1
SWaaym = D " Wiy g =)t
m=0 m=0

where H is the class of a line in CP? viewing E(1) = CP?*#9 CP2. (The way to
do this calculation is to note that in the “chamber” of the positive scalar curvature
metric, the invariant is 0, then use the wall-crossing formula.)

The small-perturbation Seiberg-Witten invariant is defined by

SWE p(k)  ifk-H>0

SWx.n(k) =
x. (k) {SWX)H(I@) if k- H <0

There is again a wall-crossing formula which can be deduced from the one
above. If H', H" are elements of positive square in Ho(X;R) with H' - H > 0 and
H"-H >0, thenifk-H <0and k-H" >0,

SWx mr(k) — SWx (k) = (_1)1+%d(k)

Furthermore, in case b~ < 9, one can see that SWx g (k) is independent of H, and
we denote it as SWx (k).

The small-perturbation invariant satisfies all the usual properties of the Seiberg-
Witten invariant. In particular, there are only finitely many basic classes; so we
get a Laurent polynomial SWx g or SWx, in case b~ < 9. Furthermore, the
invariant vanishes in the presence of a positive scalar curvature metric. So, for
example, SWCPQ#m@ZVH = 0, for H the class of a line in CP? and if m < 9,
SWep2ymop: =0

E(1) = CP?#9 CP? is an elliptic surface. Consider the result of a log transform
of multiplicity p on F(1). The log transform formula gives us (along the ray of a
fiber):

SWE(I)p,H = SWE(l),H . (TP*]- 4 TP*?) N Tlfp) _ Z 7_2m+1

m=0

where 7 corresponds to the multiple fiber, so t = 7P. This means that we can’t
distinguish SWE(l)m z from SWE(M 5 (at least along the ray under consideration).
In fact, it can be shown that E(1), is actually diffeomorphic to E(1).

The situation is quite different when we perform two log transforms. (In order
that the result be simply connected, and hence homeomorphic to E(1), there can be
at most two log transforms, and their multiplicities p, ¢ must be relatively prime.)
The result E(1),,, is called a Dolgachev surface. A calculation of Seiberg-Witten
invariants shows that its diffeomorphism type depends on the pair of relatively
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prime integers p,q. In fact, F(1)23 and E(1) were the first known pair of 4-
manifolds which are homeomorphic but not diffeomorphic. This was discovered in
a ground-breaking paper of Simon Donaldson [6] (1985).

Knot surgery also gives examples of this phenomenon. For example, for the
twist knots K,,:

2n —1
1
RH 3-

twists

Figure 10: K, = twist knot

we have Ag, (t) = nt — (2n — 1) + nt~!, and one can calculate that SWgq), =
—nt +ntL.

The blowup formula shows that all these ‘exotic’ manifolds remain exotic af-
ter connect summing with CP2, however, it is still unknown whether there are
examples of minimal exotic simply connected 4-manifolds with b+ = 1 and b= > 9.

2. Smooth structures on blow-ups of CP?

Examples of interesting simply connected smooth 4-manifolds with b+ = 1 and
b~ < 9 are harder to come by. In the late 1980’s, Dieter Kotschick [28] proved that
the Barlow surface, which is homeomorphic to CP?# 8CP?2, is not diffeomorphic to
it. However, in following years the subject of simply connected smooth 4-manifolds
with bt = 1 languished because of a lack of suitable examples. In 2004, Jongil Park
reignited interest in this topic by producing an example of a smooth simply con-
nected 4-manifold P which is homeomorphic to CP?# 7CP? but not diffeomorphic
to it. A year later, Stipsicz and Szabd produced a similar example with b~ = 6
[51].

Our goal in this lecture is to describe our technique (introduced in [18]) for
producing infinite families of simply connected manifolds with b+ = 1 and b~ =
6,7,8. This technique was also used in [43] (and [18]) to obtain examples with
b~ =5.

The starting point for this construction is a specific elliptic fibration on E(1).
A simply connected elliptic surface is fibered over S? with smooth fiber a torus and
with singular fibers. The most generic type of singular fiber is a nodal fiber (an
immersed 2-sphere with one transverse positive double point). Singular fibers are
isolated; so he boundary of a small tubular neighborhood of a singular fiber is a
torus bundle over the circle. It is therefore described by a diffeomorphism of T2
called the monodromy of the singularity. The monodromy of a nodal fiber is D,, a
Dehn twist around the ‘vanishing cycle’ a € Hy(F';Z), where F' is a smooth fiber of
the elliptic fibration. As we discussed earlier, the vanishing cycle a is represented
by a nonseparating loop on the smooth fiber, and the nodal fiber is obtained by
collapsing this vanishing cycle to a point to create a transverse self-intersection.
The vanishing cycle bounds a ‘vanishing disk’, a disk of relative self-intersection —1
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with respect to the framing of its boundary given by pushing the loop off itself on
the smooth fiber.

An I,,-singularity consists of a cycle of spheres {A;|i € Z,,} of self-intersection
—2. These spheres are arranged so that A; intersects A;4; once, positively and
transversely, and A; N A; = 0 for j # 4, ¢ = 1. The monodromy of an I,,-fiber
is D" In particular, an I fiber consists of a pair of 2-spheres of self-intersection
—2 which are plumbed at two points. The monodromy of an Ir-fiber is D2, which
is also the monodromy of a pair of nodal fibers with the same vanishing cycle.
This means that an elliptic fibration which contains an Is-fiber can be perturbed
to contain two nodal fibers with the same vanishing cycle.

The elliptic fibration on F(1) which we use has an Ig-fiber, and I>-fiber, and two
other nodal fibers. (The existence of such a fibration can be found, for example,
in [45].) A double node neighborhood D is a fibered neighborhood of an elliptic
fibration which contains exactly two nodal fibers with the same vanishing cycle. If
F is a smooth fiber of D, there is a vanishing class a that bounds vanishing disks in
the two different nodal fibers, and these give rise to a sphere V' of self-intersection
—2in D. It follows from our comments about Is-singularities that we have a double
node neighborhood D in our copy of E(1).

Perform knot surgery inside the neighborhood D using the twist knot K,, of
Figure 10. These twist knots have genus one, and an obvious genus one Seifert
surface 3 can be seen in Figure 10. Consider the loop I' on ¥ which runs once
through the clasp on top. This loop satisfies the following two properties:

(i) T bounds a disk in S which intersects K in exactly two points.
(ii) The linking number in S® of ' with its pushoff on ¥ is +1.

It follows from these properties that I' bounds a punctured torus in S®~ K.

In the knot surgery construction, one has a certain freedom in choosing the
gluing of St x (S3\N(K)) to D\N(F). We are free to make any choice as long as
a longitude of K is sent to the boundary circle of a normal disk to F. We choose
the gluing so that the class of a meridian m of K is sent to the class of a x {pt}
in Hi(O(D~N(F));Z) = Hy(F x 0D?;Z), where a is the vanishing cycle for the
double node neighborhood.

Before knot surgery, the fibration of D has a section which is a disk. The
result of knot surgery is to remove a smaller disk in this section and to replace
it with the Seifert surface of K,,. Call the resulting relative homology class in
Hy(Dk, ,0;Z) the pseudosection. Thus in D, , our knot-surgered neighborhood,
there is a punctured torus X representing the pseudosection. The loop T sits on
¥ and by (i) it bounds a twice-punctured disk A in {pt} x 9(S®\ N(K)) where
O0A = T" U mq Umso where the m; are meridians of K. The meridians m; bound
disjoint vanishing disks A; in D\N(F) since they are identified with disjoint loops
each of which represents the class of a x {pt} in H1(0(D~ N(F));Z). Hence in
Dpg the loop I' C ¥ bounds a disk U = A UA; UAs. By construction, the self-
intersection number of U relative to the framing given by the pushoff of I' in ¥ is
+1—1—1=—1. (This uses (ii).)

If we had an embedded disk V in Dy with boundary T, with VNX¥X =T,
and with self-intersection number 0 with respect to the framing given by X, we
could perform ambient surgery on ¥ C Dk, , surgering it to a 2-sphere. Instead
of V, we actually have an embedded disk U such that U N ¥ = T, and with self-
intersection number —1 with respect to the framing given by ¥. We can perform
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ambient surgery to turn ¥ in to a sphere, but now it is immersed with one positive
double point. Viewing Dk, C E(1)k,, we get a pseudosection S” of E(1)g, and it
is represented by an immersed sphere of square —1. We are then in the situation
of Figure 11 where we have the configuration consisting of the immersed 2-sphere
S’ with a pair of disjoint nodal fibers, each intersecting S’ once transversely. Also,
S’ intersects the Ig-fiber transversely in one point.

Figure 11

At this stage we have three possibilities:
1. If we blow up the double point of S’, then in E(1) g, #CP? we obtain a configura-
tion consisting of the total transform S” of S’, which is a sphere of self-intersection
—5, and the sphere of self-intersection —2 at which S’ intersects Is. (See Figure
12.) This is the configuration C3 which can be rationally blown down to obtain a
manifold Y;, with b =1 and b~ = 8. It is easy to see that Y,, is simply connected;
so it is homeomorphic to CP?*#8 CP2.

Figure 12

2. If we blow up at the double point of S’ as well as at the double point of one of
the nodal fibers, in E(1)g, #2 CP? we get a configuration of 2-spheres consisting
of S”, a transverse sphere I’ of self-intersection —4, and three spheres from the
Ig-fiber. (See Figure 13.) We can smooth the intersection of S” and F” by replacing
a neighborhood of the intersection point (a cone on the Hopf link) with an annulus
(a Seifert surface for the Hopf link). This gives a sphere of self-intersection —7, and
we obtain the configuration C5. Rationally blowing down Cj gives a manifold X,
homeomorphic to CP?#7 CP2.
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-5

Figure 13

3. If we blow up at the double point of S’ as well as at the double points of both
nodal fibers, then in E(1)x, #3 CP? we get a configuration of 2-spheres consisting
of S two disjoint transverse spheres F’, F"' of self-intersection —4, and five spheres
from the Ig-fiber. (See Figure 14.) Smoothing the intersections of S”, F’ and F”
as above gives a sphere of self-intersection —9 and we obtain the configuration C'.
Rationally blowing down C7 gives a manifold Z,, homeomorphic to CP?#6 CP2.

Figure 14

Theorem. No two of the manifolds Y,,, X, Z, are diffeomorphic, and for n > 2
they are minimal. In particular, there are infinite families of mutually nondiffeo-
morphic 4-manifolds homeomorphic to C P#k CP?, for k =6,7,8.

We will discuss the k=7 case. The other cases are similar. Since SWE(l)Kn =
—nt + nt~ !, the blowup formula easily calculates SWE(l)Kn 42 CP2- If we let 7T
denote the basic classes of E(1)k,, then |SWE(1)K,L#20T2,h(iT + Ey £ Es)| =n,
and SWy, (L) = 0 for all other classes L. Here h is the class of square +1 obtained
as follows.

In E(1) a sphere A representing H intersects the fiber F' in 3 points. After
knot surgery, this gives rise to a class k of genus 3 that has > =1 and h-T = 3.
(The three normal disks to a fiber that lie in the sphere A are replaced by genus
one Seifert surfaces of K,,).) Since the Seiberg-Witten invariant of E(1)g, is well-
defined, SWp(1),, n(L) = SWgq),, (L) for all characteristic L € Ha(E(1)k,; Z).
The upshot of this and the wall-crossing formula is the paragraph above.

One can now apply the criterion of §4 to see that of the classes +T + FE; + Es
only (T + E4 + E3) descends to the rational blowdown X,,. So these give classes
+K, € Hy(Xn;Z), and |SWx, (£K,)| = n. (See [18] for details.) For all other
characteristic homology classes L of X,,, our rational blowdown theorem tells us
that SWx_ (L) = 0,%1. This proves that no two X,,,, X,,, m # n, are diffeomorphic.
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It is an exercise in the use of the blowup formula to see that X,, is minimal for
n > 2.

From this vantage point it is now relatively easy to construct infinitely many
distinct smooth structures on CP?#5 CP2, as is done in [18]. We outline the con-
struction. It begins by noting that there is an elliptic fibration on E(1) containing
two double node neighborhoods and one Ig singularity. Perform a knot surgery in
each double node neighborhood; say using the twist knot 7°(1) in one neighborhood
and T'(n) in the other. In each neighborhood we need to be careful to perform
the knot surgery so that the meridian of the knot is identified with the vanish-
ing cycle. Let V,, be the resultant manifold. It is an exercise to show that V,, is
simply-connected.

Using [13], one computes the Seiberg-Witten invariants of V,,: Up to sign the
only classes in Ho(V,,; Z) with nontrivial Seiberg-Witten invariants are T" and 3T,
and [SWy, (£3T)| = n, |SWy, (£T)| = 2n — 1.

To finish the construction, use the two double node neighborhoods to get a
representative of the pseudo-section of V,, which is an immersed sphere with two
positive double points. If we blow up these two points we get an embedded sphere S
of self-intersection —9 in W,, = V,,#2 CP2. By removing one of the spheres in the Ig
configuration, we get 5 spheres which, along with S form the configuration C7. As
above, we can see that the only classes L € Ho(W,,; Z) which have SWw, (L) # 0
and whose restriction to C; has self-intersection —6 are L = £(3T+ Ey+ Ey). If we
let @,, denote the result of rationally blowing down C7 in W,,, then an argument
exactly as above shows that the manifolds @, (n > 0) are all homeomorphic to
CP?#5CP2, and no two of these manifolds are diffeomorphic. Furthermore, for
n > 2, the Q),, are all minimal.






LECTURE 6

Putting it all together: The Geography and
Botany of 4-manifolds

1. Existence: The Geography Problem

The existence part of a classification scheme for irreducible smooth (or symplectic)
4-manifolds could take the form of determining which (x, ,c,t) € Z x Z x Zg can
occur as (x,,¢,t)(X) for some smooth (symplectic) 4-manifold X. This is referred
to as the geography problem. Our current understanding of the geography problem
is given by Figure 15 where all known simply connected smooth irreducible 4-
manifolds with nontrivial Seiberg-Witten invariants are plotted as lattice points in
the (x, , ¢)-plane.

c=9x, c=8x,

c>9x, o<0

(unknown)
c=2x, —6
2x, =6 <c<9x,

surfaces of general type

X, —3<c<2x, —6
symplectic with one basic class

c=x, —3

0<c<x, —3

symplectic with (x, — ¢ — 2) basic classes
(cf. [15])

Elliptic Surfaces E(n) ((x,,c) = (n,0)) ¢ <0 (unknown)  X»

Figure 15
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Simply connected complex surfaces are of three types:

e homeomorphic to blowups of the complex projective plane CP? or the
Hirzebruch surfaces F,,, i.e. are rational surfaces,

e the elliptic surfaces and their logarithmic transforms E(n), 4, i.e. ¢ =0,

e are of general type, i.e. 2y, —6 <c <9y,

We discussed the construction of the elliptic surfaces and their logarithmic trans-
forms in Lectures 1 and 2 and discussed manifolds homeomorphic to rational sur-
faces in Lecture 5. We also showed how the operation of rational blowdown can
give examples of irreducible simply connected symplectic manifolds with 0 < ¢ <
2x, — 6 in Lectures 1 and 4. In fact every lattice point in the 0 < ¢ < 2x, — 6
region can be realized by an irreducible simply connected symplectic manifold
[10, 15,21, 39,49, 50]. The techniques used are an artful application of either the
generalized fiber sum or the rational blowdown constructions. Within this region
there appears to be an interesting relationship between the minimal number of
Seiberg-Witten basic classes and the pair (x,,¢). In particular, all known smooth
4-manifolds with 0 < ¢ < x, — 3 have at least x, — ¢ — 2 Seiberg-Witten basic
classes [10]. There is a physics, but yet no mathematical, proof that this must be
the case [31].

It is generally believed that all invariants in the range 2x, — 6 < ¢ < 9y,
can be realized by a complex surface. It is a more delicate question to require
these manifolds to be simply connected. It is known that all complex surfaces with
c =9y, and x, > 1are ball quotients and hence cannot be simply connected. So the
question remains if every lattice point in the 2x, —6 < ¢ < 9x,, can be realized by a
minimal (irreducible) simply connected complex manifold. There remain gaps, but
this appears to be limited by the construction techniques rather than any intrinsic
reason. In [38] Jongil Park uses the fiber sum and rational blowdown constructions
to show that all but at most finitely many lattice points in the ¢ < 8y, region can
be realized by simply connected irreducible symplectic 4-manifolds. For complex
manifolds, the result is less sharp. For example Persson [44] shows that the region
2y, —6 < ¢ < 8(x, —Cx?/?) can be realized by a minimal simply connected complex
surface where C' can be taken to be 9/121/3.

The so called arctic region where 8y, < ¢ < 9x, has many gaps, again most
likely due to a lack of sufficiently creative constructions. For simply connected
complex surfaces see [46]. For symplectic manifolds Andras Stipsicz [49] and Jongil
Park [39] have constructions of simply connected symplectic 4-manifolds in this
region that start with nonsimply connected complex surfaces on or near the ¢ = 9y,
line and then use the fiber sum construction to kill the fundamental group.

Later in this lecture we will concentrate on some interesting problems and
constructions at the extremes of the region for surfaces of general type, i.e the
Horikawa surfaces with ¢ = 2x, — 6 and manifolds with ¢ = 9x,. Before we do
there are some open problems that should not go unmentioned.

An irreducible 4-manifold need not lie on a lattice point. The issue here is
whether y, € Z or x, € Z[i]. Note that x,(X) € Z iff X admits an almost-
complex structure. In addition, the Seiberg-Witten invariants are only defined for
manifolds with x, € Z. Since our only technique to determine if a 4-manifold
is irreducible is to use the fact that the Seiberg-Witten invariants of a reducible
4-manifold vanish, all known irreducible 4-manifolds have x, € Z.
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So the obvious question is whether there exist irreducible smooth 4-manifolds
with x, ¢ Z? Here the work of Bauer and Furuta [4] on stable homotopy invariants
derived from the Seiberg-Witten equations may be useful. A simple candidate for
an irrecucible manifold with x, ¢ Z consider two copies of the elliptic surface E(2).
Remove the neighborhood of a sphere with self-intersection —2 from each and glue
together the resulting manifolds along their boundary RP? using the orientation
reversing diffeomorphism of RP 3. The result has X, = % and it is unknown if it is
irreducible. See[21] for a handlebody description of this manifold.

As mentioned earlier, the work of Taubes [56] shows that ¢ > 0 for an irre-
ducible symplectic 4-manifold. Also, all of the known simply connected irreducible
4-manifolds are homeomorphic to symplectic manifolds. There may be an inter-
esting class of 4-manifolds yet to be discovered, i.e. those with ¢ < 0. Note that
if every simply connected irreducible smooth 4-manifolds has ¢ > 0 regardless of
orientation, then ¢ < %Xh.

Figure 15 contains no information about the geography of spin 4-manifolds,
i.e. manifolds with ¢ = 0. For a spin 4-manifold there is the relation ¢ = 8y,
mod 16. Almost every lattice point with ¢ = 8y, mod 16 and 0 < ¢ < 9y, can be
be realized by an irreducible spin 4-manifold [40]. Surprisingly not all of the lattice
points with 2x, < 3(x, — 5) can be realized by complex manifolds with ¢ = 0
[46], so spin manifolds with 2x, < 3(x, — 5) provide more examples of smooth
irreducible 4-manifolds with 2y, —6 < ¢ < 9x, that support no complex structure
(cf. [16,40]).

2. Uniqueness: The Botany Problem

The uniqueness part of the classification scheme, sometimes referred to as the botany
problem, is to determine all smooth (symplectic) 4-manifolds with a fixed (x,,, ¢, t)
and to discover invariants that would distinguish them. Here is where we begin
to lose control of the classification of smooth 4-manifolds. As we have seen in
our lecture on knot surgery, if a topological 4-manifold admits a smooth (sym-
plectic) structure with nontrivial Seiberg-Witten invariants and that also contains
a smoothly (symplectically) embedded minimal genus torus with self-intersection
zero and with simply connected complement, then it also admits infinitely many
distinct smooth (symplectic) structures and also admits infinitely many distinct
smooth structures with no compatible symplectic structure. There are no known
examples of (simply connected) smooth or symplectic 4-manifolds with x, > 1
that do not admit such tori. Hence, there are no known smooth or symplectic
4-manifolds with x, > 1 that admit finitely many smooth or symplectic structures.
We also showed in our last lecture that even for manifolds with x, = 1, for which
there are no essential minimal genus tori with trivial normal bundle, there are no
known manifolds with finitely many smooth structures.

While knot surgery appears to be a new operation, we saw in an Lecture 3
that the knot surgery construction is actually a series of £1 surgeries on nullho-
mologous tori. The underlying observation is that any knot can be unknotted via
a sequence of crossing changes, which in turn can be realized as a sequence of
+1 surgeries on unknotted curves {cy, ..., c,} that link the knot algebraically zero
times and geometrically twice. When crossed with S! this translates to the fact
that X can be obtained from X via a sequence of +1 surgeries on the nullho-
mologous tori {S* x ¢1,...,S" x ¢,} in X. So the hidden mechanism behind the
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knot surgery construction is surgeries on nullhomologous tori. The calculation of
the Seiberg-Witten invariants is then reduced to understanding how the Seiberg-
Witten invariants change under a surgery on a nullhomologous torus.

So if we expand the notion of torus surgery to include both homologically essen-
tial and nullhomologous tori, then we can eliminate the knot surgery construction
from our list of the essential operations we have used to both construct smooth
4-manifolds and to alter their smooth structures. Thus our list is of essential oper-
ations is reduced to

generalized fiber sum

surgery on a torus with trivial normal bundle
blowup

rational blowdown

There are further relationships between these operations. In [12] it is shown
that if T" is contained in a node neighborhood, then a torus surgery can be obtained
via a sequence of blowups and rational blowdowns. However, it is not clear, and
probably not true, that a rational blowdown is always the result of blowups and
logarithmic transforms.

As an aside, this fact together with work of Margaret Symington [53] shows that
logarithmic transformations (p # 0) on a symplectic torus results in a symplectic
manifold. We do not know of any general proof that a logarithmic transformation
on a symplectic torus in a node neighborhood results in a symplectic manifold.
However, there is an interesting proof that E(1), 4 is symplectic by observing that
E(1),,, is diffeomorphic to E(1)p(, ) where T'(p, q) is the (p,q) torus knot. The
proof uses the fact that every diffeomorphism of the boundary of E(1) \ F ex-
tends. A simple comparison of Seiberg-Witten invariants show that E(n), 4 is not
diffeomorphic to E(n)p(p,q) for n > 1.

Rational blowdown changes the topology of the manifold X; while x, remains
the same, c is decreased by p — 3. So, an obvious conjecture would be

Conjecture 6.1. Two homeomorphic simply connected smooth 4-manifolds are
related via a sequence of surgeries on tori of square 0.

A slight weakening would be

Conjecture 6.2. Two homeomorphic simply connected smooth 4-manifolds are
related via a sequence of of surgeries on tori of square 0 and rational blowups and
rational blowdowns.

Of course there are no counterexamples to these conjectures since these oper-
ations are the only ones used so far to change smooth structures. However, there
are many examples of complex structures on a given manifold that are deformation
inequivalent that are unknown whether they are diffeomorphic. A good test of
these conjectures would be to determine if these complex structures are related via
a sequence of surgeries on tori.

3. Horikawa Surfaces: How to go from one deformation type to another

We mentioned in our first lecture that it is still unknown whether the two defor-
mation types of Horikawa surfaces H(4n — 1) and H (4n — 1) with (¢, x,,t) =
(8n — 8,4n — 1) are, for n > 1, diffeomorphic or even symplectomorphic. However,
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since both these deformation types are branched covers of S? x 2 we can use tech-
niques of [2,14] to braid the branched set to show that indeed H(4n — 1) can be
obtained from H’ (4n — 1) via a +1 surgery on an essential torus as follows.

The basic idea is that the only difference between H(4n — 1) and H' (4n — 1)
is that both are covers of S? x S? branched over a curve of bidgree (6,4n), with
the former a connected curve and the latter a disconnected curve. By braiding
the later we make the curve connected. This braiding process is a procedure in
S? x S? which removes an (Lagrangian) annulus whose boundary components lie
on each component of the branch set for H (4n — 1) and sews it back in so that
the branch set is now connected. This annulus lifts to a torus in H' (4n — 1) and
the surgery operation lifts to a +1 surgery on this torus. Of course, in order to
know that the resulting manifold is H' (4n — 1) we need to know that the resulting
connected branch curve is isotopic to the connected complex curve of bidegree
(6,4n). This is precisely the situation covered by the work of Siebert and Tian [47]
which guarantees that any two such symplectic curves in S? x S? are isotopic.

For a more general discussion of this phenomena and for other intriguing rela-
tionships between these deformation types see Auroux’s fascinating article [1].

4. Manifolds with ¢ =9y,: A fake projective plane

One would like to state that every lattice point (X, ,c) in the ¢ < 9y, can be real-
ized by an irreducible simply connected 4-manifold. This is almost true; however,
there are open problems near the ¢ = 9x, line, called the Bogomolov-Miyaoka- Yau
(BMY) line. Part of the problem is that it is known that all complex surfaces with
¢ =9y, > 9 are ball quotients and hence not simply connected. As one approaches
the ¢ = 9x,, line it is not known that there exist complex surfaces, simply con-
nected or not. Most of the constructions have the property that the closer you get
to the ¢ = 9x,, line the larger the fundamental group. For more detailed informa-
tion of this phenomena see [46] or the papers [21,39,48,49] that construct simply
connected symplectic manifolds with large ¢ that asymptotically approach the 9y,
line. It would be very interesting to find simply connected smooth or symplectic
manifolds with ¢ = 9y, > 9 or even with ¢ > 9y, .

Part of the issue here is that the all the constructions of manifolds with positive
signature, except for CP?, rely on branched covering constructions with singular
branched set and the closer one gets to the ¢ = 9x, line the more singular the
branched set. These singularities increase the complexity of the fundamental group
of the cover. In the remainder of this lecture we would like to give the simplest
construction that we know of a fake manifold with ¢ = 9x,. This construction
is due to Keum [26] and starts with the existence of a particular configuration of
spheres on a Doglachev surface shown to exist by Ishida [25]. The result will be a
complex surface with the integral homology of CP2.

In [25] Ishida constructs a Dolgachev surface F(1;2,3) with a remarkable prop-
erty. This elliptic fibration has two multiple fibers of multiplicity 2 and 3 respec-
tively, and has an elliptic fibration with four singularities of type I3 (see Lecture
5). It is not difficult to show that E(1;2,3) has a sextuple section which is a sphere
of self-intersection —3. The remarkable property of Ishida’s manifold is that it
contains the following four disjoint configuration of spheres:
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-2 =2

*——o

-2 =2

*———o

-2 =2
—o
-3 -2 =2

o ———o—©

The first three configurations sit inside three of the four I3 singularities and the —3
sphere in the last configuration is the sextuple section with the —2 spheres coming
from the fourth I3 singularity. It is remarkable to find such a configuration of nine
spheres inside the Dolgachev surface F(1;2,3) since they capture all its b~.

With this starting point Keum then observes that the complement of the first
three configurations has euler characteristic 3 and that it has a 3-fold cover with
three boundary components that are S each of which can be capped with a 4-ball
to obtain a manifold X with euler characteristic 12. He shows that this is again a
Doglachev surface with four singular fibers, three of type I; and one of type Iy. The
important feature is that X now contains the following three disjoint configuration
of spheres:

-3 -2 -2
-3 -2 -2

-3 -2 =2

each a lift from FE(1;2,3). Again, this is a remarkable configuration to find in a
Doglachev surface since it again captures all of b~. To finish Keum’s construction he
observes that the complement of this configuration has euler characteristic zero and
has a 7-fold cover with three boundary components each a 3-sphere S® which can
again be capped off with a 4-ball to obtain a manifold Y with Euler characteristic
3 and with b; = 0. This is Keum’s construction of a fake (homology) projective
plane. Of course there is some heavy lifting in showing the existence of the Ishida
manifold for which we do not know of a direct (topological) construction.

5. Small 4-manifolds

As we have already mentioned, finding simply connected manifolds close to the
¢ = 9y, line remains a challenge. This challenge is exposed in our inability to
find irreducible simply connected 4-manifolds with small Euler characteristic. We
have discussed in Lecture 5 the case when x, =1, i.e. are there irreducible simply
connected smooth 4-manifolds homeomorphic to n blowups of CP? with n < 5? For
X,, = 2 the best that one can do to date is ¢ = 11 [42,52], i.e. there are irreducible
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simply connected smooth 4-manifolds homeomorphic to 3CP?#nCP2 for 8§ <n <
19. The constructions are similar to those discussed in Lecture 5 applied to E(2).
What about n < 87. The inability to get close to the ¢ = 9x, line permeates for
X, > 2. Further progress on constructing simply connected 4-manifolds with small
Euler characteristic should yield further insight into constructing manifolds in the
arctic region.

6. What were the four 4-manifolds?

Our four 4-manifolds represent examples of simply connected complex surfaces with
Kodaira dimension —oc, 0, 1, and 2, i.e. CP? and its blowups, the K3 surface E(2),
the elliptic fibrations E(n), n > 2, and H(4n — 1), n > 1.
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